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EDITORIAL 


The  application  of  the  method  of  moments  (MOM)  for  the  solution  of  electromagnetic  radiation  and 
scattering  problems  represents  a  fairly  mature  area  of  research.  The  method  of  moments  is  widely  applied  to 
the  solution  of  practical  electromagnetics  problems.  There  are  still  advances  to  be  made  in  the  area,  however, 
both  in  the  direct  application  of  the  method  and  manner  in  which  it  is  used.  For  example,  when  MOM  is  used 
to  obtain  frequency  scan  data,  the  computationally  intensive  nature  of  the  method  is  compoimded  by  the 
necessity  of  solving  the  problem  at  multiple  frequencies .  In  the  invited  first  paper  of  this  special  issue,  Ed  Miller 
provides  a  good  review  of  the  work  that  has  been  done  in  the  area  of  application  of  model-based  parameter 
estimation  (MBPE)  to  integral  equation  methods,  which  may  be  used  to  reduce  the  nximber  of  different 
frequencies  required  for  which  the  problem  mustbe  solved.  He  also  provides  some  speculations  about  the  types 
of  other  things  that  may  be  done  using  MBPE  and  how  these  relate  to  MOM  solutions .  Two  other  closely  related 
papers  by  Ed  on  MBPE  will  appear  in  the  ACES  Newsletter. 

There  are  a  total  of  14  papers  in  the  special  issue.  The  second  paper  of  the  issue  continues  the  MBPE 
theme  and  illustrates  its  application  to  a  mechanical  deformation  study  of  an  antenna.  The  next  two  papers 
present  hybrid  techniques  employing  MOM  which  seek  to  extend  the  range  of  usefulness  of  the  method  to  higher 
frequencies.  Althou^  it  might  come  as  a  sm-prise  to  some,  the  very  low-frequency  range  also  presents 
problems,  and  three  papers  address  the  improvement  of  the  solution  accin-acy  of  the  method  of  moments  for 
low-frequency  problems.  Scattering  by  bodies  having  anisotropic  impedance  boimdary  conditions  is  then 
considered  in  two  papers.  Several  of  the  papers  in  the  special  issue  involve  the  use  of  triangular  patch  models 
and  one  of  these  addresses  the  problem  of  improving  the  model  by  using  a  parametric  mapping  of  the  vector 
basis  fimctions  on  curved  patches.  One  paper  considers  an  alternative  procedmre  for  avoiding  the  interior 
resonance  problem  associated  with  the  use  of  the  electric  field  Integral  equation.  Two  other  papers  address 
problems  involving  complex  boundary  conditions  including  thin  Avire  chiral  structures  and  weakly  nonlinear 
coatings  on  dielectric  cylinders.  The  final  paper  of  the  issue  illustrates  the  application  of  MOM  to  simulation 
of  complex  multilayer  configurations  for  MMIC  and  microstrip  antennas. 

BIOGRAPHY  OF  DR.  ALLEN  W.  GLISSON 

Allen  W.  Glisson  was  born  in  Meridian,  Mississippi,  on  June  26, 1951.  He  received  the  B.S.,  M.S.,  and 
Ph.D.  degrees  in  electrical  engineering  from  the  University  of  Mississippi,  in  1973,  1975,  and  1978, 
respectively. 

From  1973  to  1978  he  served  as  a  Research  Assistant  in  the  Electrical  Engineering  Department  of  the 
University  of  Mississippi.  In  1978,  he  joined  the  faculty  of  the  University  of  Mississippi,  where  he  is  currently 
Professor  of  Electrical  Engineering.  Dr.  Glisson  was  selected  as  the  Outstanding  Engineering  Faculty  Member 
at  the  University  of  Mississippi  in  1986.  He  received  a  Ralph  R.Teetor  Educational  Award  in  1989.  His  current 
research  interests  include  the  development  and  application  of  numerical  techniques  for  treating  electromag¬ 
netic  radiation  and  scattering  problems,  and  modeling  of  dielectric  resonators  and  dielectric  resonator 
antermas.  Dr.  Glisson  has  been  very  involved  in  the  areas  of  numerical  modeling  of  arbitrarily  shaped  bodies 
and  bodies  of  revolution  wdth  sinrface  integral  equation  formulations.  He  has  also  served  as  a  consultant  to 
several  different  industrial  organizations  in  the  area  of  numerical  modeling  in  electromagnetics. 

Dr.  Glisson  is  a  member  of  the  Sigma  XI  Research  Society  and  the  Honor  Societies  Tau  Beta  Pi,  Phi 
Kappa  Phi,  and  Eta  Kappa  Nu.  He  is  a  Senior  Member  of  the  IEEE  and  is  a  member  of  four  professional  societies 
within  the  IEEE,  a  member  of  Commission  B  of  the  International  Union  of  Radio  Science,  and  a  member  of  the 
Applied  Computational  Electromagnetics  Society.  He  was  a  U.S.  delegate  to  the  22nd,  23rd,  and  24th  General 
Assemblies  of  URSI.  Dr.  Glisson  has  received  a  best  paper  award  from  the  SUMMA  Foundation  and  twice 
received  a  citation  for  excellence  in  refereeingfrom  the  American  Geophysical  Union.  Since  1984,  he  has  served 
as  the  Associate  Editor  for  Book  Reviews  and  Abstracts  for  the  IEEE  Antennas  and  Progagation  Society 
Magazine.  Dr.  Glisson  has  also  recently  served  as  an  Associate  Editor  for  Radio  Science  and  as  the  secretary 
of  Commission  B  of  the  U.S.  National  Committee  of  URSI. 
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Ahmed  A.  Kishk  received  the  B.S.  degree  in  Electrical  Engineering  from  Cairo  University,  Cairo,  Egypt, 
in  1977,  and  in  Applied  Mathematics  from  Ain-Shams  University,  Cairo,  Egypt,  in  1980.  In  1981  he  joined  the 
Department  of  Electrical  Engineering,  University  of  Manitoba,  Winnipec,  Canada,  where  he  obtained  his  M.Eng. 
and  Ph.D.  degrees  in  1983  and  1986  respectively. 

From  1977  to  1981,  he  was  a  research  assistant  and  an  instructor  at  the  Faculty  of  Engineering,  Cairo 
University.  From  1981  to  1985,  he  was  a  research  assistant  at  the  Department  of  Electrical  Engineering, 
University  of  Manitoba.  From  December  1985  to  August  1986,  he  was  a  research  associate  fellow  at  the  same 
department.  In  1986,  he  joined  the  Department  of  Electrical  Engineering,  University  of  Mississippi,  as  an 
Assistant  Professor.  In  summer  of  1 989,  he  was  a  Visiting  Research  Scientist  at  the  Royal  Military  College  of 
Canada,  Kingston,  Ontario.  He  was  on  sabbatical  leave  at  Chalmers  University  of  Technology  during  1994- 
1995  academic  year.  He  is  now  a  Professor  at  the  University  of  Mississippi  since  1995.  He  was  an  Associate 
Editor  of  Antermas  &  Propagation  Magazine  from  1 990  to  1 993 .  He  is  now  an  Editor  of  Antennas  &  Propagation 
Magazine. 

His  research  interests  include  the  areas  of  electromagnetic,  numerical  solutions  of  applied  electromag¬ 
netic  problems  and  antenna  design,  especially  antenna  feeds  for  satellite  earth  stations,  microstrip  antennas, 
land  mobile  satellite  antennas,  and  dielectric  resonator  antennas.  He  has  pubhshed  over  1 65  technical  papers, 
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0.  ABSTRACT 

Problem  solving  in  electromagnetics,  whether  by 
analysis,  measurement  or  computation,  involves  not 
only  activities  specific  to  these  p^icular  categories,  but 
also  some  concepts  that  are  common  to  all.  Fields  and 
sources  are  sampled  as  a  function  of  time,  frequency, 
space,  angle,  etc.  and  boundary  conditions  are  satisfied 
through  mathematical  imposition  or  experimental 
conditions.  The  source  samples,  usually  the 
unknowns  in  a  problem,  are  found  numeiicdly  or 
analytically  by  requiring  them  to  satisfy  both  the 
appropriate  form  of  Maxwell’s  Equations  as 
relationships  between  them,  together  with  the 
applicable  boundary  conditions.  Alternatively,  source 
samples  may  be  measured  under  prescribed 
experimental  conditions.  These  sampled  relationships 
can  be  interpreted  from  the  viewpoint  of  signal  and 
information  processing,  and  are  mathematically  similar 
to  various  kinds  of  filtering  operations.  It  is  this 
similarity  that  is  discussed  here  in  the  context  of  model- 
based  parameter  estimation,  where  the  dependence  of 
electromagnetic  fields  and  sources  that  produce  them 
are  both  regarded  as  generalized  signals. 

MBPE  substitutes  the  requirement  of  obtaining  all 
samples  of  desired  quantities  (physical  observables 
such  as  impedance,  gain,  RCS,  etc.  or  numerical 
observables  such  as  impedance-matrix  coefficients, 
geometrical-diffraction  coefficients,  etc.)  from  first- 
principles  models  (FPMs)  or  from  measured  data  (MD) 
by  instead  using  a  reduced-order,  physically-based 
approximation,  a  fitting  model  (FM),  to  interpolate 
between,  or  extrapolate  from,  FPM  or  MD  samples. 
When  used  for  electromagnetic  observables,  MBPE 
can  reduce  the  number  of  samples  that  are  required  to 
represent  responses  of  interest,  thus  increasing  the 
efficiency  of  obtaining  them.  When  used  in  connection 
with  the  FPM  itself,  MBPE  can  decrease  the 
computational  cost  of  its  implementation.  Some 
specific  possibilities  for  improving  FPM  efficiency  are 
surveyed,  specifically  in  terms  of  using  FMs  to 
simplify  frequency  and  spatial  variations  associated 
with  I^Ms.  Examples  of  MBPE  applications  are 
included  here  as  well  as  speculative  possibilities  for 
their  further  development  in  improving  FPM 
performance. 


1.0  BACKGROUND  AND  MOTIVATION 

The  computational  basis  for  solving  most  problems  in 
physics  and  engineering,  including  computational 
electromagnetics  (CEM)  derives  from  first-principles 
mathematical  descriptions,  or  first-principles  models 
(FPMs),  of  the  applicable  physics.  The  computer 
models  which  derive  from  a  FPM  are  developed  using 
numerical  analysis,  a  process  that,  as  has  been 
observed  by  Oppenheim  and  Schafer  (1975),  can  be 
logically  interpreted  as  generalized  signal,  or 
information,  processing.  Consider,  for  example, 
solving  the  Enlace  equation  using  finite  differences, 

where  V^V  =  0  «  (f-^j  +  fj.j  -  2fj)/h2  is  equivalent  to 
f-  =  (fj+i  +  showing  that  the  potential  at  point  i 

is  the  average  of  its  neighboring  values,  with  similar 
results  obtained  in  two  and  three  dimensions.  Thus, 
the  LaPlacian  operator  has  the  property  of  acting  as  a 
spatial,  low-pass  filter.  More  elaborate  differential 
equations  and  numerical  treatments  produce  different 
“computational  molecules”  or  filters  but  ultimately  lead 
to  expressing  a  sample  of  an  unknown  from  the 
applicable  differential  equation  evaluated  in  terms  of 
weighted  sums  of  the  unknowns  in  its  neighborhood. 
In  this  sense,  their  computational  molecules  are 
equivalent  to  generalized  spatial  filters.  Similar 
observations  apply  when  solving  integral  equations 
numerically,  but  where  the  weighted  sums  that  yield  a 
sample  of  a  specific  unknown  involve  all  other 
unknown  samples. 

Since  numerical  analysis  does  exhibit  properties  in 
common  with  signal  processing,  and  also  considering 
that  one  of  the  most  productive  uses  of  EM  fields  is  the 
transmission  of  information,  it  seems  reasonable  to 
inquire  about  whether  there  may  be  possible  benefits  of 
examining  CEM  from  a  signal-,  or  information¬ 
processing,  perspective.  As  discussed  in  part  I  of  this 
article  [Miller  (1995)],  referred  to  hereafter  as  RI,  EM 
observables,  however  obtained,  are  well- 
approximated,  or  exactly  described,  by  series  of 
complex  exponentials  or  complex  poles.  When  the 
independent  variables  in  the  exponential  and  pole  series 
are  the  time-frequency  transform  pair,  their  sums  yield 
transient  waveforms  and  frequency  spectra,  while  other 
independent  variables  (see  Table  I  of  RI)  are  associated 
with  different  kinds  of  observables.  For  convenience. 
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the  terms  waveform  domain  (WD)  and  spectral  domain 
(SD),  respectively,  will  be  used  as  generic  descriptions 
whatever  are  the  actual  observables  given  by  the 
exponential  and  pole  series. 

Continuing  the  theme  begun  in  RI,  we  denote  the 
exponential  and  pole  series  as  “fitting  models”  (FMs) 
whose  unknown  coefficients  are  obtained  numerically 
by  their  being  “fitted”  to  samples  of  a  FPM  that  they 
are  intended  to  approximate  and  replace  and  which  we 
denote  as  “generating  models”  (GMs).  This  procedure 
is  known  as  model-based  parameter  estimation 
(MBPE).  Although  MBPE  is  discussed  here 
specifically  with  respect  to  some  representative  HVl 
applications  and  particular  FMs,  it  should  be 
appreciated  that  it  is  a  very  general  procedure  that  is 
applicable  to  essentially  any  process,  physical  or 
otherwise,  for  which  a  r^uced-order,  parametric 
model  can  be  deduced.  Also,  it  must  be  noted  that 
MBPE  is  not  “curve  fitting”  in  the  sense  that  term  is 
normally  used,  which  also  can  involve  finding  the 
parameters  of  some  function  which  is  fit  to  the 
available  data.  The  essential  difference  between  MBPE 
and  curve  fitting  is  that  the  former  uses  a  EM  based  on 
the  problem  physics,  while  the  latter  need  not  do  so, 
which  is  why  MBPE  might  be  characterized  as  “smart” 
curve  fitting.  When  curve  fitting  includes  the  goal  of 
finding  the  correct  FM  for  the  process  that  generated 
the  given  data,  this  approach  can  also  be  described  as 
“system  identification.”  It’s  worth  emphasizing  that 
NffiPE  is  not  limited  to  physical  processes  but  forms 
the  basis  for  variously  named  analytical  procedures 
{e.g..  Rummer’s  method,  Richardson  extrapolation 
and  Romberg  quadrature  [Ralston  (1965)]}  whose 
purpose  is  to  speed  the  numerical  convergence  of 
ma^ematical  representations  involving  integrals  and 
infinite  sums  and  wherein  the  integrand  function  or  the 
sequence  of  partial  sums  can  be  regarded  as  a 
generalized  “signal.”  In  discussing  a  non-linear 
procedure  he  developed  for  a  similar  purpose.  Shanks 
(1955)  referred  to  such  phenomena  as  “physical”  and 
“mathematical”  transients.  In  essence,  any  process  that 
produces  a  sequence  or  set  of  samples  is  a  candidate 
for  MBPE. 

In  the  first  part  of  this  article,  RI  [Miller  (1995)],  the 
mathematical  background  of  MBPE  is  presented  for 
WD  and  SD  signals,  showing  that  the  associated  FMs 
can  be  quantified  using  function  sampling,  derivative 
sampling,  or  a  combination  thereof.  The  second  part, 
RII  [Miller  (1996)]  demonstrates  use  of  MBPE  for 
developing  approximate,  reduced-order  representations 
of  a  variety  of  EM  observables  in  the  WD  and  SD,  an 
example  of  which  is  included  in  this  special  issue  [de 
Beer  and  Baker  (1995)].  In  this  article  we  discuss 
application  of  MBPE  to  improving  the  computational 
efficiency  of  a  FPM. 


2.0  MBPE  APPLICATION  TO  A 
FREQUENCY-DOMAIN  INTEGRAL- 
EQUATION,  FIRST-PRINCIPLE  MODEL 

Almost  all  EM  boundary-value  problems  involve 
finding  the  fields  over  some  surface  or  throughout 
some  volume  due  to  sources  distributed  over  that  same 
surface  or  volume.  When  using  an  integral-equation 
formulation,  these  source-field  relationships  are  given 
by  a  Green’s  function  or  some  equivalent  field 
propagator,  whereas  a  differential-equation  model 
employs  the  Maxwell  curl  equations  as  the  propagator. 
The  spatial  behavior  of  the  fields  might  be  viewed  for 
some  purposes  as  a  generalized  signal,  as  can  angle, 
time  and  frequency  dependencies  of  such  fields  as 
well.  Such  a  perspective  can  suggest  alternate  ways  of 
representing  die  fields  in  signal-processing  terms  for 
numerical  purposes  to  simplify  whatever  computations 
that  must  be  done,  a  viewpoint  that  is  explored  here. 

For  moment-method  models  based  on  a  frequency- 
domain  integral  equation  (FDIE)  (other  FPMs  can  be 
analyzed  in  a  similar  context),  the  number  of  arithmetic 
operations  or  operation  count  (OC),  required  for 
solution  at  a  single  frequency  fj,  OCj,  will  depend  on 

the  number  of  unknowns,  Xgj,  used  in  the  model 
approximately  as 


OCi~A,,X,i2  +  B,,X3i3 

(la) 

or,  in  terms  of  frequency,  f,  as 

OCj~Affj4+Bffj6 

(lb) 

for  a  three-dimensional  object  requiring  two- 
dimensional  sampling  (i.e.,  sampling  over  its  surface). 
When  a  solution  is  desired  over  some  frequency 
interval,  as  is  usually  the  case,  then  the  total  operation 
count,  OCj,  can  be  estimated  as 

OCT-XAffj^+Bffj^  i  =  l,  ... 

,F  (2) 

where  there  are  a  total  of  F  solution  frequencies. 

The  “A”  terms  here  account  for  filling  the  “system” 
matrix  [known  as  the  impedance  or  g  matrix  when  an 

electric-field  integral  equation  (EFIE)  is  used],  and  the 
“B”  terms  account  for  solving  the  system  matrix  in 
factored  or  inverted  form  as  a  “solution”  matrix 
(known  as  the  admittance  or  X  matrix  when  using  an 

EFIE).  Use  of  iterative  solution  techniques  changes 
the  above  B  terms  to  B’^^Xgj^  and  B’ffj'^  but  where 
Bj-’  can  be  much  larger  than  Bp  Various,  so-called 
“fasf’techniques  are  being  developed  with  the  goal  of 
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reducing  the  highest-order  terms  in  Eq.  (la)  to  of  order 
XgjlogCXgj).  Clearly,  any  means  of  reducing  F  would 

also  be  helpful  in  decreasing  the  total  computational 
cost,  a  point  that  is  considered  in  detail  in  Sections  4 
and  5.  First,  let’s  consider  how  the  impact  on  (Xj  of 

the  individual  terms  in  Eq.  (1)  can  be  mitigated. 

It  can  be  observed  that  as  the  frequency  increases  from 
zero  for  a  given  problem,  OCj  at  first  grows  in 

proportion  to  FXj^  or  Ffj^,  but  it  eventually  becomes 

proportional  to  FXj^  or  Ffj^  when  the  higher-order 
term  begins  to  dominate,  assuming  a  constant  spatial 

sampling  density  per  By  reducing  both  the  number 
of  impedance  matrices  that  need  to  be  computed  from 
the  defining  formulation  when  impedance-matrix 
computation  dominates  OCj,  and  the  number  of 

admittance  matrices  that  need  to  be  solved  from  the 
impedance  matrix  when  solution  time  dominates  OCj,  it 

should  be  possible  to  significantly  reduce  the  OCy 

required  to  cover  a  specified  bandwidth.  This  might  be 
done  by  modeling  the  frequency  behavior  of  the 
impedance  matrix  for  smaller  problems,  and  the 
frequency  behavior  of  the  admittance  matrix  for  larger 
problems,  in  both  cases  with  the  goal  of  reducing  the 
number  of  FPM  evaluations  needed,  i.e.  to  reduce  F  in 
Eq.  (2),  and  to  thus  minimize  OCj.  It  should  be  noted 

that  the  “crossover”  point  in  Xgj  between  fill-time  and 

solution-time  domination  of  OCj,  can  vary  from  as  few 

as  200  unknowns  to  as  many  as  10,000  unknowns. 
Thus,  the  Z  and  Y  matrices,  or  their  interaction 

coefficients,  both  become  candidates  for  MBPE,  albeit 
using  different  kinds  of  FMs  as  is  considered  below. 

In  addition  to  modeling  the  frequency  behavior  of  g 
and  Y,  it  is  also  worth  considering  whether  the  spatial 

behaviors  of  either  of  these  matrices  can  be  modeled. 
From  a  signal-processing  persj^ctive,  the  spatial 
variation  of  the  field  over  an  object  due  to  a  given 
localized  source  (e.g.,  a  subdomain  basis  function)  on 
that  object  might  be  regarded  as  a  generalized  signal.  If 
this  field  “signal”  can  be  predicted  or  estimated  using  a 
FM  that  is  computationally  simpler  than  using  Uie 
defining  equations  normally  employed  for  calculating 
the  exact  interaction  coefficients,  the  magnitude  of  the 
Af  term  in  Eq.  (2)  could  be  commensurately  reduced. 

Alternatively,  if  a  first-principles  evaluation  of  only  a 
subset  of  the  Xg^  interaction  coefficients  needs  to  be 
done,  say  CXg  where  C  «  Xg,  and  the  rest  can  be 
estimated  from  the  rigorously  computed  coefficients, 
then  the  effect  would  be  to  change  the  A^^Xg^  term  to 


of  order  CA^^Xg,  if  the  cost  of  obtaining  the  estimated 

values  is  much  less  than  that  of  the  rigorously 
computed  coefficients. 

A  specific  example  of  reducing  the  Aj-  term  in  Eq.  (2)  is 

to  compute  none  of  the  Xg^  interaction  coefficients  in  Z. 

from  first  principles,  but  instead  to  estimate  them  using 
some  appropriate  FM  based  on  a  small  set  of 
precomputed,  first-principles  field  samples.  This 
approach,  summari:^  in  Section  4  below,  was  used 
by  Burke  and  Miller  (1984)  for  reducing  the  cost  of 
evaluating  the  Sommeifeld  integrals  that  arises  when 
modeling  objects  near  an  interface  where  the  FMs  are 
analytical  approximations  to  these  integrals.  Their 
approach  is  an  extension  of  earlier  work  described  by 
Miller  et  al.  (1977)  where  linear  interpolation  of 
sampled  Sommeifeld  integrals  for  the  matrix 
coefficients  was  used  as  a  curve-fitting  procedure 
rather  than  MBPE.  Other  problems  having  special 
Green’s  fimctions  are  also  candidates  for  this 
procedure,  another  example  of  which  is  provided  by 
modeling  sources  between  infinite  pai^lel  planes 
IPemarest  et  al.  (1989)].  In  these  inst^ces,  the 
reduction  in  OCj  is  reflected  in  a  decrease  in  the  Af 

coefficient  in  Eq.  (1). 

Another  way  of  reducing  the  effect  of  the  Aj-  term  is  to 

exploit  the  fact  that,  as  the  source  and  observation 
points  become  more  widely  separated,  the  complexity 
of  their  interaction  fields  is  reduced.  This  is  easy  to  see 
by  considering  that  the  fields  in  the  vicinity  of  a  linear 
source  distribution  of  a  few  wavelengths  in  extent  are 
to  be  pointwise  sampled  along  a  line  parallel  to,  and  a 
distance  e  away  from,  the  source.  In  order  to  develop 
an  accurate-enough  representation,  it  would  necessary 
to  sample  the  field  at  some  minimum  density  per 
wavelength.  Now  consider  the  situation  as  the 
sampling  line  is  moved  further  and  further  away  from 
the  source.  The  field  variation  along  that  line  will 
become  less  complex  as  the  near-field  components 
decrease  with  increasing  distance  and  finally  only  the 
1/r  field  remains.  Furthermore,  with  increasing 
observation  distance,  the  spatial  variation  of  the  field 
along  a  line  of  fixed  length  further  decreases  in 
complexity  because  the  angle  subtended  by  this  line  at 
the  source  monotonically  decreases.  In  other  words,  at 
a  great  enough,  finite  distance  away  from  the  source, 
the  field  variation  becomes  a  function  of  subtended 
angle  rather  than  of  linear  distance  over  some  fixed 
observation  range. 

Thus,  the  effective  rank  of  the  interaction  between 
sources  of  given  size  decreases  as  their  separation 
distance  increases,  reducing  the  complexity  of  that 
interaction,  and,  consequently,  the  amount  of 
computation  needed  to  determine  it  to  some  specified 
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accuracy.  This  idea  is  exploited  in  techniques  such  as  Whether  spatial  variations  in  the  solution  or  admittance 
the  fast  multipole  method  [Coifman,  et  al.  (1993)],  matrix  might  be  exploited  in  a  similar  fashion  is  not  so 
impedance-matrix  localization  [Canning  (1990)],  clear.  Certainly,  a  valid  solution  to  the  original 
recursive  models  [Chew  (1993)],  etc.,  where  rank  problem  must  exhibit  spatial  depmdencies  consistent 
reduction  is  exfdidtly  employed,  or  where  more  distant  with  the  geometry'  and  excitation  involved  and  be 
interaction  coefficients  are  approximated  by  simpler  consistent  with  Maxwell’s  equations.  Graphical 
expressions  [Vecchi  et  al.  (1^3)].  Such  approaches  examinatirm  d"  the  Y  matrix  for  simple  objects  like  a 
effectively  employ  exact  interaction  coefficients  when  wire[Miller  et  al.  (1981)  and  below]  reveals 

the  source  and  observations  points  are  close  and  exhibits  a  standing-wave  character,  not  a 

a3ntrolled  approximations  ^  their  separation  distance  surprising  result  in  that  the  currents  on  such  structures 
increases.  This  results  in  an  Ap  coefficient  that  ^re  well-known  to  have  such  behavior.  In  other 
becomes  smaller  as  source-observation  distance  words,  the  “traveling-wave”  nature  of  the  Green’s 
increases,  or  a  reduced  matrix-fill  time.  In  addition,  function  in  the  formulation  domain,  reflected  in  terms 
because  the  interaction  complexity  decreases  with  like  exp(ikR)/R,  is  converted  to  a  standing-wave 
increasing  distance  for  fixed  source  and  observations  response  in  the  solution  domain,  where  amplitude 
spans,  the  complexity,  or  effective  number  of  maxima  occur  at  resonances  associated  with  the  object 
interaction  coefficients  also  decreases,  reducing  the  poles.  Thus,  an  appropriate  FM  for  the  admittance 
OCj  of  multiplying  the  impedance  matrix  by  a  source  matrix  should  apparently  be  expected  to  be  of  wave- 

9  domain  type  as  well.  These  kinds  of  ideas  are  now 

vector  from  of  order  (Xj)  to  of  order  Xj.  The  OCj  explored  from  the  perspective  of  MBPE  in  the 

associated  with  solving  a  matrix  having  Xj  unknowns  following  section, 
by  iteration  thus  trends  towards  order  Xj  or  XjlogXj 

from  being  of  order  (Xj)^. 


Formulation-domain  modeling:  Solution-domain  modeling: 

reduce  complexity  of  coefficient  reduce  cost  of  matrix  solution 

computation  and  minimize  number  of  and  minimize  number  of  matrix-solution 
matrix-fill  frequencies.  frequencies. 

Rgure  1.  Illustration  showing  where  matrix-fill  and  matrix-solution  operation  counts  dominate  for  a 
frequency-domain  integral  equation  solved  using  L-U  decomposition  and  assuming  that  a  fixed  sampling 
density  per  wavelength  is  used  as  frequency  is  increased.  At  lower  frequencies  a  computational  benefit 
can  be  realized  by  finding  vyays  to  compute  interaction  coefficients  more  efficiently  or  to  reduce  the 
number  of  rigorously  computed  g  matrices.  At  higher  frequencies,  a  computational  benefit  results  from 

reducing  the  number  of  solutions,  or  Y  matrices. 


3.0  THE  TWO  APPLICATION  DOMAINS  IN  respective  occurrences  by  the  designations  waveform 
INTEGRAL-EQUATION  MODELING  domain  and  spectral  domain,  respectively,  determined 

We  have  discussed  MBPE  in  CEM  from  the  by  the  mathematical  description  that  applies  to  a  given 
perspective  of  whether  the  quantities  of  interest  exhibit  quantity.  There  is  another  domain  pair  that  is  also 
wavelike  or  polelike  behavior,  referring  to  their  useful  for  problem  categorization,  one  describing  the 
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domain  wherein  a  boundary-value  problem  is  defined, 
and  the  other  describing  the  domain  wherein  a  solution 
to  that  problem  is  presented.  We  refer  to  the  former  as 
the  “formulation”  domain,  in  which  a  formal 
mathematical  statement  originating  from  Maxwell’s 
Equations  is  developed  for  a  problem,  and  to  the  latter 
as  the  “solution”  domain,  in  which  that  original 
formulation  has  been  mathematically  solved.  In  the 
formulation  domain  we  begin  with  known  exciting 
fields  to  which  to-be-found  induced  sources  are 
required  by  Maxwell’s  Equations  to  satisfy  the 
appropriate  boundary  conditions.  Finding  these 
induced  sources  requires  inverting  the  original  source- 
field  relationship.  For  all  but  the  simplest  problems  the 
inversion  requires  numerical  computation. 

A  potential  approach  to  alleviating  the  computational 
requirements  that  arise  in  either  the  formulation  domain 
or  solution  domain  is  to  exploit  the  underlying  physicd 
and  mathematical  behavior  of  EM  fields,  as  is 
embodied  in  first-principles  analysis  of  wave-equation 
problems,  through  a  simplifying,  reduced-order, 
signal-processing  formalism.  Of  course,  knowledge  of 
the  problem  physics  is  required  to  begin  with  as  any 
solution  process,  analytical  or  numerical,  can  not  be 
initiated  without  having  the  applicable  physics  captured 
in  appropriate  mathematical  form,  something  that  in 
terms  of  Maxwell ’s  Equations  might  be  characterized  as 
a  microscopic  description.  But  the  physical  behavior 
of  greater  practical  interest  is  usually  macroscopic  in 
nature,  as  it  is  not  generally  the  fine  details  of  the 
current  distribution  on  an  antenna  or  the  near  fields 
around  a  scatterer,  but  the  antenna  input  impedance  and 
gain,  or  scattering  cross  section,  that  are  needed  for 
system  design.  The  macroscopic  description  is 
naturally  a  reduced-order  one  and  provides  the  context 
forMBPE. 

As  previously  observed,  MBPE  involves  fitting 
physically  motivated  analytical  approximations  (the 
model)  to  accurately  computed  or  measured  EM 
observables  from  which  unknown  coefficients  (the 
model  parameters)  are  numerically  obtained.  These 
fitting  models  can  then  be  used  in  subsequent 
applications  to  more  efficiently  characterize  time, 
frequency,  angle  and  space  responses  as  well  as  to 
provide  more  insightful  access  to  the  underlying 
physics.  In  the  solution  domain,  MBPE  can  be  applied 
directly  to  the  spatial  and  frequency  dependencies  of 
the  computed  observables  themselves,  such  as  currents 
and  fields  as  discussed  in  RIl,  or  instead  to  the  solution 
matrix  from  which  these  quantities  are  obtained,  as  is 
discussed  here. 

Alternatively,  we  might  also  employ  MBPE  in  the 
formulation  domain,  where  it  is  the  behavior  of  the 
first-principles  analytical  representation  that  is  being 
approximated  by  reduced-order  FMs.  In  that  case,  the 


frequency  and  space  dependence  to  be  represented 
would  be  that  of  the  defining  source-field  relationships 
as  contained  in  the  system  matrix.  In  contrast  to 
working  in  the  solution  domain,  where  resonance 
effects  dominate  the  EM  behavior,  growing  phase 
change  and  geometric  attenuation  of  the  fields  of 
increasingly  distant  sources  dominate  the  behavior 
when  wortong  in  the  formulation  domain.  While  the 
most  appropriate  FM  will  depend  on  the  particular 
quantity  being  modeled,  exponential-  and  pole-series 
models  are  widely  applicable.  For  example,  the 
frequency  and  spatial  variations  of  a  FDIE  are  suitable 
for  exponential,  or  WD,  FMs  in  the  formulation 
domain,  whereas  in  the  solution  domain  pole-series 
FMs  are  suitable  for  frequency  and  angle  variations  and 
exponential-series  FMs  for  their  spatial  variation. 
Formulation-domain  approaches  are  described  by 
Newman  (1988)  and  Benthien  and  Schenck  (1991), 
and  solution-domain  approaches  are  presented  in  Burke 
et  al.  (1988,  1989).  Otiier  kinds  of  FMs  can  be  found 
useful,  e.g.  based  on  the  geometrical  theory  of 
diffraction,  for  other  analytical  formulations  and 
solutions.  Some  of  these  possibilities  are  discussed  in 
the  following  sections,  ^ch  of  these  two  FMs  and 
problem  domains  are  considered  in  the  following. 


4.0  FORMULATION-DOMAIN  MODELING 
4.1  Waveform-Based  MBPE  in  the 
Formulation  Domain 

The  question  to  be  considered  here  is  how 
waveform-based  MBPE  might  be  used  for  improving 
the  numerical  solution  of  a  FDIE.  First  observe  that 
the  coefficients  that  appear  in  the  impedance  matrix  for 
an  FDIE  model  can  be  expressed  in  the  generic  form 


Zm„(®)  =  f  Sn(a))KR  „,„(a))KA,m,„(to)dAn 


(3) 


where  m  and  n  denote  the  observation  and  source 
patches,  respectively;  is  the  source  on  patch  Aj^; 

KR,m,n  is  the  patch-to-patch  (or  P-P)  part  of  the  IE 
kernel;  and  is  the  in-patch  (or  I-P)  part  of  the 

kernel,  where  we  have  assumed  a  subdomain 
numerical  model  is  being  used.  These  terms  refer, 
respectively,  to  that  part  of  the  kernel  function  whose 
frequency  and  spatial  dependence  is  driven  by  an 
exponential  phase  change  due  to  the  P-P  distance  as 
contrasted  with  those  variations  due  to  variable 
positions  within  the  source  (and,  possibly, 
observation)  patches.  Because  increasing  the  P-P 
distance  and  increasing  the  frequency  both  increase  the 
phase  of  Kj^  changes  in  one  or  the  other  of  these 

variables  have  similar  effects  on  interaction  phase,  an 
effect  that  is  exploited  in  using  scale  models  in  making 
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experimental  measurements.  Considering  frequency 
variations  specifically,  except  for  the  patches  that  are 
close  to  each  other  (with  respect  to  the  wavelength),  the 
P-P  term  would  normally  represent  a  faster  frequency 
variation  while  the  I-P  would  always  represent  a 
slower  frequency  dependence  because  patches  need  to 
be  small  relative  to  a  wavelength  while  the  interpatch 
distance  can  be  arbitrarily  large.  The  XgXXg  set  of 

interaction  coefficients  defined  by  Eq.  (3)  provides  all 
the  information  needed  to  represent  an  object’s  EM 
characteristics,  to  the  degree  permitted  by  a  numerical 
model  based  on  it,  but  the  source-field,  integral- 

equation  relationship  represented  by  Z'L=  Vmust  be 
inverted  to  1=  X‘ Y  to  obtain  the  desired  solution. 

The  P-P,  or  fast,  term  always  has  the  form,  for  IE- 
based  models, 

KR,m,n(®  )  ~  ^  (4) 

where  the  separation  between  the  origins  of  the 

source-  and  observation-patch  local  coordinates,  is 
assumed  to  be  a  far-field  distance  and  k  is  the 
wavenumber,  a  form  that  emphasizes  the  traveling- 
wave  nature  of  the  impedance-matrix  coefficients. 
Integration  over  the  source  patch  (and,  possibly,  the 
observation  patch  if  using  other  than  delta-function 
field  sampling;  though  here  we  explicitly  consider  only 
source  integration)  involves  changes  in  the  fast  term  of 
order  exp(jkArjj^^),  where  kArjj^j^  «  1  is  the  distance 

variation  caused  by  scanning  over  patch  n.  The 
interaction  coefficient  Zj^  can,  thus,  be  rewritten  as 

=  S„(co)KA,^,,(co)ciA^ 

A  (5) 

with  Rjj,  „  +  Arj^  =  r^j,  n  and  a  modified 

slow-variation  kernel.  This  form  of  interaction 
coefficient  suggests  that  we  can  estimate  ^ 

new  frequency  C02  from  an  accurately  computed  value 

at  frequency  co  ^ 


(6) 

where  ^  interpolation  model  that 

accounts  for  the  slowly  vaiying  part  of  the  kernel 
function  whose  specific  form  would  depend  not  only 
on  object  geometry  but  on  whatever  frequency 
dependence  might  have  been  incorporated  into  the  basis 


and  testing  functions  that  are  used.  Exploiting  a 
capability  for  modeling  the  spatial  variation  and  its 
decreasing  complexity  with  increasing  distance  is  more 
involved,  but  is  essentially  embodied  in  “fast”  methods 
which  seek  to  reduce  the  CX3  of  filling  Z  and 

performing  2,T  multiplies  from  of  order  Xg^  to  of 
order  XgLog(Xg)  [e.g.,  see  Canning  (1990),  Chew 

(1993),  Coifman  et  al.  (1993)].  The  specific  problem 
of  modeling  the  frequency  variations  in  Z  is  considered 

next. 

4.1.1  Modeling  Frequency  Variations— 
Antenna  Applications.  The  model 
Mm  n  aright  be  represented  in  various  ways  including 

using  low-order  polynomials  (the  model)  whose 
coefficients  (the  parameters)  are  computed  from 
samples  of  ^  jj  at  selected  frequencies  [Newman 

(1988),  Benthien  and  Schenck  (1991)].  When 
sinusoidal  bases  functions  specifically  are  used,  it  may 
also  be  advantageous  to  develop  a  recursive  form  for 
Mm  n-  accurately  computing  the  impedance  matrix 

at  widely  spaced  frequencies  and  using  estimated 
values  at  intervening  frequencies,  the  goal  is  to  obtain 
acceptably  accurate  results  across  a  wide  bandwidth 
without  the  cost  of  computing  the  impedance  matrix  at 
all  sampling  frequencies  desired.  As  an  example 
application,  the  analytical  behavior  of  the  impedance- 
matrix  coefficients  has  been  approximated  for  small 
variations  in  frequency  about  the  computation  point  wj 

by  [Newman  (1988)] 

Mm,n(®  "  ®  l)^imag  “  ■^i  Bjln(cD  -  coj^) 

+  Cj(a)-a)2)  (7) 

Mm,n(^  ■  ^  l^^real  ~  ■^r  ®r^^  ■  ^  j) 

+  Cj.(co-(0  2)^  (8) 

A  result  obtained  by  Newman  is  presented  in  Fig.  2 
where  the  input  impedance  of  a  center-fed  dipole 
antenna  is  plotted  as  a  function  of  frequency  over  its 
first  two  resonance  frequencies.  Two  Afferent  curves 
are  shown,  one  for  a  GM  sample  interval  of  300  MHz 
and  the  other  of  600  MHz. 

Virga  and  Rahmat-Samii  (1995)  used  g-matrix 

frequency  modeling  for  more  complex  communications 
antennas,  one  result  for  which  is  shown  in  Fig.  3. 
There  the  input  impedance  of  a  4-tum  helical  antenna 
on  an  infinite  ground  plane  is  plotted  versus  frequency 
as  obtained  by  direct  evaluation  and  from  two 
interpolation  methods.  The  interpolated  results  are 
obtained  using  a  simple  quadratic  FM  and  a  second  FM 
that  incorporates  the  singularity  of  interaction 
coefficients  for  segments  closer  than  one-half 
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wavelength  and  otherwise  uses  Eqs.  (6)  to  (8).  The 
authors  report  an  approximately  30-to-l  computer 
savings  results  from  modeling  the  g  matrix  as 

compared  with  direct  evaluation  at  a  total  of  301 
frequency  samples. 

4.1.2  Modeling  Frequency  Variations: 

Eiastodynamic  Scattering.  Benthien 
and  Schenck  (1991)  have  used  an  approach  similar  to 
the  above  for  modeling  eiastodynamic  problems  whose 
frequency  responses,  it  should  be  noted,  can  be  much 
more  complex  in  structure  than  topical  EM  spectra. 
One  interesting  aspect  of  their  work  is  that  they  are  able 
to  span  a  bandwidth  that  includes  several  resonances 
with  only  two  FPM  system-matrix  computations  at  its 


endpoints  while  using  MBPE  for  frequencies  between 
them,  in  contrast  to  modeling  the  solution  (admittance) 
matrix  where  the  equivalent  of  two  samples  per 
resonance  are  required  [RII].  The  resonance  structure 
is  manifested  only  when  the  solution  has  been 
developed,  or  the  source-field  description  has  been 
inverted.  This  difference  stems  from  the  fact,  so  long 
as  phase  changes  are  handled  accurately  enough  across 
a  given  frequency  interval  over  wWch  the  phasor 
between  the  most  widely  spaced  points  on  the  object 
being  modeled  rotates  through  several  (say  n)  times 
2ji,  then  n  to  2n  resonances  can  be  predicted  by  using 
only  2  FPM  samples.  Examples  of  Benthien  and 
Schenck ’s  results  are  included  in  Figs.  4  and  5. 


Rgure  2.  Results  from  using  MBPE  and  two  different  FMs  to  represent  the  interaction  coefficients  of  the  g.  matrix  of  a 

center-fed,  haif-wave  dipoie  antenna  [Newman  (1988)].  The  FMs  employ  the  approach  of  Eqs.  (31)  to  (33)  and  are  based 
on  GM  samples  spaced  300  MHz  apart  (the  solid  line)  and  600  MHz  apart  (the  dashed  line).  The  discontinuity  in  the 
impedance  curves  occurs  at  the  point  where  a  FM  replaces  a  GM  sample  at  one  end  of  its  span  with  a  new  one  at  the 
other  as  successive  GM  samples  are  employed. 


4.1.3.  Modeling  Spatial  Variations: 

The  Sommerfeld  Problem.  A 

computationally  demanding  problem  is  that  of 
determining  the  Sommerfeld  fields  that  result  from  the 
interaction  of  elementary  sources  with  a  half  space  and 
which  become  part  of  the  Green’s  function  in  an  IE 
model  for  antennas  near  ground,  microstrip  structures, 
etc.  One  of  the  first  approaches  to  this  problem  to 
incorporate  numerically  the  rigor  of  the  Sommerfeld 
integrals  while  avoiding  their  computational  complexity 
used  a  two-dimensional  mesh  of  pre-computed 
Sommerfeld  integrals  [Miller  et  al.  (1977)].  This 
permitted  evaluating  the  impedance-matrix  coefficients 
for  wire  objects  located  on  one  side  of  an  interface 


from  simple  bivariate  interpolation,  since  the  fields  are 
then  functions  of  only  two  variables,  their  lateral 
separation  p  and  the  sum  of  the  vertical  coordinates,  z’ 
and  z,  of  the  source  3md  observations  points  relative  to 
the  interface,  respectively.  This  essentially  curve- 
fitting  approach,  used  in  NEC-2,  reduced  the  matrix  fill 
time  to  teing  little  more  than  what  is  needed  for  a 
perfectly  conducting  ground  where  image  theory  is 
analytically  rigorous.  An  example  of  the  field  variation 
on  tiie  same  side  of  the  interface  as  a  fixed  source 
located  near  an  interface  is  shown  as  a  function  of 
observation  position  in  Fig.  6.  Clearly,  the  field  is 
quite  well-behaved  and  can  be  accurately  approximated 
using  linear  interpolation. 
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Rgure  3.  Results  from  using  MBPE  and  two  different  FMs  of  the  interaction  coefficients  of  the  Z  matrix  for  a  helical 

antenna.  Values  obtained  from  straight-line  interpolation  of  301  GM  samples  (solid  line)  are  compared  with  a  quadratic 
FM  (dot-dash  line)  and  a  FM  defined  by  Eqs.  (6)  to  (8)  (dashed  line)  [Virga  and  Rahmat-Samii  (1995)].  The  GM  samples 
used  for  the  FM  results  are  indicated  by  the  starred  points. 


Rgure  4.  Results  for  acoustic  backscattering  from  the  end  of  a  circular  cylinder  as  a  function  of  frequency 
obtained  from  the  basic  model  without  interpolation  (solid  line)  and  using  MBPE  on  samples  spaced  1.0 
unit  apart  in  ka  (dotted  line)  [Benthien  and  Schenck  (1991)].  A  linear  interpolation  model  is  used  for, 
Mmn(“2  ‘  ®l)  obtain  the  estimated  interaction  coefficients.  The  Z-matrix  FM  samples 

themselves  are  spaced  too  far  apart  to  adequately  resolve  the  fine  structure  of  the  response.  A  second 
series  of  pole-based  FMs  might  be  used  to  rectify  this  problem,  as  additional  FM  samples  developed 
in  the  solution  domain  would  require  much  less  computation  than  using  the  formulation-domain  FMs  each 
of  which  involve  solution  of  a  large  matrix. 
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Rgure  5  Results  for  acoustic  backscattering  from  the  end  of  a  circular  cylinder  as  a  function  of  frequency 
obtained  from  the  basic  model  without  interpolation  (solid  line)  and  using  MBPE  on  samples  spaced  0.4 
units  apart  in  ka  (dotted  line)  [Benthien  and  Schenck  (1991)].  The  Z-matrix  interaction  coefficients  are 
estimated  between  their  rigorously  computed  samples  using  a  linear-interpolation  model  in  Eq.  (6) ,  but 
absorbing  the  “scaling”  factor,  exp[]((02-  wi)Rm,n/‘^]>  l^m,n(“2  '  “l)-  Comparison  of  Rgs.  5  and  6 

emphasizes  the  importance  of  including  the  dominant  functional  variaions  of  the  quantity  being  estimated 
in  the  MBPE  process. 


Rgure  6.  These  plots  exhibit  representative  electric  fields  due  to  a  delta-current  source  located  on  the  air  side  of  an  air- 
earth  interface  as  a  function  of  radial  distance  R  i  and  elevation  angle  6  for  a  lossy,  (a),  and  a  lossless,  (b),  lower  medium, 
respectively  The  field  is  seen  to  be  spatially  less  variable  than  the  mathematical  complexity  of  the  Sommerfeid  integral 
which  gives  it  might  imply.  An  interference  between  the  different-wavelength  above-surface  and  below-surface  fields  can 
be  observed  along  the  interface  (where  0  =  0). 


Later,  in  extending  NEC -2  to  model  objects  interacting 
across  an  interface,  a  problem  where  three-dimensional 
interpolation  would  have  been  required  since  the  fields 
are  then  functions  of  lateral  separation  and  the  distance 
from  the  interface  of  both  the  source  and  observation 
point,  an  unattractive  prospect,  MBPE  was  then 
employed.  The  analytic^  “models”  in  this  case  are 
extracted  from  various  asymptotic  and  other 
approximations  that  are  applicable  to  the  parameter 
range  of  interest  so  that  Sommerfeld  integrds  of  the 
form 


g-Y_+lz'l-YJzl 

k!Y+  +  k+Y- 


Jo(X,p)>idX., 


are  replaced  by  expressions  like 


(9) 


-icopoKf  kl  /  1  _  sine 


4ii 


-  Scos0 1 R  \ 

J 


where 


6.tan-‘ii^,S.^l,andK-4^ 

P  R  + 


with  the  details  described  by  Burke  and  Miller  (1984). 
Finally,  the  fields  needed  for  the  integral-equation 
model  are  then  approximated  by 

E(r,z,z')  ^  2Ajjfjj(p,z,z');  n  =  1,  .  .  .,N  (ll) 

where  the  functions  comprise  the  model  and 

Aj^  are  the  model  parameters.  This  MBPE  approach 

for  the  interface  problem  provides  an  essentially 
rigorous  numerical  model  for  objects  interacting  across 
an  infinite,  planar  interface  at  a  cost  of  increasing  the 
matrix  fill  time  by  only  5-10  times  over  what  modeling 
the  same  object(s)  in  free  space  would  require.  An 
example  of  one  electric-field  component  transmitted  to 
a  lower  medium  from  an  above-surface  source  is 
shown  in  Fig.  7. 

An  alternate  approach  for  the  half-space  problem  based 
on  a  series  of  complex  images  developed  using  Prony’s 
Method  is  described  by  Shubair  and  Chow  (1993). 
For  a  verticallly  oriented  antenna,  a  series  of  three  to 
five  image  antennas  are  found  to  be  adequate  for  the 
one-sided  problem  (antenna  on  one  side  of  the 
interface).  A  similar  approach  for  a  horizontal  antenna 
is  reported  by  Fang  et  al.  (1988). 


2/^0 

Figure  7.  The  MBPE  FM  results  for  the  Tp^  field  as  a  function  of  radial  and  vertical  location  beneath  an 

interface  for  a  source  located  above  it  [Burke  and  Miller  (1984)].  Also  shown  by  the  dots  are  the 
Sommerfeld-integral  values  used  as  GMs  for  the  FM  approximation.  Although  not  clearly  shown 
because  they  overlap,  the  exact  and  MBPE  results  are  both  plotted  in  this  figure. 


18 


4.1.4  Modeling  Spatial  Variations: 

Waveguide  Fields.  Other  opportunities 
for  Green’ s-function  applications  of  MBPE  arise  from 
separation-of-variables  solutions  for  exterior  problems 
involving  cylinders,  spheroids,  etc.  where  infinite 
series  of  special  fimctions  occur  and  for  interior 
problems  where  the  Green’s  function  can  then  involve 
an  infinite  series  of  images.  An  example  of  the  latter 
application  is  reported  by  Demarest  et  d.  (1989)  for  a 
wire  antenna  located  in  the  region  between  infinite, 
parallel,  perfectly  conducting  planes  for  which  some 
results  are  shown  in  Fig.  8.  The  microscopic  source- 
field  description  contained  in  the  infinite-series  Green’s 
function  for  this  problem  is  replaced  by  low-order  P^s 
of  the  spatial  field  behavior  that  provide  a  much  more 
efficient,  yet  acceptably  accurate,  numerical 
representation  of  these  fields.  These  FMs  substantially 
increase  the  efficiency  of  computing  the  interaction 
coefficients  in  an  FDIE  model  by  a  factor  of  about  20 
for  the  example  shown.  We  note  that  the  Green’s 
function  for  this  particular  problem  has  the 
characteristics  of  both  the  WD  and  SD  FMs,  since  the 
contribution  of  each  image  is  pole-like,  having  a  l/(x  - 
Xjj)  amplitude  multiplied  by  a  wave-like  phase  factor 

exp(-ik(x  -  Xj^).  The  signal  fields  of  this  kind  of 

Green’s  function  might  be  described  as  having  a  hybrid 
character,  with  the  goal  of  the  FM  being  to  replace  both 
with  a  simpler  analytical  description. 

4.1.5.  Modeling  Spatial  Variations: 

Moment-Method  Impedance 

Matrices.  The  preening  examples  deal 
with  modeling  the  frequency  variation  of  the 
coefficients  of  a  FDIE  system  matrix  as  a  means  of 
reducing  the  number  of  needed  FPM-matrix 
evaluations  when  spanning  many  resonances  across 
some  frequency  band  to  reduce  the  overall  operation 
count.  Alternatively,  we  might  examine  the  feasibility 
of  reducing  the  number  of  FDIE-matrix  coefficients 
that  need  FPM  evaluation  at  a  given  frequency  as  way 
to  reduce  the  OC  at  a  given  frequency.  This  kind  of 
approach  is  described  by  Vecchi  et  al.  (1994)  and 
demonstrated  by  application  to  a  microstrip  line  with  a 
coupled  dipole,  an  example  of  which  is  presented  in 
Fig.  9.  According  to  Vecchi  et  al.,  there  is  no 
appreciable  difference  between  results  obtained  using 
the  FM  and  the  exact  results. 

Spatial  variations  of  impedance  and  admittance  matrices 
can  be  better  appreciate  by  presenting  them  as  surface 
plots,  an  example  of  which  is  included  in  Fig.  10a  for  a 
straight  wire  where  the  numbering  of  the  subdomains 
used  for  this  model  is  sequential  from  1  to  N.  The 
axes  represent  the  matrix  rows  and  columns  and  the 
normalized  height  of  the  surface  at  row  =  m,  column  = 


n  above  the  row-column  plane  represents  the 
magnitude  of  a  given  interaction  coefficient,  IZjj^ 

The  plotting  routine  passes  a  smooth  surface  through 
the  set  of  values,  and  so  may  introduce  a 

“fractional”  interpolation  between  the  discrete  set  of 
row-column  indices.  It’s  well-known,  of  course,  that 
the  impedance  matrix  for  a  straight  wire  or  a  strip  is  of 
Toeplitz  form  and  so  this  particular  matrix  could  be 
fully  displayed  by  a  single  row  or  column.  The  matrix 
for  the  same  wire  bent  to  forai  a  polygonal 
approximation  of  a  circular  loop  would  look  very 
similar  on  this  same  linear  scale  except  that  there  would 
be  large  components  near  the  comers  opposite  the  main 
diagonal,  assuming  the  wire  segments  are  numbered  in 
order  as  well.  Were  a  spatial  to  be  used  for  these 
impedance  matrices,  the  phase  variation  would  also  be 
needed,  or  as  an  alternative  the  real  and  imaginary  parts 
might  be  used  instead.  The  use  of  magnitude  and 
phase  for  modeling  Z  seems  the  more  appropriate  since 

they  are  “smoother”  [Brown  and  Prata  (1994)]. 


Rgure  8.  Results  for  the  component  of  the 

dyadic  Green’s  function  (x-directed  source 
perpendicular  to  waveguide  walls,  and  x-directed 
field)  as  obtained  from  direct  evaluation  of  the 
dehning  equation,  (a),  and  as  evaluated  using  a  FM 
consisting  of  two  multiplied  3rd-order  polynomials 
in  X  and  z,  (b)  [Demarest  et  al.  (1989)].  The  current 
on  a  dipole  antenna  located  midway  between  the 
waveguide  walls  obtained  from  using  (b)  are  within 
5%  of  those  resulting  from  (a). 
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q  =  m-  n  q  =  m-  n 

(a)  (b) 

Rgure  9.  Example  of  modeling  the  spatial  variation  of  an  interaction  coefficients  for  an  integral-equation 
system  matrix  of  a  microstrip  line  with  a  coupled  dipole  using  a  Galerkin  subdomain  [Vecchi  et  al.  (1994)]. 
Result  in  (a)  is  logig  of  the  static,  singular  part  of  the  self-impedance  matrix  for  the  line  as  a  function  of 

the  difference  between  the  source  and  observation  subdomain  indices.  The  +’s  show  the  points  where 
the  interactions  are  sampled  for  the  FM,  the  solid  line  is  the  exact  result  and  the  dashed  line  is  the  FM 
result.  The  FM  in  this  case  is  a  polynomial  applied  to  Zg[log(q)].  The  results  in  (b)  are  obtained  for  the 

frequency-dependent  part  of  the  interaction  coefficient,  where  the  solid  line  is  the  exact  result,  the 
dashed  line  is  FM  approximation,  again  using  a  polynomial,  and  the  o’s  and  +’s  indicate  the  real  and 
imaginary  samples  used  for  evaluating  the  FMs. 


An  example  for  a  more  interesting  structure,  an  8-tum 
helical  spiral  having  a  total  wire  length  of  16 
wavelengths,  is  shown  in  Fig.  10b,  also  using  a  linear 
magnitude  scale.  A  “splitting”  of  the  coefficients  along 
the  main  diagonal  may  be  observed,  due  to  the 
changing  orientation  of  the  neighboring  wire  segments 
as  they  spiral  around  the  helix.  This  effect  can  be  seen 
to  continue  as  a  ripple  in  the  coefficients  further  away 
from  the  main  diagonal. 

More  information  is  conveyed  by  plotting  the  log  of  the 
matrix  coefficients,  for  which  two  examples  are 
included  in  Fig.  11.  The  first,  in  (a),  is  for  a  wire  two- 
free-space  wavelengths  in  length,  located  parallel  to, 

and  10‘4  free-space  wavelengths  beneath,  the  interface 
between  an  upper  free  space  and  a  lower  half  space 
having  a  relative  dielectric  constant  of  10.  There  the 
interference  between  the  waves  propagating  above  and 
below  the  interface  is  seen  in  a  somewhat  different  way 
than  demonstrated  in  Fig.  6  for  the  Sommerfeld  field 
alone.  Aside  from  the  fact  that  this  matrix  is  also  of 
Toeplitz  form,  and  therefore  more  simply  filled  and 
solved  than  an  arbitrary  matrix,  the  regular  variation  of 
the  coefficients  in  a  given  row  or  column  indicates  the 
feasibility  of  using  a  suitable  spatial  FM  for  reducing 
matrix-fill  complexity. 

When  the  same  two-wavelength  wire  is  rotated  90 


degrees  to  penetrate  the  earth-air  interface  normally  at 
its  midpoint,  the  impedance  matrix  shown  in  Fig.  11b 
is  obtained.  The  matrix  is  now  block-Toeplitz  but  is 
otherwise  nearly  as  simple  spatially  as  is  the  case  for 
the  same  object  located  in  free  space. 

A  much  more  complicated  structure  because  it  has  a 
surface,  rather  than  a  linear,  geometry  is  a  wire  mesh 
for  which  an  impedance  matrix  is  presented  in  Fig.  12. 
This  plot  dramatizes  the  problem  encountered  when 
attempting  to  visually  display  source-field  relationships 
over  a  two-dimensional  surface  (or  a  three-dimensional 
volume)  in  terms  of  a  two-dimensional  matrix  of 
interaction  coefficients.  The  interactions  are  dependent 
on  the  four  spatial  coordinates  that  define  observation- 
and  source-patch  locations  Aj^  and  Aj^,  respectively, 

as  well  on  other  details  of  the  numerical  model,  and 
when  projected  onto  the  two-dimensional  surface  of  the 
impedkice  matrix  their  associated  spatial  relationships 
are  disordered.  The  field  “signal”  is  no  longer  simply 
discerned  by  observing  the  behavior  of  a  row  or 
column  from  J  but  instead  requires  following  a  path 

through  the  matrix  determined  by  the  numbers  assigned 
to  the  individual  unknowns.  This  does  not  mean  that 
the  spatial  variation  of  the  fields  can  no  longer  be 
modeled,  but  that  matrix  indices  can  no  longer  serve  as 
the  FM  variables. 
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Figure  10.  Surface  plots  of  the  magnitudes  of  the  impedance-matrix  coefficients  of  a  straight  wire  2 
wavelengths  long,  (a),  and  an  8-turn  helical  spiral  16  wavelengths  long,  (b). 


4.2  Using  Spectral  MBPE  in  the  Formulation  Domain 

A  spectral  FM  would  not  be  expected  to  be  applicable  to  an  integral  equation  based  on  a  space-based 
Green’s  function,  but  could  be  appropriate  for  a  transformed  or  modal  Green’s  fonction  where  the  variable  is 
spatial  wavenumber  rather  than  distance.  That  possibility  is  not  considered  further  in  this  discussion. 


(a)  (b) 


Figure  11.  Surface  plots  of  the  magnitudes  of  the  impedance-matrix  coefficients  of  a  straight  wire  2 
wavelengths  long  infree  space  when  parallel  to,  and  10"^  wavelengths  beneath,  an  air-ground(Ep  =  10) 
interface,  (a),  and  the  same  wire  oriented  normally  to  the  interface  with  half  its  length  in  each  half  space, 
(b). 
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Figure  12.  Surface  plots  of  the  magnitudes  of  the  impedance-matrix  coefficients  of  a  5-wire  x  5  -wire 
mesh  of  wires  whose  total  length  is  two  wavelengths.  The  irregular  appearance  of  this  matrix  results 
from  the  fact  although  the  unknowns  can  be  numbered  in  a  sequential  fashion,  their  separation  is  no 
longer  linearly  dependent  on  their  respective  indices. 


5.0  SOLUTION-DOMAIN  MBPE 
5.1  Using  Waveform  MBPE  in  the 

Solution  Domain 

At  least  two  kinds  of  CEM  quantities  in  the 
solution  domain  possess  wavelike  nature,  the  source 
solutions  themselves  an d  the  far- field  angular 
dependence. 

5.1.1  Modeling  Spatial  Variations. 

While  the  spatial  forms  of  the  formulation- 
domain  problem  description  provided  by  the  impedance 
matrices  are  relatively  uncomplicated,  due  to  the  basic 
simplicity  0  f  the  Green’s  function  source-field 
description,  their  solution-domain  counterparts  in  the 
form  of  admittances  matrices  are  not  since  the 
coefficients  of  the  latter  must  encompass  all  possible 
source  distributions  that  can  occur  on  a  given  structure. 
Thus,  whereas  the  impedance-matrix  coefficients 
decline  essentially  monotonically  with  increasing 
distance,  the  admittance-matrix  coefficients  will  in 
general  not  do  this  because,  unless  loss  i  s  a 
predominant  effect,  traveling-wave  currents  must  be 
included  among  the  distributions  that  can  arise, 
becoming  standing  waves  when  impedance  or  other 
discontinuities  occur  on  the  structure  being  modeled. 
Never-the-less,  the  “signal”  represented  by  the  spatial 
variation  of  the  induced  sources,  which  is  generally  the 
current  for  conducting  objects,  is  basically  comprised 
of  exponential  waves  and  is  therefore  a  potential 
candidate  for  MBPE  using  a  WD  FM.  The  potential 
significance  of  this  possibility  is  that  were  a  model  for 
the  spatial  current  response  to  be  available,  the  number 
of  parameters  needed  to  quantify  this  current  could  be 


substantially  less  than  the  Xg  coefficients  otherwise 

used  when  developing  an  iterative  solution,  or  the  Xg^ 

when  the  system  matrix  is  factored.  By  combining 
iteration  with  MBPE  of  the  spatial  current,  it  may  be 
feasible  to  obtain  an  acceptably  accurate  solution  via 
iteration  that  requires  -  KXg  operations  per  iteration 

step  rather  than  theXg^  normally  involved,  where  K  is 

the  number  of  spatial  current  samples  actually 
computed  from  the  impedance  matrix,  an  OC 
comparable  to  some  of  the  “fast”  methods  mentioned 
above. 

In  order  to  explore  the  possibilityof  modelingthe 
spatial  variation  of  the  admittance-matrix  coefficients,  a 
number  of  admittance-matrix,  or  |Yjj|,  plots  for  some 

simple  wire  objects  are  plotted  below.‘  The  admittance 

’  Note  that  since  the  current  on  a  stmcture 
represented  by  X  is  given  by  1  =  X  Y,  the  current  that 

results  from  exciting  it  as  an  antenna  at  a  single  point, 
or  segment  i  =  e,  is  Ij  =  Yj  gVg.  Consequently,  the 

current  for  this  excitation  is  proportional  to  column  “e” 
of  the  admittance  matrix,  and  so  as  the  excitation  is 
scanned  from  e  =  1  to  e  =  Xg,  the  current  that  results 

can  be  discerned  from  observing  the  spatial  behavior  of 
column  1  to  Xg  of  |Yj  j|.  We  can  thus  refer  to  the  plots 

of  the  admittance  matrix  as  simply  displaying  its 
coefficients,  or  alternatively,  a  current  distribution  on 
the  stmcture  for  which  the  matrix  has  been  derived. 
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matrices  for  a  two-wavelength  straight  wire  and  two- 
wavelength  circular  loop  are  shown  in  Fig.  13.  It’s 
clear  in  Fig.  13b  for  the  loop  that  the  spatial  current  is 
invariant  in  shape  with  respect  to  where  the  loop  is 
excited,  but  simply  rotates  around  the  loop  as  the 
excitation  point  changes.  It’s  not  as  clear,  but 
suggestive  from  Fig.  13a  for  the  straight  wire,  that  the 
shape  of  its  current  distribution  i s  also  largely 
insensitive  to  where  the  the  wire  is  excited,  but  that  the 
magnitude  of  that  current  varies  periodically  with  a 
changing  excitation  point.  For  these  simple  objects,  it 
appears  that  not  only  might  the  current 


spatial  dependence  be  described  by  a  low-order,  WD 
FM,  but  that,  for  the  case  of  the  straight  wire,  the 
dependence  on  excitation  point  can  also  be  modeled. 

Admittance-matrix  plots  for  an  8-tum  helix  of  total  wire 
length  4  and  16  wavelengths,  respectively,  are  shown 
in  Fig.  14.  The  dramatic  difference  between  the  two 
results  is  due  to  the  fact  that  in  the  former  case,  the 
helix  is  below  cutoff  because  the  circumference  of  the 
helical  turns  is  less  than  a  wavelength  whereas  the 
latter,  being  above  the  cutoff  frequency,  results  in  an 
attenuated  traveling  wave.  Again,  an  exponential- 
series  FM  for  the  current  appears  to  be  a  good 
approximation  for  either  case. 


Figure  13.  Surface  plots  of  the  magnitudes  of  the  admittance-matrix  coefficients  of  a  two-wavelength-long  straight 
wire,  (a),  and  a  circular  loop,  (b).  Although  the  impedance-matrix  magnitudes  exhibit  no  explicit  wavelength 
dependence  (refer  to  the  impedance  matrix  for  the  straight  wire  in  Fig.  9a) ,  the  effects  of  standing  waves  are 
clearly  evident  in  the  admittance  matrices.  Also,  whereas  the  field  “signal”  in  the  formulation  domain,  as 
represented  by  the  impedance-matrix  coefficients,  falls  off  with  distance,  the  corresponding  current  “signal"  in  the 
solution  domain,  does  not  necessarilydo  so,  instead  exhibiting  the  propagating-wave  nature  expected  on  such 
structures. 


The  plots  in  Fig.  15  show  the  magnitudes  of  the 
admittance  matrix  coefficients  for  a  wire  two-free- 

space-wavelengths  long  that  is  parallel  to,  and  10"^ 

wavelengths  above  and  10"'^  wavelengths  beneath,  the 
interface  between  free  space  and  a  dielectric  half  space 
of  £j.  =  10.  The  transition  between  a  spatial  current 

distribution  having  a  dominant  wavelength 
characteristic  of  free  space  and  that  of  the  dielectric  is 
seen  to  occur  over  a  very  small  vertical  movement  of 
the  wire. 

The  results  of  Fig.  16  are  for  the  same  horizontal  wire 
as  Fig.  15a  but  with  a  half-space  relative  permittivity  of 
Ej.  =  10  -  j  10,  (a),  and  for  the  two- wavelength  wire 


oriented  perpendicular  to  the  interface  with  its  midpoint 
at  the  interface,  (b).  The  effect  of  the  half-space  loss 
on  the  horizontal-wire  current  distribution  of  part  (a)  is 
seen  to  cause  an  increased  attenuation,  which,  in  terms 
of  a  exponential-series  FM  indicates  that  the  effective 
wavenumber  has  developed  a  larger  real  part.  In  Fig. 
16b,  the  vertical  wire  can  be  seen  to  carry  two 
distinctly  different  current  waves  on  each  half  having  a 
wavelength  appropriate  to  the  medium  in  which  that 
wire  half  is  located.  For  the  cases  of  Figs.  15  and  16, 
an  exponential-series  FM  for  the  current  would  again 
seem  to  be  a  good  approximation. 

The  final  result  of  this  sequence.  Fig.  17,  is  the 
admittance  matrix  of  the  wire  mesh  whose  irrq)edance 
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matrix  is  shown  in  Fig.  12.  Not  unexpectedly,  there  is 
no  discernible  pattern  in  this  plot  for  the  reasons 
previously  stated.  Both  the  graphical  presentation  of 
such  matrices  for  two-dimensional  surfaces  and  the 


associatedFMs  needed  for  their  spatial  modeling 
would  need  to  take  into  account  their  higher-order 
dimensionality,  as  compared  with  the  one-dimensional 
nature  of  wires. 


(a)  (b) 

Figure  14.  Surface  plots  of  the  magnitudes  of  the  admittance-matrix  coefficients  for  an  8-turn  helix  of  total  wire 
length  4  wavelengths,  (a),  and  16  wavelengths,  (b).  In  (a),  the  structure  is  below  cutoff  since  the  helix 
circumference,  C,  is  less  than  k,  whereas  for  (b),  C  ~  2  k,  so  that  the  dominant  current  behavior  changes  from  a 
standing  wave  to  a  damped  traveling  wave. 


Figure  1 5.  Surface  plots  of  the  magnitudes  of  the  admittance-matrix  coefficients  for  a  two-wavelength  (in  free- 
space)  wire  parailelto  a  dielectric  half-spaceof  8^=  10  when  ICH  wavelengths  above  the  interface,  (a),  and  10^ 
beneath  the  interface,  (b).  Thedamped,  standing-wave  nature  of  the  current  is  again  evident,  with  achangefrom 
the  free-space  vaiue  to  the  half-space  value  taking  place  over  a  vertical  distance  of  -  10"^  wavelengths,  or  less. 
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(a)  (b) 

Figure  16.  Surface  plots  of  the  magnitudes  of  the  admittance-matrix  coefficients  for  a  two-wavelength 
wire  in  free  space  when  parallel  to  and  10"^  free-space  wavelengths  above  a  half  space  with  Ep=  10-j10, 
(a),  and  for  the  same  wire  when  perpendicularto  a  dielectric  half  space  of  sp  =  10  with  its  center  at  the 
interface,  (b).  The  influence  of  the  lossy  lower  half  space  is  evident  in  the  increased  current  attenuation 
exhibited  in  (a)  as  compared  with  15a.  The  change  in  dominant  currentwavelength  in  the  vertical  wire  is 
clearly  demonstrated  in  (b)  on  each  half  of  the  wire.  Again,  an  appropriate  Fitting  Model  for  such  currents 
is  an  exponential  series,  or  waveform-domain,  form. 


Figure  17.  Surface  plot  of  the  magnitudes  of  the  admittance-matrix  coefficients  for  a  5-wire  x  5  -wire 
mesh  of  wires  whose  total  length  is  two  wavelengths.  The  irregular  appearance  of  this  matrix  results 
from  the  fact  although  the  unknowns  can  be  numbered  in  a  sequential  fashion,  their  separation  is  no 
longer  linearly  dependent  on  the  respective  indices  used  to  construct  the  system  and  solution  matrices. 
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5.1.2  Modeling  Angle  Variations  of  the 
Far  Field.  The  far-field  approximation 
universally  used  to  obtain  the  distant  field  of  a  known 
source  distribution  depends  only  on  the  angular 
coordinates  of  the  far-field  observation  point  relative  to 
the  coordinate-system  ori^n  and  the  source  location 
projected  onto  the  line-of-sight  from  that  origin.  For  a 
simple  linear  array  of  discrete  sources,  the  far  electric 
field  a  can  be  expressed  in  the  general  form 

E(0)  ~  i;Sjjexp[ikdjjCos(0)];  n  =  1,  .  .  .,N 

(12) 

where  Sjj  and  d^j  are,  respectively,  the  amplitude  and 

location  along  the  array  of  source  n  of  which  there  are  a 
total  of  N.  The  radiation  pattern  is  normally  developed 
by  sampling  the  far  fields  finely  enough  in  angle  such 
that  a  straight-line  interpolation  between  the  field 
samples  can  be  employed  to  develop  an  approximation 
continuous  in  observation  angle.  Clearly,  (12)  has 
the  form  of  an  exponential  series  and  is  a  candidate  for 
a  WD  FM.  Two-  and  three-dimensional  source 
distributions  have  a  more  complicated  far-field 
expression,  but  otherwise  retain  the  basic  structure  of 
Eq.  (12),  being  functions  of  two  observation  angles, 
elevation  and  azimuth  in  a  spherical  coordinate  system. 

For  extended  source  distributions,  where  N  exceeds  50 
or  so,  it  is  not  computationally  practical  to  employ  a 
single  FM  for  the  entire  pattern  since  ill-conditioned 
data  matrices  are  encountered.  Furthermore,  a  {mttem 
that  is  a  function  of  two  angles  can  not  be  directly 
modeled  using  the  basic  Prony  model  described  in  RI. 
Instead,  observation  windows  of  limited  angular  extent 
can  be  used  so  that  low-order  FMs  can  accurately 
approximate  the  pattern  over  that  window.  The  pattern 
can  then  be  developed  by  employing  enough  FMs  so 
that  a  continuous  range  of  observation  angles  is 
encompassed  over  the  angle  variations  that  are  desired. 
This  approach  has  been  described  by  Roberts  and 
McNamara  ( 1994)  and  is  summarized  in  RI. 

5.2  Using  Spectral  MBPE  in  the  Solution 

Domain 

In  RI,  the  use  of  FMs  to  represent  the 
frequency  dependence  of  EM  observables  was 
discussed  and  demonstrated  using  various  examples. 
Here  we  consider  the  more  fundamental  problem  of 
modeling  the  frequency  dependence  of  the  admittance 
matrix  itself  using  both  function  sampling  and 
derivative  sampling. 

5.2.1  Modeling  the  Admittance  Matrix. 

As  previously  discussed,  the  impedance  or 
system  matrix  arising  from  an  FDIE  model  contains  all 
the  interaction  information  needed  to  describe  the  EM 


properties  of  an  object  being  modeled.  In  a  numerical 
model,  this  information  is  represented  by  the  fields 
produced  at  observation  patches  in  response  to  unit- 
amplitude  source  patches,  both  sets  of  which  span  the 
entire  object.  The  relative  amplitudes  and  phase- 

changes  associated  with  the  Xg^  source-field  patch 

pairs  convey  object  size  implicitly  in  these  interactions. 
The  inverse  of  these  relationships  in  the  form  of  the 
admittance  matrix  is  needed  to  establish  the  absolute 
source  amplitudes  that  satisfy  the  required  boundary 
conditions.  The  solution,  or  admittance,  matrix 
explicitly  includes  aspects  of  object  size  and  shape  the 
effects  of  which  are  exhibited  as  periodic  body 
resonances  as  a  function  of  frequency.  Thus,  the 
model  appropriate  for  MBPE  representation  of  the 
admittance  matrix  must  be  capable  of  handling 
frequency-dependent  resonances. 

Since  the  observables  that  the  solution  matrix  provides 
are  well-approximated  by  pole  series,  or  more 
generally  rational  functions,  as  demonstrated  in  RI,  it 
follows  that  the  solution  matrix  itself  might  also  be 
modeled  using  rational  functions.  This  conclusion 
follows  by  noting  that  for  a  single-port  antenna  its 
input  admittance  is  defined  as  the  ratio  of  the  feedpoint 
current  to  the  exciting  voltage.  For  a  wire  antenna 
excited  at  segment  j  then,  having  already  shown  that 
the  admittance  can  be  modeled  by  a  rational  function, 
the  Yj  j  coefficient  of  the  solution  matrix  must  also 

have  this  model.  Similarly,  the  currents  on  the  other 
wire  segments  for  that  excitation,  given  by  Yj j  where  i 

=  1,.  .  .,i-l,i+l,.  .  .,X5  if  there  are  a  total  Xg 

segments,  can  also  be  modeled  using  a  rational 
function.  These  observations  extend  to  exciting  other 
segments  of  the  wire  one  at  a  time,  indicating  that  each 
coefficient  in  the  solution  matrix  can  be  represented  by 
a  rational-function  FM.  Furthermore,  since  each  of 
these  coefficients  shares  the  same  resonance  structure 
and  thus  the  same  denominator  polynomial,  the 
solution  matrix  can  be  modeled  by  a  denominator 
polynomial  multiplying  a  matrix  of  numerator 
polynomials,  as  exMbited  by 
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Y(s)  = 


1 

D(s) 


X 

X 

X 


X 

X 

X 


nia(s) 

n2a(s) 

n3a(s) 


nib(s) 
n2b(s)  ••• 
n3b(s)  ••• 


X  •••  X  nxa(s)  nxh(s) 


(13) 


where  n;  ;(s)  is  the  numerator  polynomial  for 

coefficient  ij,  D(s)  is  the  common  denominator  and  a 
and  b  are  the  indices  of  those  excitation  ports  whose 
current  response  have  been  modeled.  This  form 
permits  direct  representation  of  the  wire  current  for  an 
arbitrary  right-hand-side  excitation  so  long  as  its 
frequency  lies  within  the  valid  bandwidth  of  the 
solution  matrix  or  of  the  rational  function  FMs  that 
comprise  its  coefficients. 

5.2.2  Sampling  Admittance-Matrices 
Derivatives.  The  FM  approaches 
discussed  here  for  estimating  frequency  responses 
require  sampled  values  of  the  impedance  or  admittance 
matrices  from  which  the  MBPE  parameters  can  be 
computed  and  from  which  the  FM  is  thus  quantified. 
The  sampling  can  be  done  either  as  a  function  of 
frequency;  as  a  function  of  derivative,  with  respect  to 
frequency  at  a  given  frequency;  or  a  combination 
thereof  Miller  and  Burke  (1991).  Also,  since  an  EM 
frequency  response  has  complex-conjugate  behavior 
around  zero  frequency,  this  knowledge  can  be 
employed  to  provide  virtual  samples  that  further 
improve  the  MBPE  performance,  i.e.,  negative- 
frequency  samples  can  be  employed  at  essentidly  no 
further  FPM  cost. 

For  practical  reasons  of  numerical  conditioning  and 
accuracy,  however,  it  is  advisable  not  to  cover  too- 
wide  a  frequency  interval  with  a  single  model.  The 
approach  that  now  seems  most  attractive  is  to  employ  a 
series  of  frequency  windows  that  slide  over  the 
frequency  interval  to  be  modeled.  These  windows  can 
be  of  lower  order  to  avoid  the  conditioning  problems 
that  can  otherwise.  Using  sliding,  and  overlapping, 
windows  also  can  yield  some  estimate  of  the  numeric^ 
accuracy  of  the  modeled  transfer  function  by 
comparing  the  results  of  two,  or  more,  windows  in 
their  region  of  overlap  where  they  share  common 
samples,  some  examples  for  which  are  included  in  Rl. 
Here,  we  outline  specifically  the  additional 
computational  benefits  that  arise  from  derivative 
sampling. 

On  writing  the  moment-method  equations  that  arise 
from  an  integral-equation  formulation  in  matrix  form. 


the  impedance  equation 
Xs 

2Zi.j((o)Ij(co)  =  Vi((o) 

i-I  (14) 

is  obtained  where  these  various  quantities  are  evaluated 
at  the  frequency  co.  A  solution  for  the  current  can  then 
be  formally  written  as  an  admittance  equation 

Xs 

li(0))  =  2Yij(®)Vj((») 

j.l  (IS) 

where  Yjj  is  the  inverse  of  Zj j.  We  should  note 

however  that  the  approach  developed  here  for  the 
frequency  derivatives  could  be  implemented  using  LU 
factorization,  iteration,  or  any  other  solution  method. 

Upon  differentiating  the  impedance  equation  with 
respect  to  frequency  there  is  obtained 

Xs 

2[Zi.j(o))li(0))  +  Z;j((D)Ii(co)]  =  vkco) 
j=l 


(16) 

where  the  prime  denotes  a  frequency  derivative.  A 
solution  of  the  differentiated  impedance  equation  for 
the  differentiated  current  can  then  be  written 


Xs  /  X3 

ijCra)  =  V/®)  - 

j=i  V  k=i 


(17) 
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where  we  observe  that  while  the  differentiated 
impedance  matrix  appears  as  part  of  a  modified  right- 
hand-side  of  the  differentiated  admittance  equation,  I ' 
is  given  in  terms  of  an  undifferentiated  admittance 
matrix.  Computing  the  differentiated  current  thus 
requires  an  additional  number  of  computations  beyond 
those  needed  for  solution  of  the  undifferentiated  current 

proportional  to  Xg^  rather  than  the  Xg^  that  would 

apply  to  obtain  another  frequency  sample  (assuming 
that  LU  decomposition  is  used  rather  than  iteration). 

Continuing  this  process,  the  n'th  frequency  derivative 
of  the  current  is  given  by 


X  X  -I 

j=l  m=l 

(18) 

where  again  Cjj  is  the  binomial  coefficient  and  the 

superscript  in  parenthesis  indicates  differentiation  with 
respect  to  frequency  of  the  order  indicated. 

It  is  especially  important  to  observe  that  information 
about  the  n'th  frequency  derivative  of  the  current 
continues  to  require  an  operation  count  proportional  to 

Xg^.  Expressed  in  another  way,  each  additional 

frequency  derivative  of  the  solution  vector  for  the 
current  can  be  computed  in  a  number  of  operations 
proportional  to  A(n,Nj.jjg)/Xg  where  A  is  a  function 

which  depends  on  the  order  of  the  derivative  and  the 
number  of  right-hand-sides  for  which  the  solution  is 
sought.  If  the  frequency  derivatives  provide 
information  comparable  to  that  available  from  the 
frequency  samples  themselves,  it  can  be  appreciated 
that  there  could  be  a  substantial  computational 
advantage  to  using  the  solution  derivatives  in 
estimating  the  transfer  functions.  The  problem  of 
mplementing  the  above  approach  in  the  NEC  code  is 
discussed  by  Miller  and  Burke  (1991). 


6.0  CONCLUDING  COMMENTS 

The  applicability  of  low-order  fitting  models  (PMs)  in 
computational  electromagnetics  both  to  reduce  the 
sampling  density  of  computed  observables  and  to 
decrease  the  computational  cost  of  obtaining  these 
observables  has  been  the  focus  of  this  and  a  companion 
article  [RII,  Miller  (1995)].  Both  of  these  possibilities 
rest  on  the  fact  that  much  EM  modeling  is  r^undant,  in 
that  source  and  field  variations  as  a  function  of  time, 
frequency,  angle  and  space  can  be  accurately  described 
by  physically  derived  FMs  that  permit  equivalent 
information  to  be  determined  from  fewer  computations. 


A  conclusion  to  be  reached  from  this  observation  is  that 
first-principles  models  (FPMs)  need  not  be  employed 
in  the  manner  they  most  often  now  are  to  obtain  desired 
information.  Rather,  supplementary  information  is 
available  from  our  knowl^ge  of  EM  mathematics  and 
physics,  allowing  us  to  employ  reduced-order  models 
to  represent  observables  obtained  from  a  FPM  or  to 
reduce  the  complexity  of  the  FPMs  themselves.  This 
substitution  offers  the  possibilities  of  greatly 
decreasing  the  number  of  evaluations  required  of  FPMs 
and  the  cost  of  their  evaluation,  with  a  consequent 
reduction  in  the  overall  computer  cost  required  to 
obtain  the  information  desired. 

In  the  context  of  using  an  FDIE  solved  using  the 
moment  method,  modeling  the  frequency  variation  of 
the  impedance  matrix  saves  an  operation  count  (OC) 

proportional  to  Xg^  for  each  frequency  sample  that  can 

be  eliminated.  Similarly,  modeling  the  frequency 
variation  of  the  admittance  matrix  produces  an  OC 

savings  proportional  to  Xg-^  for  each  sample 

eliminated.  Modeling  the  spatial  variation  of  the 
impedance  matrix  can  reduce  the  OC  of  a  solution 
towards  Xglog(Xg),  which  forms  the  basis  for  the 

newer,  “fast”  techniques.  Modeling  the  spatial 
variation  of  the  admittance  matrix  might  offer  similar 
kinds  of  savings,  but  has  not  yet  been  tested.  For 
problems  solved  using  a  FPM  and  requiring  hours  of 
computer  time  for  each  new  frequency  sample,  the 
savings  in  computer  resources  resulting  from  matrix 
modeling  can  be  substantial.  The  models  discussed, 
especially  for  the  admittance  matrix,  not  only  provide  a 
more  useful  representation  of  the  physicd  behavior 
continuous  in  the  independent  variable,  but  are  valuable 
for  other  purposes  such  as  obtaining  transient 
responses. 
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Abstract 

This  article  examines  the  application  of  Model  Based 
Parameter  Estimation  (MBPE)  to  the  evaluation  of 
the  input  impedance  of  HF  Log  Periodic  Dipole  Arrays 
(LPDA)  during  mechanical  deformation.  A  study  of 
cases  of  lengthening,  shortening  and  displacing  one  ele¬ 
ment  as  well  as  the  effect  of  mechanical  sagging  of  the 
array  is  made.  It  is  found  that  MBPE  is  a  useful  tool 
for  minimizing  computations  and/or  measurements  in 
the  study  of  mechanical  deformation. 


1  Introduction: 

The  MBPE  [1]  technique  is  used  to  predict  deviations  in 
the  input-impedance  of  a  4  to  30  MHz  Log  Periodic  Di¬ 
pole  Array  (LPDA).  All  the  analyses  were  made  using 
NEC-2  [2].  The  work  reported  in  this  article  is  based 
in  part  on  work  done  for  the  M.Eng.  degree  by  one 
of  the  authors  [3].  The  MBPE  technique  works  well 
if  sufficient  samples  are  used  as  input.  Four  (4)  fre¬ 
quency  samples  per  element  ^  were  found  to  be  more 
than  adequate  for  a  good  estimate  of  the  impedance 
characteristics  of  the  antenna.  Over-sampling  (that  is 
for  the  MBPE  model)  occurred  at  very  high  sampling 
rates  -  in  the  order  of  60  samples  per  element.  The  use 
of  MBPE  allows  the  forecasting  of  problem  areas  in  the 
evaluation  of  the  input  impedance.  By  means  of  a  more 
complete  analysis,  an  evaluation  of  the  accuracy  of  these 
predictions  can  be  made.  MBPE  may  be  used  to  give 
an  early  warning  of  possible  instabilities  in  the  input  im¬ 
pedance  of  an  LPDA.  Although  the  input  impedance  of 
the  LPDA  does  not  show  instabilities  within  the  operat¬ 
ing  frequency  band,  these  may  occur  outside  the  band. 
During  deformation  of  the  LPDA,  changes  in  the  input 
impedance  are  to  be  expected,  perhaps  radical  changes 
and  singularities.  MBPE  can  be  used  to  provide  early 
warning  of  such  problems.  (Early  in  the  sense  that  it  is 

^  An  element  is  a  single  dipole,  The  LPDA  consists  of  a  number 
of  dipoles  spaced  and  scaled  periodically 


not  necessary  to  compute  a  very  fine  grid  of  frequency 
samples  -  which  is  computationally  expensive) .  The  de¬ 
velopment  of  MBPE  described  and  used  here  is  based 
on  the  work  of  Burke,  Miller  et  al  [1]. 


2  The  Basics  of  MBPE 

MBPE  uses  a  control  system  type  pole-null  structure  to 
represent  the  input  impedance  of  an  antenna  (or  other 
system)  as  a  Laplacian  transfer  function.  The  LPDA 
actually  consists  of  an  array  of  dipoles,  each  easily  rep¬ 
resented  by  a  pole-null  combination.  Because  of  this 
the  characteristics  of  LPDA’s,  and  many  other  anten¬ 
nas,  could  possibly  be  examined  using  this  technique. 


2.1  Mathematical  model 

In  general,  Equation  1  is  used  to  represent  a  pole-null 
system.  (In  this  case  the  input  impedance  of  the  LPDA.) 


F{s)  =  F{jLu) 


^(s-f  Zi)(s-bZ2)  .  .  . 

(s  +Pl)(s  -I-P2)  •  ■  ■ 


(1) 


In  Equation  1  2„  represents  nulls,  pn  represents  poles 
and  G  represents  the  gain,  and  s  is  the  complex  fre¬ 
quency  usually  represented  only  by  ju>.  The  poles  and 
nulls,  Pn  and  z„,  will  be  detected  in  the  form  cr-\-ju), 
where  cr  is  the  damping  constant  and  ju  the  complex 
angular  frequency. 

Unlike  control  system  applications,  estimation  of  the 
placement  of  the  poles  and  nulls  is  not  done  by  the  struc¬ 
ture  or  the  properties  of  subsystems.  The  model  will 
instead  be  applied  in  a  curve  fitting  environment. 

Equation  1  can  conveniently  be  converted  to: 


F{s) 


no  -I-  nis  -f  W2S^  nss^  . . . 
1  -fpiS  -I-  P2S^  -t-  P3S^  . . . 


(2) 


Since  the  values  of  s  (s  =  ju)  and  F{s)  (from  input 
data)  are  known,  Equation  2  can  conveniently  be  solved. 
For  multiple  inputs  for  s  and  F{s)  a  matrix  equation 
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is  obtained.  This  is  used  for  solving  Equation  2,  with 
mathematical  routines  such  as  Gauss-Jordan  elimination 
(see  for  example  [4]).  The  result  returns  the  values  of  n„ 
and  pn  ■  The  actual  placement  of  the  poles  and  nulls  is 
not  important  as  a  first  objective,  but  they  can  easily  be 
found  from  the  values  of  n„  and  The  main  objective 
is  to  reconstruct  the  frequency  response  of  the  system  (of 
the  input  impedance  in  this  case).  Equation  2  is  used 
to  do  just  this.  MBPE  will  be  able  to  fill  in  the  missing 
parts  in  the  data,  according  to  the  pole  null  structure 
detected. 

2.2  MBPE  and  the  Data 

Since  MBPE  tends  to  become  unstable  if  too  many  data 
points  are  used,  this  study  is  limited  to  the  use  of  four 
poles  and  four  nulls  per  sliding  window.  The  effect  of 
using  too  many  data  points  is  well  illustrated  in  Figure  1. 
In  this  case  40  poles  and  39  nulls  were  used.  These  errors 
do  not  necessarily  indicate  a  failure  of  the  model  but  are 
rather  due  to  limitations  in  numerical  accuracy  during 
the  Gauss-Jordan  elimination  process  (see  for  example 
[4]).  An  exact  solution  of  Equation  2  would  result  in 
zero  errors  at  the  supplied  data  points.  This  is  clearly 
not  the  case  as  seen  in  Figure  1. 
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Figure  1:  Illustration  of  the  effect  of  using  too  many 
samples  simultaneously  .  MBPE  was  applied  on  80 
points  of  data  with  40  poles  and  39  nulls  (solid  lines). 
For  reference  640  frequency  points  (from  NEC2)  were 
used,  with  straight  line  interpolation  (SLI),  of  the  same 
structure  (dotted  lines). 


Due  to  the  wide  frequency  range  of  the  LPDA,  the  ap¬ 
plication  of  MBPE  will  be  on  data-windows  (with  width 
=  1  -1- poles  -I-  nulls).  This  means  MBPE  is  applied  to 
frequency  points  1  to  9,  and  then  to  frequency  points 
2  to  10  etc.  All  the  outcomes  are  plotted  on  the  same 
graph,  since  for  a  good  solution  these  graphs  are  sup¬ 
posed  to  lie  on  the  same  curve.  This  can  also  be  used 


to  determine  how  stable  the  solution  is.  If  the  different 
graphs  (over  the  same  data  area)  differ  too  much  from 
each  other,  further  investigation  should  be  made  on  that 
area.  Instabilities  are  caused  either  by  some  singularity 
in  that  area  or  under-sampling  or  some  kind  of  failure  in 
the  model.  Using  more  data  points  to  solve  the  problem 
will  give  a  more  stable  solution,  and  better  illumination 
of  any  singularities.  It  is  also  useful  to  investigate  the 
placement  of  the  poles  and  nulls  as  illustrated  in  Sec¬ 
tion  3.2. 

The  main  objective  is  to  have  more  than  one  pole-null 
pair  per  element.  This  amounts  to  more  than  2  samples 
per  element  depending  on  the  window  size  used.  This 
corresponds  with  the  Nyquist  sampling  criteria.  At  a 
total  of  50  samples  across  the  band  (2  —  SOM  Hz),  an 
error,  in  the  real  part  of  the  impedance,  of  4.9%  was 
detected.  This  might  be  accurate  for  many  applications, 
but  for  the  investigation  of  deformations  on  the  LPDA 
this  accuracy  is  not  high  enough.  Furthermore  the  poles 
and  nulls  detected,  should  move  around  under  deform¬ 
ation.  For  these  reasons  a  sample  rate  of  about  four 
(4)  samples  per  element  is  used  for  the  investigation  of 
deformations.  It  is  also  important  to  use  the  correct 
method  of  frequency  incrementing.  Since  the  lengths  of 
the  elements  in  the  LPDA  are  spaced  periodically  in  fre¬ 
quency,  we  must  also  space  our  samples  in  a  similar  way. 
Throughout  this  article,  logarithmic  sampling  is  used. 


3  The  ‘Ideal’  LPDA  and  MBPE 

The  term  ‘ideal’,  as  used  here,  means  undeformed.  In 
later  sections,  the  applications  of  MBPE  to  deformed 
LPDA’s,  whether  mechanical  sagging,  displacement  or 
length  changes  of  elements,  are  discussed.  The  ideal 
LPDA  is  described  in  Section  3.1.  Application  of  MBPE 
to  the  input  impedance  of  this  LPDA  is  described  in 
Section  3.2.  Sections  4,  5  and  6,  examine  the  effects  of 
mechanical  deformations  on  this  LPDA. 

3.1  Construction  of  the  LPDA 

A  20  element  LPDA  with  a  30®  apex  (a),  element  reduc¬ 
tion  factor  (r)  of  0.87  and  a  rear  element  total  length  of 
42.13m  was  used  for  this  study.  The  whole  structure  is 
located  at  a  height  of  20m  above  ground.  The  ground 
parameters  used  are:  a  relative  dielectric  constant  (cr) 
of  15  and  a  conductivity  (cr)  of  0.0055/m.  The  center 
fed  transmission  line  has  an  impedance  of  450Q.  The 
transmission  line  is  terminated  in  a  short  21.065m  bey¬ 
ond  the  rear  element.  This  construction  is  represented 
in  Figure  2.  In  Section  6  the  same  structure  is  used, 
with  nonconducting  catenaries  to  support  the  structure 
as  used  in  practice.  This  antenna  is  similar  to  that  used 
in  [3]  and  [5]. 
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Figure  2:  The  construction  parameters  of  the  LPDA 
used  for  this  study.  (Transmission  line  shown  crossed 
to  illustrate  alternating  connections  of  elements.  The 
shorted  stub  length  is  21.065m) 

3.2  Input  Impedance  of  the  Ideal  LPDA 

Due  to  the  log  periodic  structure  of  the  LPDA,  log¬ 
arithmic  repetitions  are  expected  for  the  input  imped¬ 
ance.  Since  frequencies  corresponding  to  the  resonant 
lengths  of  the  elements  are  spaced  logarithmically  in  the 
frequency  band,  samples  are  spaced  in  the  same  way. 
NEC-2  was  used  to  determine  the  input  impedance  of 
the  LPDA. 

The  result  of  application  of  MBPE  to  20  frequency 
data  points  is  shown  in  Figure  3.  Also  shown  for  ref¬ 
erence  are  the  results  of  a  640  frequency  point  solution 
with  straight  line  interpolation.  A  sliding  sample  ‘win¬ 
dow’  ^  with  only  4  poles  and  4  nulls  were  used  for  this 
solution.  Multiple  overlapping  solid  curves  in  Figure  3 
arise  from  this  sliding  window.  Although  the  MBPE 
data  is  stable,  it  is  very  clear  that  not  enough  samples 
were  used  in  this  case.  This  sample  rate  violates  the 
Nyquist  sample  criteria.  A  sample  rate  of  50  samples 
(above  Nyquist)  across  the  band  gave  stable  results,  but 
not  accurate  enough  to  use  with  the  study  of  deforma¬ 
tions.  At  60  samples  (across  2  —  SQM  Hz)  the  stability 
of  MBPE  solutions  was  much  improved.  However,  with 
medium  to  heavy  deformations,  errors  occured  due  to 
movement  of  poles  and  nulls.  The  authors  therefore  de¬ 
cided  to  use  a  sample  rate  of  80  samples  across  the  band 
as  a  standard  for  the  investigation  of  deformations. 

Applying  MBPE  to  the  same  LPDA  with  80  frequency 
samples,  a  clear  picture  of  the  actual  response  of  the 
LPDA  is  obtained.  Figure  4  gives  a  more  complete  pic¬ 
ture  of  the  behavior  of  the  LPDA.  The  data  from  the 
MBPE  and  a  640  frequency  sample  point  Straight  Line 
Interpolation  (SLI)  are  plotted  on  the  same  graph  in  Fig¬ 
ures  4  and  5.  This  gives  an  indication  of  the  potential 
of  the  MBPE  technique. 

^see  Section  2.2  Paragraph  2 
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Figure  3:  The  input  impedance  of  the  LPDA  with 
MBPE  (with  4  nulls  and  4  poles)  applied  to  20  sample 
points  in  frequency  (solid  lines).  Reference  curve  for  640 
frequency  sample  points  shown  as  dotted  lines  (SLI).  See 
text. 


Figure  4:  The  input  impedance  of  the  LPDA  with 
MBPE  (with  4  nulls  and  4  poles)  applied  to  80  sample 
points  in  frequency  (solid  lines).  Reference  curve  for  640 
frequency  sample  points  shown  as  dotted  lines  (SLI).  See 
text. 


From  Figure  4  and  5  it  is  clear  that  a  singularity  oc¬ 
curred  at  about  2.8  MHz.  This  is  due  to  the  short  used 
at  the  end  of  the  LPDA’s  transmission  line  to  increase 
bandwidth.  Since  the  antenna  is  designed  to  work  from 
4  to  30  MHz  it  is  clear  that  this  2.8  MHz  point  is  not  in 
the  design  area.  Still,  this  irregularity  shows  the  effect¬ 
iveness  of  MBPE  for  detecting  such  anomalies. 

Figure  4  can  be  used  as  reference  for  investigating 
how  the  input  impedance  of  the  LPDA  changes  with 
deviations.  The  640  point  solution  for  the  ideal  LPDA 
is  used  as  a  reference  for  further  sections  investigating 
the  effect  of  deformation  of  the  LPDA  from  the  ideal. 
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Figure  5:  The  input  impedance  of  the  LPDA  with 
MBPE  (with  4  nulls  and  4  poles)  applied  to  80  sample 
points  in  frequency  (solid  lines).  The  response  of  640 
sample  points  illustrate  possible  margins  (dotted  lines, 
SLI). 


Another  instability  was  also  detected  at  about  7MHz. 
Further  examination  of  the  640  point  solution,  shows 
a  small  inflection  in  the  input  impedance  for  this  fre¬ 
quency,  as  is  shown  more  clearly  in  the  expanded  fre¬ 
quency  scale  in  Figures  8  and  9,  later.  For  this  case  it 
is  essential  to  look  at  the  poles  and  nulls  detected  at 
that  area.  The  poles  and  nulls  detected  in  the  frequency 
band  7.015  to  9.202MHz  are  shown  in  Figure  6.  It  is 
clear  that  a  pole-null  pair  was  detected  at  a  point  in 
the  s-plane,  corresponding  to  7MHz.  This  explains  the 
occurrence  of  the  instability  at  7 MHz.  Further  invest¬ 
igation  showed  that  this  instability  was  caused  by  the 
short  at  the  end  of  the  transmission  line. 
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Figure  6:  The  pole  null  pair  detected,  by  MBPE,  at 
about  8MHz.  This  figure  represents  the  frequency  band 
7.015  to  9.202MHz.  The  poles  are  shown  by  crosses  and 
the  nulls  with  pluses. 


For  the  evaluation  of  the  effect  of  physical  deformation 
of  the  LPDA,  one  would  prefer  to  have  some  kind  of 
curve  fit  to  another  dimension.  An  ideal  case  would  be 
to  fit  a  curve  to  the  poles  and  nulls  with  a  polynomial 
fit.  This  would  result  in  the  position  of  the  poles  and 
nulls  being  represented  by  a  polynomial  as  shown  in 
Equation  3,  where  z  is  the  pole  or  null,  zq  and  kn  are 
constants  and  d  is  a  value  connected  to  the  deformation: 


z  =  zo{ko  +  dki  +  d^k2  .  ■  ■d’^kn)  (3) 

Each  element  (dipole)  in  the  LPDA  can  essentially  be 
represented  by  a  pole  and  a  null.  These  poles  and  nulls 
are  spaced  to  have  poles  approximately  where  the  real 
part  of  the  impedance  is  a  maximum,  and  nulls  where  it 
is  a  minimum.  These  are  the  fundamental  poles  and 
nulls  for  the  impedance.  To  complete  the  curve-fit  - 
since  MBPE  is  an  exact  solution  -  some  extra  poles  and 
nulls  are  detected.  The  presence  of  these  extra  poles 
and  nulls  moves  the  fundamental  poles  and  nulls.  These 
extra  poles  and  nulls  sometimes  occur  in  pairs  on  the 
resonant  part  of  the  s-plane.  For  different  extremes  of 
a  deformation  the  extra  poles  and  nulls  are  detected  at 
completely  different  places.  If  a  curve  fit  on  the  extra 
poles  and  nulls  is  made,  the  intermediate  extra  poles  and 
nulls  may  cause  very  unstable  solutions.  Since  the  fun¬ 
damental  poles  and  nulls  are  moved  by  the  detection  of 
extra  poles  and  nulls,  this  further  complicates  the  ap¬ 
plication  of  a  polynomial  curve-fit.  In  Figure  7  the  poles 
and  nulls  from  the  12  to  20MHz  band  are  shown.  The 
difference  between  the  poles  and  nulls  detected  on  the 
same  data-set  by  merely  using  different  windows  of  data 
is  illustrated. 
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Figure  7:  The  poles  and  nulls  detected  across  the  12 
to  20MHz  band  of  the  LPDA.  Groupings  of  poles  and 
nulls  can  be  found,  but  they  are  not  uniquely  defined. 
Poles  and  nulls  (usually  in  pairs)  were  also  detected  in 
the  resonant  (a  >  0)  region. 

Due  to  the  quality  of  the  results  obtained  from  MBPE 
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an  attempt  was  made  to  implement  a  curve  fit  on  the 
poles  and  nulls  detected  during  application  of  MBPE 
to  a  two  dimensional  impedance  plot,  with  both  fre¬ 
quency  and  deformation  dependence.  These  results  were 
however  difficult  to  interpret,  and  essentially  meaning¬ 
less. 

Due  to  the  difficulty  of  implementing  a  two  dimen¬ 
sional  fit,  the  rest  of  this  paper  is  limited  to  the  use  of 
MBPE  at  discrete  deviations  for  single  parameters. 


4  The  effects  of  changing  the  ele¬ 
ment  length 
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For  this  and  the  following  sections,  physical  deviations 
from  the  structure  of  an  ideal  LPDA,  as  used  in  [5], 
are  considered.  Data  can  not  be  compared  directly  to 
that  in  [5],  since  only  20  linearly  spaced  sample  points 
were  used  in  [5].  With  the  help  of  MBPE  the  validity  of 
assumptions  made  in  [5]  is  evaluated,  since  MBPE  gives 
a  better  indication  of  the  actual  response  than  the  few 
data  points  used  in  [5] .  The  first  case  study  will  be  on 
the  deviation  in  the  length  of  one  of  the  elements  of  the 
LPDA.  The  effects  on  the  radiation  pattern  of  the  LPDA 
were  found  to  be  minimal  [5,  3]. 

4.1  Increasing  the  lOMHz  element 
length 

In  this  case  the  length  of  element  no.  13,  with  an  isol¬ 
ated  free  space  resonance  of  around  lOMHz  is  increased 
by  6.5%  of  its  original  length.  (This  is  much  more  than 
allowed  in  Smith  [6]).  At  first  there  does  not  seem  to  be 
much  difference  between  the  impedance  of  this  deform¬ 
ation  and  that  of  the  ideal  LPDA. 

With  the  application  of  MBPE,  more  definite  devi¬ 
ations  in  the  input  impedance  of  the  LPDA  can  be  de¬ 
tected,  as  can  be  seen  in  Figure  8.  This  is  still  not  as 
radical  as  assumed  by  Smith  [6],  but  not  as  insensitive 
as  expected  in  [5] .  The  effect  of  this  deviation  is  clearly 
illustrated  in  Figure  8. 

To  verify  the  results  from  MBPE,  the  MBPE  model 
used  in  Figure  8  was  compared  with  a  640  data  point 
solution.  From  this  comparison  it  was  clear  that  the 
MBPE  is  a  very  good  approximation  and  therefore  can 
be  used  as  a  basis  for  further  comparisons  to  the  ideal 
LPDA. 

4.2  Decreasing  the  length  of  the  lOMHz 
element 

Decreasing  the  length  of  an  element  produces  results 
similar  to  those  in  Section  4.1.  The  deviations  shown 
in  Figure  8,  are  expected  to  be  reversed.  In  Figure  9  the 


Figure  8;  The  comparison  of  the  input  impedance  of  the 
ideal  LPDA  (dotted  lines,  SLI)  and  the  input  imped¬ 
ance  of  a  LPDA  with  the  length  of  the  element  around 
lOMHz  increased  by  6.5%  of  its  original  length  (solid 
line,  MBPE). 

results  from  applying  MBPE  for  this  case,  are  compared 
to  the  ideal  LPDA.  The  effects  in  Figure  8  can  be  ex¬ 
plained  with  three  fundamental  poles  at  about  8MHz. 
(The  centre  pole  would  be  associated  with  the  deformed 
element.)  The  center  pole  moved  away,  (a  «  0)  and 
the  two  neighboring  poles  moved  closer  to  the  jui  =  0 
axis.®  (Please  also  refer  to  Figures  6  and  7  for  the  use  of 
ju)  and  (7.)  In  Figure  9  this  effect  has  inverted:  the  center 
pole  moved  closer  to  the  ju)  =  0  axis,  and  its  neighboring 
poles  moved  away.  The  instabilities  at  about  7.6MHz 
are  caused  by  the  short  at  the  end  of  the  transmission 
line. 

From  the  above  it  is  clear  that  the  effects  of  these  devi¬ 
ations  show  up  at  lower  frequency  values  than  expected 
due  to  the  actual  operation  of  the  LPDA.  An  LPDA  typ¬ 
ically  has  an  active  region  of  a  few  localized  elements  at 
any  in-band  frequency.  This  active  region  is  displaced 
towards  elements  shorter  than  those  which  would  nor¬ 
mally  correspond  to  resonance  in  isolation  at  a  given  in- 
band  frequency.  This  may  explain  why  the  deviations 
occur  at  lower  frequencies  than  expected,  since  at  that 
stage  the  deformed  element  will  be  in  use. 

5  Displacing  the  lOMHz  element 

In  this  section  the  13’th  element,  corresponding  to  res¬ 
onance  at  lOMHz,  is  moved  along  the  transmission  line 
by  10%  of  its  spacing  from  the  previous  element.  The 
results  (with  MBPE  applied)  of  moving  the  element  to¬ 
wards  the  region  of  the  LPDA  with  longer  elements,  are 
shown  in  Figure  10,  and  those  from  moving  the  element 
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^jw:  Angular  frequency,  a:  Damping  coefficient. 
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Figure  9:  The  comparison  of  the  input  impedance  of  the 
ideal  LPDA  (dotted  line,  SLI)  and  the  input  impedance 
of  a  LPDA  with  the  length  of  the  element  around  lOMHz 
decreased  by  6.5%  of  its  ideal  length  (solid  line,  MBPE). 


towards  the  shorter  elements  in  Figure  11.  From  these 
two  figures  it  is  clear  that  this  change  does  not  have 
much  effect  on  the  input  impedance  of  the  LPDA. 
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Figure  10:  The  comparison  of  the  input  impedance  of 
an  ideal  LPDA  (dotted  lines,  SLI)  and  a  LPDA  where 
the  element  corresponding  to  lOMHz  is  moved  10%  of  its 
spacing  towards  the  wide-end  of  the  LPDA  (solid  lines, 
MBPE). 


In  Figure  10  an  instability  or  ‘glitch’  occurred  at  about 
21M Hz.  These  glitches  also  occurred  in  the  impedances 
examined  in  Figures  8  and  9,  and  in  some  other  imple¬ 
mentations,  these  glitches  occurred  at  the  edge  of  the 
data  window  used.  The  MBPE  technique  has  no  a  pri¬ 
ori  knowledge  of  the  impedance  values  outside  the  data- 
window  and  therefore  sometimes  place  poles  and  nulls 
close  to  the  window  in  irregular  places.  This  causes  the 


ends  of  the  reconstructed  window  to  be  more  unstable. 
MBPE  can  be  used  to  reconstruct  the  impedance  of  an 
antenna  outside  the  sample  window,  but  it  was  found 
that  such  expectations  outside  the  data-window  were  not 
very  accurate  for  the  LPDA.  It  was  also  found  that  the 
reconstruction  in  the  center  of  the  window  is  more  re¬ 
liable  than  on  the  edges.  This  effect  can  be  eliminated 
by  only  using  the  inner  eg.  60%  of  the  reconstructed 
window. 

From  Figures  10  and  11  the  effects  of  misplacement 
could  also  be  explained  using  movement  of  poles  and 
nulls. 
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Figure  11:  The  comparison  of  the  input  impedance  of 
an  ideal  LPDA  (dotted  lines,  SLI)  and  a  LPDA  where 
the  element  corresponding  to  lOMHz  is  moved  10%  of  its 
spacing  towards  the  small-end  of  the  LPDA  (solid  lines, 
MBPE). 


6  Mechanical  sagging  of  the 
LPDA 

In  this  section  the  use  of  MBPE  to  investigate  the  effects 
of  mechanical  sagging,  is  examined.  The  same  deforma¬ 
tions  as  used  in  [5]  are  used  here.  Once  again  the  results 
of  these  sagged  cases  are  compared  to  those  of  the  ideal 
LPDA. 

The  program  TOWEROPT,  used  for  structural  ana¬ 
lysis  and  optimizations,  (See  [5])  was  used  to  evaluate  the 
sagging  of  a  practical  LPDA  at  discrete  points.  These 
points  were  used  to  construct  a  NEC  input  file.  The 
effects  of  sagging  was  evaluated  with  the  aid  of  NEC-2. 
Practical  load  parameters  were  used  for  the  structure, 
namely:  117gm/mfor  the  conductors  and  275gm/mfor 
the  parafil  ropes.  A  tensile  strength  of  20kN  was  used  for 
the  ‘parafil’"^  rope.  All  possible  information  available  was 

^‘Parafil’  is  a  trade  name  for  a  class  of  pre-strained  terylene 
rope  encased  in  a  UV  absorbing  sheath  (see  [7]) 
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used  for  the  construction  of  the  TOWEROPT  input  file. 
(This  include  for  example  the  weight  of  the  fiberglass 
joints  used  to  join  the  parafil  rope  with  the  conductors 
etc.)  This  was  done  to  get  the  best  practical  evaluation 
possible.  Only  one  adjustable  parameter,  prestrain,  was 
available.  By  adjusting  the  prestrain,  on  certain  cables, 
different  cases  of  sagging  could  be  evaluated. 

The  moderately  sagged  and  extremely  sagged  cases 
as  described  in  [5]  were  compared  to  the  ideal  LPDA. 
Comparisons  as  in  Figure  12  for  the  extremely  sagged 
case  and  Figure  13  for  the  moderately  sagged  case  were 
obtained. 

Figure  12  displays  the  effect  of  extreme  sagging  on 
the  LPDA.  This  case  represents  an  antenna  laid  out 
on  the  ground,  with  no  prestrains  in  the  cables/ropes, 
which  is  then  hoisted  to  a  height  of  20m.  In  this  case 
the  final  strain  in  the  cables  was  only  8%  of  its  rated 
strength.  The  maximum  physical  sag  of  4.33m  occurred 
at  element  sixteen  -  corresponding  to  18%  of  the  total 
element  length.  The  maximum  percentage  sag  was  at 
element  four  with  28%  sagging.  This  case  is  represented 
by  a  zero  prestrain  value  in  the  stay-wires  and  supports. 
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Figure  12:  Comparison  between  predicted  impedances 
for  the  Extremely  sagged  LPDA  (solid  lines,  MBPE)  and 
the  ideal  LPDA  (dotted  lines,  SLI). 

Figure  13  displays  the  input  impedance  of  the  moder¬ 
ately  sagged  case.  The  same  type  of  approach  as  above, 
except,  some  of  the  cables  were  prestrained  corres¬ 
ponding  to  ropes  2%  shorter  than  the  actual  distance 
between  their  connecting  points,  and  then  stretched  to 
reach  these  points.  The  structure  was  then  ‘hoisted’  to 
a  height  of  20m  as  described  above.  This  gave  a  max¬ 
imum  tension  of  40%  of  the  breaking  strength  of  the 
catenary  material  used.  This  case  is  represented  by  a 
2%  prestrain  in  the  parafil  stay-wires  and  supports. 

^The  prestrained  cables  were:  the  transmission  line  tension 
rope,  the  rear  element  pull-up  ropes  and  the  stay-wires  on  the 
sides  of  the  antenna 
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It  is  clear  that  the  effects  of  mechanical  sagging  on  the 
input  impedance  are  very  limited.  The  limitations  set 
in  Smith  [6]  are  clearly  very  conservative.  The  effects  on 
the  radiation  pattern  may  be  of  more  concern  as  sugges¬ 
ted  in  [5],  although  these  effects  were  also  limited. 


Frequency  (MHz) 


Figure  13:  Comparison  between  predicted  impedances 
for  the  Moderately  sagged  LPDA  (solid  lines,  MBPE) 
and  the  ideal  LPDA  (dotted  lines,  SLI). 


7  Conclusion 

MBPE  is  a  useful  tool  for  investigating  singularities  in 
LPDA’s  (and  antennas  in  general).  It  has  proved  to 
be  very  helpful  in  the  study  of  deformation  of  an  LPDA. 
Since  the  study  of  mechanical  deformation  needs  a  whole 
new  set  of  data  for  each  ‘mechanical  movement’®,  it  is 
computationally  intensive.  By  reducing  the  amount  of 
computations  for  a  given  mechanical  movement  one  can 
-  for  the  same  amount  of  computation  time  -  get  a  much 
better  view  of  how  the  antenna  reacts.  MBPE  also  gives 
a  clear  indication  of  problem  areas  in  the  frequency  band 
used.  Sometimes  a  deviation  of  an  element  shows  its 
effect  in  a  different  place  in  the  frequency  band  from 
that  expected  as  discussed  in  Section  4. 
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^Mechanical  Movement:  This  includes  any  type  of  mechanical 
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ABSTRACT.  A  current-based  hybrid  method  combin¬ 
ing  the  method  of  moments  (MM)  with  asymptotic  cur¬ 
rent  expansions  for  the  higher  frequency  range  is  pre¬ 
sented  for  the  analysis  of  arbitrarily  shaped,  three-di¬ 
mensional,  perfectly  conducting  electromagnetic  radia¬ 
tion  and  scattering  problems.  Some  examples  demon¬ 
strate  the  drastic  saving  in  memory  requirement  and 
CPU-time  when  applying  the  hybrid  method  as  com¬ 
pared  to  the  conventional  MM.  Even  though  the  pro¬ 
posed  method  is  a  frequency  domain  formulation,  some 
time  domain  results  based  on  a  Fourier  transform  are 
presented  as  they  show  an  accurate  description  of  dif¬ 
fracted  and  creeping  waves. 

1  Introduction 

The  MM  [1]  is  a  widely  employed  method  to  deal  with 
perfectly  conducting,  lossy,  or  dielectric  scattering  prob¬ 
lems  either  in  the  frequency  or  time  domain.  Here  we  will 
concentrate  on  three-dimensional,  perfectly  conducting 
bodies. 

Rao  et  al.  [2]  proposed  a  current  basis  function  /„  defined 
over  triangular  patches  to  deal  with  this  type  of  problem 
in  the  frequency  domain.  The  electric  surface  current 
density  J  is  expressed  as  a  linear  superposition  of  basis 
functions 

N 

J=J2<^r.-fn  (1) 

n=l 

with  unknown  coefficients  a„.  The  electric  field  inte¬ 
gral  equation  leads  to  a  system  of  linear  equations  to 
determine  these  N  unknown  coefficients.  Therefore,  the 
memory  requirement  to  store  the  elements  of  the  matrix 
is  of  order  and  the  CPU  time  to  solve  the  system 
of  linear  equations  is  of  order  depending  on  the 

applied  algorithm,  e.g.  Gaufi  elimination  or  conjugate 
gradient  method. 

The  required  number  of  triangular  patches  depends  on 
the  size  of  the  scattering  body  with  respect  to  the  wave¬ 
length.  In  our  experience,  a  value  of  about  N  ^  70  .. .  100 
basis  functions  for  modelling  a  surface  with  an  area  of 
a  square  wavelength  seems  to  be  appropriate.  This 


means  that  for  a  two-dimensional  surface  of  fixed  area 
the  necessary  number  N  of  basis  functions  grows  pro¬ 
portional  to  p,  the  square  of  the  frequency.  The  result 
is  a  memory  requirement  proportional  to  and  the 
CPU-time  grows  as  f^  -^. 

These  dependencies  obviously  show  that  the  conventional 
MM  is  restricted  to  the  lower  frequency  range.  The  hy¬ 
brid  method  proposed  in  the  next  section  can  overcome 
this  difficulty. 

2  Hybrid  method 


IX 


Fig.  1:  Plane  electromagnetic  wave  incident  on  a  perfectly 
conducting  sphere  with  radius  i?  =  1  m. 

Consider  the  example  depicted  in  Fig.  1  where  a  plane 
electromagnetic  wave  is  incident  on  a  perfectly  conduct¬ 
ing  sphere  with  radius  ii  =  Im.  The  surface  of  the 
sphere  has  been  subdivided  into  triangular  patches,  where 
basis  functions  /„  according  to  Ref.  [2]  are  applied  in  eqn. 
(1)  to  represent  the  current  density  J  on  the  surface  of 
the  sphere. 

Ray-based  hybrid  methods  combining  the  MM  with  the 
geometrical  theory  of  diffraction  [3,  4,  5]  are  not  very 
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suitable  to  deal  with  this  class  of  problems  involving  one 
large  scattering  body.  Their  scope  of  application  is,  for 
instance,  radiation  problems  with  an  antenna  located  in 
front  of  a  large  scatterer.  Here,  however,  current-based 
hybrid  methods  [6,  7,  8,  9,  10]  seem  to  be  more  advanta¬ 
geous.  As  depicted  in  Fig.  1,  we  can  subdivide  the  sur¬ 
face  into  a  MM-  (light  shading)  and  a  PO-region  (dark 
shading),  where  the  physical  optics  approximation  is  ap¬ 
plied. 

In  general,  the  MM-region  may  consist  of  wires  and  sur¬ 
faces  while  the  PO  approximation  can  be  applied  only 
to  surfaces.  We  subdivide  metallic  wires  into  electrically 
short  segments  and  employ  triangular  basis  functions  to 
represent  the  electric  current  .  On  the  surfaces  in 
both  regions  we  use  an  expansion  according  to  eqn.  (1) 
for  the  surface  current  density: 

■  fn  (2) 

n=l 

^AfAf_|_yyPO 

y~!  Otn  ■  fn-  (3) 

Every  basis  function  /„  extends  over  two  adjacent  trian¬ 
gular  patches  [2].  Basis  functions  located  at  the  bound¬ 
ary  between  the  MM-  and  the  PO-region,  i.e.  one  of  the 
two  patches  lies  in  the  PO-region  and  the  other  in  the 
MM-region,  are  assigned  to  the  MM-region.  This  allows 
a  continuous  current  modeling  across  the  boundary. 

Only  the  unknown  coefficients  a„  in  eqn.  (2)  are 

determined  by  solving  a  system  of  linear  equations  which 
results  from  the  electric  field  integral  equation  and  a 
Galerkin  testing  procedure.  The  remaining  coef¬ 

ficients  On  in  eqn.  (3)  are  based  on  the  physical  optics 
approximation 

=  2Si-hxHi{f) 

jyA/Af 

+  ^  2a„Sr,-hxii[u}.  (4) 

n=l 

The  first  contribution  in  eqn.  (4)  represents  the  conven¬ 
tional  PO  current  density  caused  by  the  incident  mag¬ 
netic  field  strength  Hi  of  the  excitation.  The  vector  h 
denotes  a  unit  vector  normal  to  the  surface  at  the  obser¬ 
vation  point  r.  A  coefficient  Si  accounts  for  shadowing 
effects.  If  f  lies  in  the  shadowed  region.  Si  must  be  set 
to  zero.  Otherwise  Si  equals  ±1,  the  sign  depending  on 
the  direction  of  incidence  with  respect  to  the  orientation 
of  n. 

The  second  contribution  in  eqn.  (4)  accounts  for  the  cou¬ 
pling  between  the  MM-  and  the  PO-region.  A  summa¬ 
tion  takes  place  over  basis  functions  /„  in  the  MM-region 


jMM  _ 

= 


with  respective  coefficients  The  operator  Ti  acting 
on  f„  yields  the  magnetic  field  strength  caused  by  the 
basis  function  f„  and  can  be  expressed  as 

jj  fnin  X  VG(f,  f')  dA'  (5) 

A' 

with  the  free  space  Green’s  function 


Gif,  f') 


e-JP\r-r' 

|f-  f'\ 


and  the  wave  number  j3  =  The  vector  product  2hx 
in  eqn.  (4)  leads  to  the  PO-current  density.  Again,  coef¬ 
ficients  Sn  must  be  considered  to  account  for  shadowing 
effects. 


The  coefficients  q„  in  eqn.  (3)  can  be  obtained  directly 
from  eqn.  (4),  thus  circumventing  the  process  of  solving 
a  system  of  linear  equations. 

All  further  details  of  the  hybrid  method  can  be  found 
in  Ref.  [11].  In  that  paper  we  also  developed  correction 
terms  (fringe  wave)  based  on  the  exact  solution  for 
the  half-plane  scattering  problem  to  account  for  effects 
of  edges  of  polygonal  plates.  Further  correction  terms 
to  consider  the  edges  of  perfectly  conducting  wedges  are 
presented  in  Ref.  [12].  The  following  examples  show  that 
these  high  frequency  current  approximations  implemen¬ 
ted  in  a  hybrid  method  together  with  the  MM  represent 
a  powerful  tool  for  the  analysis  of  a  wide  variety  of  elec¬ 
tromagnetic  radiation  and  scattering  problems. 


3  Examples 

The  first  example  has  already  been  depicted  in  Fig.  1. 
The  perfectly  conducting  sphere  of  radius  R  =  1  m  is 
subdivided  into  368  triangular  patches  resulting  in  552 
basis  functions  f„  associated  with  the  interior  edges  be¬ 
tween  the  triangular  patches.  A  plane  electromagnetic 
wave  polarized  in  ^-direction  and  propagating  in  posi¬ 
tive  z-direction  is  incident  on  the  sphere. 

We  have  chosen  this  particular  example  because  the  re¬ 
sults  can  be  compared  to  the  exact  solution  available  in 
the  literature  (e.g.  Ref.  [13]).  First  we  have  calculated 
the  monostatic  radar  cross  section  (RCS)  <t  of  the  sphere 
in  the  frequency  domain  using  the  MM  or  the  PO  ap¬ 
proximation,  respectively,  on  the  entire  surface  of  the 
sphere,  i.e.  contrary  to  Fig.  1  no  subdivision  into  a  MM- 
and  a  PO-region  has  been  made. 

The  result  is  depicted  in  Fig.  2.  It  shows  an  excellent 
agreement  between  the  exact  solution  (dash-dotted  line) 
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Fig.  2:  Monostatic  radar  cross  section  a  of  the  sphere  as  a 
function  of  the  frequency  /. 


Fig.  3:  Adaptive  subdivision  of  the  surface  of  the  sphere  into 
triangular  patches  (1272  triangles  here,  368  patches 
in  Fig.  1). 


and  the  MM  solution  (solid  line).  The  PO  solution  (dot¬ 
ted  line)  fails,  mainly  because  of  the  small  size  of  the 
sphere.  At  /  =  150  MHz  the  diameter  of  the  sphere  just 
equals  one  wavelength  A. 

It  should  be  noted  that  the  implemented  computer  code 
allows  an  adaptive  segmentation  bcised  on  the  actual 
value  of  the  wavelength.  When  dealing  with  low  fre¬ 
quencies  the  sphere  is  subdivided  into  368  patches  as 
shown  in  Fig.  1.  With  increasing  frequency  the  program 
automatically  chooses  a  larger  number  of  patches,  e.g. 
at  500  MHz  1272  triangles  are  used  as  depicted  in  Fig.  3. 
This  varying  number  of  patches  causes  the  small  jumps 


Fig.  4:  Pulse  incident  on  the  sphere  according  to  eqn.  (7)  at 
the  origin  r  =  0  with  a  =  1.5  A- ^  =  61m,  and 

t2  =  7.25hn. 


Fig.  5:  Normalized  spectral  density  for  the  pulse  according  to 
eqn.  (7)  with  a  =  1.5  ti  =  61m,  cind  ta  =  7.251m 
as  depicted  in  Fig.  4. 

that  can  be  observed  in  the  MM-solution  in  Fig.  2  e.g. 
at  about  225  MHz. 

Now  we  will  investigate  the  time  domain  response  when 
a  pulse  described  by 

Ei{r,t)  =  Eo- 

(7) 

with  a  =  1.5  ti  =  20  ns,  t2  =  24.18  ns,  Eq  =  Eo  x,  and 
13  =  z  is  incident  on  the  sphere,  c  denotes  the  velocity 
of  light  in  free  space.  It  is  useful  to  specify  the  time  t 
in  units  of  lightmeters  (Im)  with  11m  =  Ri  3.34  ns. 
Thus  we  have  =  6  Im  and  =  7.25  Im. 
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Fig.  6:  Backscattered  pulse  in  the  fcirfield  as  a  function  of 
time  for  the  pulse  according  to  Fig.  4  incident  on  the 
perfectly  conducting  sphere. 


Fig.  4  shows  the  shape  of  the  incident  pulse  as  a  function 
of  time.  The  corresponding  normalized  spectral  density 
is  depicted  in  Fig.  5.  We  have  chosen  two  successive 
Gaufi  pulses  with  a  time  delay  of  t2—ti  —  1-25  Im  so  that 
the  spectral  intensity  is  maximum  at  about  79  MHz. 

The  backscattered  pulse  in  the  farfield  region  can  be  cal¬ 
culated  by  means  of  Fourier  transforming  the  complex 
frequency  response,  as  depicted  in  Fig.  2,  multiplied  with 
the  complex  spectral  intensity  of  the  excitation.  The  re¬ 
sult  is  shown  in  Fig.  6,  where  r  denotes  the  distance  of 
the  observation  point  in  the  farfield.  The  time  t  is  shifted 
by  ^  so  that  t  —  |  =  0  describes  the  propagation  of  a  pulse 
starting  at  t  =  0  at  the  origin  of  the  coordinate  system  or 
at  the  center  of  the  sphere,  respectively.  Looking  at  Fig. 
3,  we  can  see  that  the  maximum  of  the  incident  wave  at 
t  =  61m  in  Fig.  4  is  reflected  at  the  point  a;  =  y  =  0 
and  z  =  —R  =  — Im  at  the  time  t  =  51m.  This  re¬ 
flected  wave  can  be  observed  in  the  farfield  at  the  time 
t  —  I  =  4  Im,  which  is  in  accordance  with  the  calculated 
response  in  Fig.  6. 

The  solid  line  in  Fig.  6  represents  a  solution  based  on 
an  application  of  the  MM  on  the  whole  surface  of  the 
sphere,  i.e.  no  asymptotic  current  expansion  is  involved. 
This  curve  is  in  excellent  agreement  with  the  exact  result 
(dash-dotted  line) .  The  dotted  line  is  the  result  of  the 
PO  approximation  on  the  whole  surface  of  the  sphere. 
This  solution  differs  distinctly  from  the  exact  result  for 
times  f  f  >  fllm.  The  additional  negative  peak  of 
the  exact  solution  at  91m  can  be  interpreted 

as  a  creeping  wave  with  a  time  delay  of  th  3.141m 
arriving  at  t  —  ^  PS  (6  -t-  3.14)  Im  in  the  farfield  region. 
This  creeping  wave  term  is  absent  in  the  PO  solution. 


Fig.  7:  Plane  electromagnetic  wave  incident  on  a  perfectly 
conducting  square  plate  with  side  length  12  m. 


Now  we  will  demonstrate  the  application  of  the  hybrid 
method.  For  frequencies  lower  than  75  MHz  (compare  to 
Fig.  5)  we  employ  the  conventional  MM  for  the  whole 
surface  of  the  sphere.  This  is  not  a  disadvantage,  as 
we  make  use  of  an  adaptive  segmentation  scheme  and 
for  these  low  frequencies  only  a  moderate  number  of  un¬ 
knowns  is  required.  The  hybrid  method  is  used  for  fre¬ 
quencies  above  75  MHz.  The  range  0®  <  <  120°  in 

Fig.  3  represents  the  MM-region  while  PO  is  applied  on 
the  remaining  part  of  the  surface  (dark  shading).  The 
resulting  backscattered  pulse  is  depicted  in  Fig.  6  by  the 
dashed  line.  Good  agreement  with  the  exact  solution  can 
be  observed  also  for  times  t  —  ^  >  6  Im  when  PO  fails. 

A  second  example  is  shown  in  Fig.  7.  A  plane  elec¬ 
tromagnetic  wave  according  to  eqn.  (7)  with  a  =  1^, 
ti  =  61m,  and  <2  =  81™  is  incident  on  a  perfectly  con¬ 
ducting  square  plate  with  side  length  12  m.  First  the  case 
of  perpendicular  incidence  with  t?,-  =  90°  and  ipi  =  270° 
will  be  considered,  i.e.  the  wave  is  propagating  in  positive 
j/-direction  with  Eq  =  Eqz  and  /?  =  y  in  eqn.  (7). 

The  backscattered  pulse  in  the  farfield  region  is  depicted 
in  Fig.  8.  The  solid  line  corresponds  to  the  solution  based 
on  the  MM  applied  to  the  entire  structure.  The  dot¬ 
ted  curve  is  the  result  of  the  PO  approximation  = 
2Hix-  We  can  modify  this  PO  current  density  by  a 
heuristic  superposition  of  correction  terms  asso- 
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Fig.  8:  Backscattered  pulse  in  the  farfield  as  a  function  of 
time  for  the  perfectly  conducting  plate  with  perpen¬ 
dicular  incidence. 


time  t  in  lightmeters 

Fig.  9:  Scattered  pulse  in  the  nearfield  at  an  observation 
point  X  =  z  =  0  and  y  =  — 2  m  cis  a  fimction  of  time 
for  the  perfectly  conducting  plate  with  perpendiculeir 
incidence. 

dated  with  the  four  edges  of  the  plate  [11].  This  leads 
to  the  dashed  line  in  Fig.  8.  If  we  try  to  interpret  the 
results  with  diffraction  theory,  we  find  one  reflected  and 
four  edge  diffracted  rays  that  overlap  because  of  the  same 
time  delay  for  an  observation  point  on  the  negative  y- 
axis  in  the  far  field.  The  double  diffracted  rays  have  an 
additional  time  delay  of  121m  and  can  be  observed  in 
Fig.  8  at  t  —  I  PS  18  Im. 

We  can  separate  the  reflected  pulse  and  the  four  edge 
diffracted  pulses  by  choosing  an  observation  point  in  the 
nearfield.  Fig.  9  shows  the  scattered  field  at  an  observa¬ 
tion  point  X  =  z  =  0  and  y  =  —2  m.  The  maximum  of 


time  t  ^  in  lightmeters 

Fig.  10:  Backscattered  pulse  in  the  farfield  cis  a  function  of 
time  for  the  perfectly  conducting  plate  with  direction 
of  incidence  d,-  =  90®  and  ipi  =  250°. 

the  incident  pulse,  which  is  reflected  at  t  =  film, 
arrives  at  the  observation  point  at  t  =  81m.  The  first 
maximum  of  the  four  edge  diffracted  pulses  can  be  ob¬ 
served  at  t  =  (fi  -f  y/6^  +  2^)  Im  ps  12.321m,  whereas  the 
double  diffracted  pulses  arrive  at  <  24.32  Im. 

The  two  figures  8  and  9  show  that  the  agreement  between 
the  MM  solution  acting  as  reference  and  the  PO  solution 
is  very  accurate  concerning  the  reflected  pulse.  However, 
this  is  not  true  for  other  than  perpendicular  incidence. 

Fig.  10  shows  the  monostatic  backscattered  pulse  in  the 
farfield  for  the  direction  of  incidence  t?,-  =  90°  and  <pi  = 
250°.  If  we  try  to  interpret  this  figure  with  diffraction 
theory,  we  find  that  for  the  first  maximum  of  the  inci¬ 
dent  pulse  at  t  =  fi  Im  a  diffraction  process  at  the  point 
a;  =  —  fim  and  y  =  z  =  0  takes  place.  The  farfield  re¬ 
sponse  can  be  observed  at  t  ^  =  (fi  —  2  •  fi  sin  20°)  Im  pa 
1.91m.  This  time  agrees  well  with  Fig.  10,  but  we  can 
observe  that  the  amplitude  of  the  pulse  based  on  the  PO 
solution  (dotted  line)  differs  from  the  MM  solution  (solid 
line).  Only  through  the  superposition  of  correction  terms 
(dashed  line)  can  the  amplitude  be  improved.  This  ap¬ 
plies  equally  to  the  second  pulse  caused  by  a  diffraction 
process  at  the  point  a:  =  fim  and  y  =  z  =  0,  which  can 
be  observed  in  Fig.  10  at  t  —  =  (fi  -4-  2  •  6  sin  20°)  Im  ?a 

10.11m. 

A  further  example  is  shown  in  Fig.  11.  A  backfire  Yagi- 
Uda  antenna  consisting  of  three  shape  optimized  ele¬ 
ments  [14,  15]  is  located  in  front  of  a  perfectly  conducting 
square  plate  with  a  side  length  of  3A.  As  opposed  to  the 
previous  examples,  we  will  restrict  our  investigations  to 
one  single  frequency. 

The  radiation  patterns  in  the  E-  and  H-plane  of  the 
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Fig.  11:  Backfire  Yagi-Uda  antenna  of  three  shaped  opti¬ 
mized  elements  in  front  of  a  reflector  of  size  3A  x  3A. 
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Fig.  12:  E-plane  radiation  pattern  of  the  shape  optimized 
Yagi-Uda  antenna  in  front  of  a  reflector. 


Yagi-Uda  antenna  are  depicted  in  Fig.  12  and  13,  re¬ 
spectively.  The  solid  line  results  from  a  calculation  based 
on  the  conventional  MM.  Applying  the  hybrid  method 
proposed  in  Section  2,  we  assign  the  wire  antenna  to 
the  MM-region  and  the  surface  of  the  reflector  to  the 
PO-region.  This  yields  a  radiation  pattern  shown  by 
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Fig.  13:  H-plane  radiation  pattern  of  the  shape  optimized 
Yagi-Uda  antenna  in  front  of  a  reflector. 


Table  1:  Input  impedcince,  gain,  memory  requirement  cind 
CPU-time  for  the  backfire  Yagi-Uda  cirray  in  front 
of  a  reflector. 


MM 

hybrid  method 
PO  1  PO-l-FW 

input  impedance  in  fi 
real  part 
imaginary  part 

15.6 

-56.9 

15.4 

-56.8 

15.5 

-56.9 

gain  in  dB 

12.67 

12.47 

12.62 

no.  of  basis  functions 
MM-region 
PO-region 

1494 

86 

1408 

86 

1408 

number  of  unknowns 
(exploiting  symmetry) 

397 

45 

45 

memory  for  matrix 
in  kByte 

2463 

32 

32 

CPU-time  in  sec 
(HP  9000/710) 

380 

163 

325 

the  dotted  lines  in  Figs.  12  and  13.  Superimposing  addi¬ 
tional  correction  terms  to  the  PO  current  density 
on  the  surface  of  the  plate  leads  to  the  results  depicted 
by  dashed  lines. 

Values  of  the  input  impedance  and  the  gain  of  the  an¬ 
tenna  as  obtained  by  the  three  methods  are  tabulated  in 
Table  1. 

In  the  introduction  we  claimed  that  the  application  of  the 
hybrid  method  leads  to  a  drastic  reduction  in  memory 
requirement  and  CPU  time  as  compared  to  the  conven¬ 
tional  MM.  This  is  confirmed  in  Table  1.  86  triangular 
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Fig.  16:  H-plane  radiation  pattern  of  the  A-dipole  antenna 
in  front  of  a  circular  cylinder  (a  =  0.7  A). 


Fig.  14:  A-dipole  antenna  in  front  of  a  circular'  cylinder  of 
finite  length  with  variable  distaince  a. 
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Fig.  15:  E-plane  radiation  pattern  of  the  A-dipole  cuitenna 
in  front  of  a  circular  cylinder  (a  =  0.7  A). 

basis  functions  defined  along  the  wire  segments  are  re¬ 
quired  to  model  the  wire  antenna.  On  the  surface  of 


the  reflector  1408  basis  functions  /„  are  used  leading  to 
a  total  number  of  1494  basis  functions  for  the  conven¬ 
tional  MM.  Exploiting  symmetry  of  the  structure,  the 
total  number  of  unknown  coefficients  which  have  to  be 
calculated  from  the  solution  of  a  system  of  linear  equa¬ 
tions  can  be  reduced  to  397.  When  applying  the  hybrid 
method,  this  number  equals  45.  Consequently,  we  have 
a  reduction  in  memory  requirement  for  the  matrix  of  the 
system  of  linear  equations  by  a  factor  of  about  77. 

Finally,  one  last  example  shown  in  Fig.  14  shall  be  in¬ 
vestigated.  A  A-dipole  antenna  is  located  in  front  of  a 
circular  cylinder  of  finite  length  with  variable  distance  a. 
The  cylinder  has  a  diameter  of  |A  and  a  height  of  ^A. 

When  applying  the  hybrid  method,  the  dipole  antenna 
represents  the  MM-region  and  the  PO-region  consists 
of  the  surface  of  the  cylinder.  Note  that  we  have  used 
conventional  PO  on  the  cylindrical  surface.  Similar  to 
accounting  for  effects  of  edges  of  polygonal  plates  by  cor¬ 
rection  terms  ,  we  are  presently  investigating  the 
improvement  of  the  PO-current  for  curved  surfaces  by 
correction  terms  derived  from  the  Fock  theory  [16].  Re¬ 
sults  will  be  reported  in  an  upcoming  paper. 

The  four  figures  15-18  show  the  E-plane  and  H-plane 
radiation  pattern,  respectively,  for  the  two  distances  a  = 
0.7  A  and  a  —  0.9  A,  respectively.  The  solid  line  is  based 
on  a  calculation  with  the  conventional  MM  whereas  the 
dotted  curve  shows  the  result  of  the  hybrid  method. 
Good  agreement  can  be  observed. 
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Fig.  17:  Ei-plane  radiation  pattern  of  the  A-dipole  antenna 
in  front  of  a  circular  cylinder  (a  =  0.9  A). 
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Fig.  18:  H-plane  radiation  pattern  of  the  A-dipole  antenna 
in  front  of  a  circular  cylinder  (a  =  0.9  A). 

Table  2  summarizes  memory  requirement  and  CPU-time 
for  this  example. 


Table  2:  Memory  requirement  and  CPU-time  for  the  A- 
dipole  cintenna  in  front  of  a  circuleir  cylinder. 


MM 

hybrid  m. 

number  of  basis  functions 

MM-region 

2852 

20 

PO-region 

- 

2832 

number  of  unknowns 
(exploiting  symmetry) 

726 

11 

memory  for  matrix 
in  kByte 

8236 

2 

CPU-time  in  sec 
(HP  9000/735) 

258 

54 

4  Conclusions 

A  hybrid  method  has  been  presented  combining  the  MM 
with  asymptotic  current  expansions  for  the  higher  fre¬ 
quency  range.  In  the  simplest  Ccise  the  conventional 
PO  approximation  is  employed.  For  polygonal  scatter¬ 
ing  bodies  we  have  improved  the  asymptotic  PO  current 
density  by  heuristic  correction  terms  to  take  the  effects  of 
edges  into  account.  Currently  we  are  also  investigating 
the  application  of  Fock  currents  for  curved  surfaces. 

Some  examples  have  demonstrated  the  accuracy  of  the 
hybrid  method  as  compared  to  the  conventional  MM 
even  though  a  drastic  reduction  in  memory  requirement 
and  CPU-time  can  be  achieved.  Some  computational 
results  have  been  transformed  from  the  frequency  do¬ 
main  into  the  time  domain  allowing  a  physical  inter¬ 
pretation  with  diffraction  theory  considering  reflected, 
creeping  and  diffracted  waves. 
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1  Abstract 

A  hybrid  technique  is  developed,  using  the  integral 
equation/moment  method  solution  approach  with 
non-free  space  Green’s  functions,  for  a  class  of  scat¬ 
tering  problems  involving  nearly-circular  2-D  dielec¬ 
tric  cylinders  under  TM^  illumination.  The  tech¬ 
nique  is  applicable  to  other  nearly-canonical  2-D 
penetrable  scatterers,  and  may  be  extended  to  cer¬ 
tain  3-D  geometries.  Applications  to  several  2-D 
geometries  are  demonstrated,  with  scattering  pre¬ 
dictions  compared  to  those  from  a  standard  moment 
method  code. 

2  Introduction 

The  method  of  moments  (MM)  is  one  of  the  most 
powerful  techniques  for  solving  electromagnetic  ra¬ 
diation  and  scattering  problems  in  the  frequency 
domain.  Most  implementations  of  the  MM  begin 
with  invoking  the  surface  or  volume  equivalence  the¬ 
orems,  in  which  all  material  in  the  problem  is  re¬ 
placed  with  free-space  along  with  equivalent  scatter¬ 
ing  currents.  This  results  in  an  integral  equation  in 
which  the  unknown  currents  are  integrated  against 
the  free-space  Green’s  function. 

The  power  of  such  a  formulation  lies  in  it’s  gen¬ 
erality;  the  same  free-space  Green’s  function  can  be 
used  for  any  geometry.  However,  in  some  cases,  this 
generality  comes  at  the  expense  of  computational  ef¬ 
ficiency,  since  the  unknown  currents  must  span  the 
volume  or  boundary  of  the  scatterer.  On  the  other 
hand,  if  the  geometry  under  consideration  is  “close” 
to  a  canonical  geometry  for  which  the  Green’s  func¬ 
tion  is  known,  then  computational  savings  can  be 
reaped  if  the  integral  equation  is  set  up  to  exploit 
the  Green’s  function.  (For  an  excellent  overview  of 
this  hybrid  technique,  see  Newman  [4].)  An  exam¬ 
ple  of  such  a  geometry  is  a  nearly-circular,  nearly- 
homogeneous  (“perturbed”)  two-dimensional  (2-D) 


dielectric  cylinder. 

In  this  paper,  a  hybrid  Green’s  function/method 
of  moments  (GF /MM)  solution  will  be  presented  for 
the  plane-wave  scattering  from  a  perturbed  dielec¬ 
tric  cylinder  in  the  TM^  polarization.  First,  the 
geometry  of  the  perturbed  dielectric  circular  cylin¬ 
der  will  be  defined.  Second,  the  Green’s  function 
for  the  circular,  homogeneous  2-D  dielectric  cylinder 
will  be  developed.  Third,  the  integral  equation  for 
the  scattering  from  the  perturbed  dielectric  cylinder 
will  be  developed.  Fourth,  a  volumetric  pulse/point¬ 
matching  MM  solution  will  be  presented.  Fifth,  nu¬ 
merical  results  will  be  presented  for  several  repre¬ 
sentative  perturbation  geometries. 

3  Geometry 

Consider  a  dielectric  circular  cylinder  with  radius 
a  and  constant  dielectric  constant  that  is  per¬ 
turbed  by  an  arbitrary  protrusion  and/or  inclusion, 
as  shown  in  Figure  1.  We  will  denote  the  cross- 
section  of  the  protrusion  as  Dp ,  and  the  cross-section 
of  the  inclusion  as  D;.  The  protrusion  material  has 
relative  permittivity  Cp ,  while  the  inclusion  material 
has  relative  permittivity  e,. 

In  the  most  general  case.  Dp  represents  any  region 
outside  the  original  circular  cylinder,  and  D,  repre¬ 
sents  any  region  inside  it.  These  perturbed  regions 
can  even  be  inhomogeneous  (that  is,  Sp  and  e,  can 
vary  within  Dp  and  D,-,  respectively),  although 
must  be  a  constant. 


4  Green’s  Function 

The  Green’s  function  for  a  circular,  homogeneous 
dielectric  cylinder  is  well  known  [7] .  Ruck  [6]  uses  it 
to  give  a  formula,  in  terms  of  an  infinite  series,  for 
the  scattering  width  of  a  dielectric  cylinder. 
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p=a  —  5 


In  general,  for  the  TMj  polarization,  the  2-D 
Green’s  function  G{p,p')  is  proportional  to  the  z- 
directed  electric  field  at  observation  point  p  due  to 
a  ^-directed  monochromatic  electric  line  source  of 
unit  strength  at  source  point  p'.  It  obeys  the  inho¬ 
mogeneous  Helmholtz  equation 

{V^  +  k^)Gip,p')  =  -6ip-p')  (1) 

where  Vj  =  d'^  jdx'^  -f-  /dxp  and  k  is  the  prop¬ 
agation  constant  of  the  medium  containing  the  ob¬ 
servation  point.  The  propagation  constant  outside 
the  cylinder  is  k^  =  -^coPo,  while  the  propagation 
constant  inside  the  cylinder  is  ki  =  y/^ko,  where  cq 
and  po  are  the  permittivity  and  permeability  of  free 
space,  respectively.  The  time  convention  is  as¬ 
sumed  and  suppressed.  Finding  the  Green’s  function 
for  an  arbitrary  geometry  is  generally  non-trivial. 
However,  if  the  geometry  consists  of  a  homogeneous, 
linear,  isotropic  dielectric  circular  cylinder  centered 
at  the  origin  and  having  radius  a  and  relative  dielec¬ 
tric  constant  £<,,  then  the  Green’s  function  is  reason¬ 
ably  straightforward  to  find  by  choosing  it  to  obey 
the  same  boundary  conditions  as  the  electric  field. 
Specifically,  we  choose  G{p,p')  to  satisfy  periodic 
boundary  conditions  in  and  continuity  boundary 


conditions  at  p  =  a: 

G(P,P')I^=0  = 

g{p,p%=2. 

(2) 

dG{p,p') 

^=0 

dG{p,p') 

(^=27r 

(3) 

Im  G(p,p')l^=a-{  =  ]imG(p,p')lp=a+{  (4) 


lim 

s-^o 


dG{p,p') 

dp 


lim 

6^0 


dG{p,p') 

dp 


(5) 

p=a+(5 


In  addition,  we  expect  the  Green’s  function  to  obey 
the  radiation  condition  as  p  — >  oo,  and  to  remain 
bounded  as  p  0.  The  structure  of  the  Green’s 
function  G(p,  p')  allows  us  to  identify  two  compo¬ 
nents  such  that 


Gip,p')  =  Goip,p') +  Gs{p,p')  (6) 

The  first  component,  Go(p,  p'),  has  the  same  form  as 
the  2-D  free-space  Green’s  function  and  the  second 
component,  Gs{p,p'),  is  an  infinite  series  of  eigen¬ 
functions.  The  expression  for  G{p,p')  takes  on  dif¬ 
ferent  forms  depending  on  whether  the  source  and 
observation  points  lie  inside  or  outside  the  cylinder. 


4.1  Case  1:  p,  p'  <  a 

When  both  the  source  and  observation  points  lie  in¬ 
side  the  dielectric  circular  cylinder  (i.e.,  p,p'  <  a), 
the  components  of  the  Green’s  function  are  given  by 

GoiP,p')  =  -^-Hi^\k,]p-p'\)  (7) 

CO 

Gsip,p')  =  '^Sj^\p,  p')  cos  -  (f>')]  (8) 

1=0 

where 

Sl'\p,p')  ^^'-^JiikiP)Jiikip')  (9) 

Ai  =  Ji{kia)Hl^^{koa)  - 

-{k^/ka)J,+i{k,a)Hl^\koa)  (10) 

B,  =  Hl%ia)Hll\{koa) - 

-  {ki/ko)Hll\ik,a)H^^\koa)  (11) 

Ji{z)  is  the  Bessel  function  of  the  first  kind  of  order 
/  and  is  the  Hankel  function  of  the  second 

kind  of  order  /.  The  neumann  number  e;  is  defined 
as  one  when  I  =  0  and  zero  when  1^0. 

4.2  Case  2:  p,  p'  >  a 

When  both  the  source  and  observation  points  lie  out¬ 
side  the  dielectric  circular  cylinder  (i.e.,  p,p'  >  a), 
the  components  of  the  Green’s  function  are  given  by 

Go(p,p0  =  -lHi^\ko\p-p'\)  (12) 

oo 

Gsip,p')  =  ^  (p,  p ')  cos  [/((^i -?!>')] (13) 

1=0 
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where 


(14) 

Cl  =  Ji{kia)Ji+i{kQa) - 

-  {ki/ko)3i+i{kia)Ji{koa){\5) 

and  the  other  quantities  are  as  previously  defined. 

4.3  Case  3:  p  <  a  <  p'  or  p'  <  a  <  p 

When  the  source  and  observation  points  lie  in  dilfer- 
ent  regions  (i.e.,  one  inside  and  the  other  outside  the 
dielectric  cylinder),  the  components  of  the  Green’s 
function  are  given  by 


where  e{p)  is  the  relative  permittivity  of  the  per¬ 
turbed  geometry  and  e(p)  is  the  relative  permittiv¬ 
ity  of  the  unperturbed  geometry.  Note  that  is 
nonzero  only  within  the  region  U  Gj.  The  equiv¬ 
alent  currents  radiate  the  scattered  field  via  the  ra¬ 
diation  integral 

Elip)  =  T(J.) 

=  [ [  Jz{p')G{p,p')dp'  (23) 

where  G{p,p')  is  the  Green’s  function  of  Equation 

(6). 

Combining  Equations  (21),  (22),  and  (23),  we  may 
write  the  integral  equation 


Go(p,p')  =  0  (16) 

OO 

G,{p,p')  =  Y^sj^\p,p')cos[l{<P-<^')](17) 

1=0 

where 

5PPP.P')  =  ^|^J,(fciP<)^P\^oP>)  (18) 

=  min(p,p')  (19) 

p>  =  max(p,p')  (20) 

and  the  other  quantities  are  as  previously  defined. 

Equations  6,  7,  8,  12,  13,  16,  and  17  specify  the 
Green’s  function  for  an  arbitrary  pair  of  source  and 
observation  point  locations  in  the  presence  of  a  ho¬ 
mogeneous  dielectric  circular  cylinder.  The  Green’s 
function  can  now  be  used  to  formulate  an  integral 
equation  for  the  case  of  the  perturbed  cylinder. 

5  Integral  Equation 

Let  us  denote  the  total  z-directed  electric  field  as  the 
sum  of  generalized  incident  field  and  scattered 
field  El  components, 

E.{p)  =  El\p)  +  El{p)  (21) 

where  the  generalized  incident  field  is  that  field 
which  would  exist  in  the  presence  of  the  unperturbed 
cylinder.  Invoking  the  volume  equivalence  princi¬ 
ple  [1],  we  may  replace  the  perturbed  geometry  with 
the  unperturbed  cylinder  along  with  an  equivalent 
2-directed  electric  current  density  Jz{p)-  Jz{p)  is 
related  to  the  total  electric  field  by 

Jz  (p)  =  iw£o  [e(p)  -  £(p)]  Ez  (p)  (22) 


Efip)  = 


juieo  [£(p) 


-  L{Jz) 


6  Moment  Method  Solution 

Let  us  approximate  the  unknown  current  density 
Jz{p)  using  a  pulse  basis  expansion, 

N 

J4p)«^CnP„(p)  (25) 

ns=l 


where 

and  the  non-overlapping  set  spans  fip  Uflj. 

We  will  further  assume  that  £{p)  is  constant  over 
each  Since  Jz{p)  is  assumed  constant  over  each 
these  regions  should  be  chosen  to  be  reasonably 
small  and  squarish  [5].  A  good  rule  of  thumb  is  that 
no  linear  dimension  of  should  exceed  A/15. 

If  we  plug  our  expansion  for  Jz{p)  into  the  inte¬ 
gral  equation  (24)  and  enforce  it  at  the  center  of 
each  pulse,  we  generate  an  N-hy-N  linear  system  of 
equations. 


EfiPm)  «  ^ 


EnjPm) 

juieoAsm 


Lm(^Pn, 


valid  for  m  =  1 . . .  where 


Atm  =  e(Pr„)  -  e{pm)  (28) 

Lm{Pn)  =  ^(■Pn)|p=p^  (29) 

Due  to  the  sifting  property  of  the  pulse  bases,  the 
first  term  in  brackets  of  Equation  (27)  is  only  active 
when  m  =  n;  that  is,  Pn{pm)  =  ^mn  where  6mn  is 
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the  Kronecker  delta.  Equation  (27)  can  be  expressed 
in  matrix  form  as 


EI^Pn) 


ziN  1  r  <^1 


Zni  ■ ■  ■  Znn  J  L 


where 


juieoAsr, 


Lm{Pn)  (31) 


for  m,  n  =  1 . .  .iV. 


6.1  The  Generalized  Incident  Field 

Let  the  generalized  incident  field  E§^{p)  be  caused  by 
an  electric  line  source  of  unit  strength  at  ph  Thus, 

Er{p)  =  -jkomGip^p^)  (32) 

where  rjo  —  ^po/^o  is  the  impedance  of  free  space. 
As  p®  oo,  Ef{p)  becomes  indistinguishable  from 
the  excitation  of  a  uniform  plane-wave  incident  from 
the  <j>^  direction.  Using  the  the  large-argument 
asymptotic  form  of  the  Hankel  function  [3]  in  the 
Green’s  functions  of  sections  4.2  and  4.3,  we  find, 
for  p  <  a, 


27r  y  jnp^ 


f2^j‘j;(k,p)  cos  (33) 


and  for  p  >  a, 


Efip) 


jrjo  /  2fco  ^-jkop'  1  giiof>cos((#.- (A*)_ 

4  \  I 


■  X]  ^^j‘Ei'^\koP)  cos  [/(0  -  ^*)]  1  (34) 


6.2  The  Scattered  Field 

Once  the  generalized  incident  field  at  the  match 
points  have  been  calculated  and  the  elements  of  the 
[Z]  matrix  have  been  found,  then  Equation  (30)  can 
be  solved  for  the  coefficients  .  The  scattered  field 
at  observation  point  p°  is  then  the  sum  of  the  fields 
radiated  by  the  currents  and  the  field  scattered  by 
the  unperturbed  dielectric  circular  cylinder.  Letting 
p°  — +  oo,  we  find 

Elip<’)  «  -jk,r,ol,G,ipO,p^)+ 


I  G{p°,p')dp'\{35) 
n  =  l  J 


Notice  that  we  have  purposely  omitted  the  direct 
radiation  from  the  source  to  the  observation  point.  If 
we  further  assume  that  the  far-field  radiation  of  the 
scattering  currents  can  be  approximated  by  the  far- 
field  radiation  of  appropriately  weighted  line  sources 
located  at  the  match  points,  then  we  can  write 

El{p°)  ^  —jkor]oi.Gs{p°,p^)+ 


+  X^c„(Area„)G(p°,p„)  i  (36) 
n=:l  J 

where  (Area^)  is  the  area  of  the  ra-th  pulse  basis 
function.  The  echo  width  of  the  perturbed  cylinder 
is  defined  to  be  [2] 

Le  =  lim  2itp  (37) 

,>-00  ^  El{0)  ^  ’ 

where  El{0)  is  the  incident  field  at  the  origin  pro¬ 
duced  by  the  line  source  at  p®  radiating  in  free  space. 
If  we  let  the  source  and  observer  recede  to  infinity 
at  the  same  rate  (p®  =  p°  =  p  00),  then  we  can 
combine  Equations  (36)  and  (37)  to  write 


Lei4>\r) 


y  o  G,(p,p) 

lim  2np  H 

^  £^^0) 

N  ^ 

,  En=iCn(Area„)G(p,p„) 

+ - MW) - 


Equation  (38)  represents  the  bistatic  echo  width  of 
a  perturbed  dielectric  circular  cylinder.  If  ^i®  =  <t>°, 
then  Equation  (38)  gives  the  monostatic  echo  width. 

7  Results 

The  hybrid  GF /MM  technique  was  tested  against  a 
standard  surface  integral  equation  MM  (SIE  MM) 
program  for  bistatic  echo  width  predictions.  The 
SIE  MM  program  expands  electric  and  magnetic 
surface  currents  along  the  perimeter  of  the  homoge¬ 
neous  dielectric  scatterer,  using  pulse  basis  functions 
and  Galerkin  testing.  Each  program  was  written 
in  FORTRAN  and  executed  on  a  Sun  SPARCSta- 
tion  2.  Three  perturbation  geometries  were  chosen, 
each  based  on  a  dielectric  circular  cylinder  having  ra¬ 
dius  a/Ao  =  0.5  and  relative  permittivity  Sc  =  2.0. 
The  bistatic  echo  width  for  the  unperturbed  geom¬ 
etry  is  shown  in  Figure  2,  in  units  of  dB  relative  to 
one  free-space  wavelength. 
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Figure  2:  Bistatic  Echo  Width  for  Unperturbed  Ge¬ 
ometry:  a/Ao  =  0.5,  Ec  =  2.0 


Figure  3:  Bistatic  Echo  Width  for  Geometry  #1: 
a/Ao  =  0.5,  Sc  =  2.0,  fip  =  {p  :  0.5  <  p/Ao  <  0.6, 
-5°  <  ^  <  5°}. 


The  first  perturbed  geometry  consists  of  a  single 
protrusion  on  the  right  side  of  the  dielectric  circu¬ 
lar  cylinder,  as  shown  in  the  inset  of  Figure  3.  The 
protrusion  extends  from  p/Ao  =  0.5  to  0.6  ,  and 
from  =  —5°  to  5°  .  The  protrusion  material 
has  relative  permittivity  Sp  =  2.0,  so  that  the  per¬ 
turbed  dielectric  cylinder  is  homogeneous.  Figure  3 
shows  the  bistatic  echo  width  for  </>’’  =  0°  and 
from  0°  to  180°.  The  bistatic  echo  width  is  plot¬ 
ted  in  units  of  dB  relative  to  the  bistatic  echo  width 
of  the  corresponding  unperturbed  dielectric  circular 
cylinder  (Figure  2).  The  results  show  that  the  SIE 


Table  1:  Computer  Usage  Summary 


Geometry 

Hybrid 

GF/MM 

SIE  MM 

Time 
N  (sec) 

Pulses  Time 

per  Ao  N  (sec) 

1 

4  0.6 

20  138  4.8 

50  340  47.9 

2 

8  1.9 

20  148  5.5 

50  364  58.1 

3 

3  0.4 

20  154  6.3 

50  376  63.7 

Figure  4:  Bistatic  Echo  Width  for  Geometry  #2: 
aAo  =  0.5,  Sc  =  2.0,  fip  =  {p  :  0.5  <  p/Ao  <  0.6, 
-5°  <  (^  <  5°,  175°  <  d-  <  185°}. 


MM  formulation  requires  50  pulses  per  wavelength 
to  achieve  the  accuracy  of  the  hybrid  GF/MM  for¬ 
mulation  with  only  4  total  unknowns.  Table  1  shows 
that  the  hybrid  GF/MM  program  executes  nearly  80 
times  faster  than  the  SIE  MM  program  for  this  ge¬ 
ometry. 

The  second  perturbed  geometry  is  similar  to  the 
first  geometry,  except  that  a  second,  identically- 
shaped  protrusion  is  added  to  the  left  side  of  the 
circular  cylinder.  Figure  4  shows  excellent  agree¬ 
ment  between  the  hybrid  GF /MM  and  SIE  MM  for¬ 
mulations.  As  with  the  first  geometry,  the  GF /MM 
program  with  8  total  unknowns  gives  nearly  identi¬ 
cal  echo  width  predictions  as  the  SIE  MM  program 
with  over  300  unknowns.  Table  1  shows  that  the 
hybrid  GF/MM  program  executes  nearly  30  times 
faster  than  the  SIE  MM  program  for  this  geometry. 

The  third  perturbed  geometry  consists  of  a  sin- 
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Figure  5:  Bistatic  Echo  Width  for  Geometry  #3: 
a/Ao  =  0.5,  Ec  =  2.0,  Q,p  =  {p  ■.  0.5  <  p/Aq  <  0.567, 
-3.3°  <  (^  <  3.3°},  Qi  =  {p  :  0.433  <  p/Ao  <  0.5, 
3.3°  <  |?i|  <  10°}. 


gle  protrusion  sandwiched  between  two  identical  in¬ 
clusions.  The  protrusion  occupies  the  region  0.5  < 
p/Ao  <  0.567  and  —3.3°  <  (j)  <  3.3°,  and  is  filled 
with  a  dielectric  having  relative  permittivity  Cp  = 
Ec  =  2.0.  The  top  and  bottom  inclusions  occupy  the 
regions  0.433  <  p/Ao  <  0.5  and  3.3°  <  \(j)\  <  10°. 
Both  inclusions  are  unfilled;  that  is,  Ei  =  1.  As 
shown  in  Figure  5,  the  hybrid  GF/MM  formulation 
with  3  unknowns  gives  nearly  identical  echo  width 
predictions  as  the  SIE  MM  formulation  with  over 
350  unknowns.  The  time  savings  reaped  by  the  hy¬ 
brid  GF /MM  formulation  relative  to  the  SIE  MM 
formulation  exceeds  100. 
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8  Conclusions 

This  paper  has  presented  a  technique  (the  hybrid 
GF /MM)  to  increase  the  efficiency  of  the  method  of 
moments  when  calculating  the  scattering  properties 
of  geometries  that  are  sufficiently  “close”  to  a  canon¬ 
ical  geometry.  The  technique  was  developed  in  de¬ 
tail  for  the  case  of  a  homogeneous  dielectric  cylinder, 
although  the  technique  may  be  applied  to  any  pene¬ 
trable  geometry  for  which  the  Green’s  function  can 
be  found.  Excellent  agreement  was  shown  between 
the  hybrid  GF /MM  and  standard  MM  formulations, 
and  considerable  savings  in  computer  requirements 
were  reported. 
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Abstract-ln  this  paper  a  formulation  of  the  method  of  moments 
for  the  analj'sis  of  low  frequency  problems  is  presented. 

In  the  considered  frequency  range,  the  integral  solution  of 
Maxwell  equations  in  terms  of  magnetic  vector  potential  and 
electric  scalar  potential  respectively  function  of  currents  and 
charges  is  obtained  imposing  the  Coulomb  gauge. 

By  combining  Gauss  law  and  current  continuity  at  the 
boundaries  among  regions  with  different  conductivity  a  first  set 
of  equations  is  obtained.  Writing  Ohm's  law  inside  the 
conductive  regions  another  integral  equation  set  that  allows  the 
determination  of  the  conduction  current  and  surface  charges 
unknowns  is  obtained.  The  method  of  moments  is  then  applied 
to  this  system  of  equations. 

The  use  of  pulse  functions  as  subsectional  bases  allows  a 
quick  matrix  set  up  especially  when  regular  volume  shapes  arc 
selected.  Calculated  results  are  compared  with  results  obtained 
with  other  methods  relating  to  benchmark  problems. 

I.  Introduction 

Time  and  frequency  domain  formulations  of  the  method 
of  moments  [1],  have  been  widely  used  for  the  analysis  of  the 
electromagnetic  scattering  by  arbitrary  shaped  perfectly- 
conducting  bodies  e-\cited  by  electromagnetic  pulses  and 
incident  waves  [2],  [3]. 

The  proposed  techniques,  using  different  patches  for  the 
body  modeling,  have  been  proved  to  be  simple  and  useful 
procedures  to  solve  those  problems  handling  open  and  closed 
curved  structures  of  finite  extent  [4],  [5], 

In  this  paper,  we  investigate  the  extension  of  the  method 
in  the  low  frequency  range.  In  this  case,  some  basic  features 
of  the  tlieoretical  basis  of  the  high  frequency  formulations  of 
the  method  cannot  be  assumed: 

•  Considering  finite  conductivity,  we  cannot  use  the 
equation  set  usually  given  by  enforcing  the  tangential 
component  of  the  electric  field  equal  to  zero  at  the 
surface  of  the  conductive  bodies. 

•  Considering  Coulomb  gauge  together  with  the  hy^iothesis 
of  div  J  =  0  in  the  conductive  volume  we  cannot  use  the 
direct  relation  between  vector  and  scalar  potentials, 
usually  given  by  the  Lorentz  gauge. 

Therefore,  in  order  to  obtain  a  system  of  volume  integral 
equations  in  the  conduction  current  unknowns,  we  have  to 
take  into  account  different  equations  in  the  considered 
frequency  range.  A  first  set  of  equation  in  terms  of  scalar 
and  vector  potential  is  obtained  considering,  in  presence  of 
finite  conductivity.  Ohm's  law  and  the  electric  field 
definition  inside  the  conductive  volumes.  The  scalar 
potential  is  given  by  the  surface  free  charge  distribution  at 


the  boundaries  among  media  with  different  conductivity. 
Then,  an  equation  set  relating  surface  charges  and  volume 
currents  has  to  be  obtained.  The  relation  among  charges  and- 
currents  is  determined  considering  Gauss  law  and  current 
density  continuity  at  these  boundaries.  Time  and  frequency 
formulations  can  be  adopted  depending  on  the  transient  or 
steady  state  analysis  to  be  performed.  Of  course,  as  in  the 
high  frequency  range,  the  numerical  efficiency  of  the 
presented  procedure  in  terms  of  computational  costs  and 
accuracy  of  the  results  is  influenced  by  the  original  domain 
approximation  and  by  the  shape  fiinction  that  can  be 
adopted. 


II.  Formulation 


We  consider  a  massive  conductor  Q  with  boundary'  f 
taking  into  account  the  presence  of  an  external  lumped 
parameter  circuit  as  shown  in  fig.  1. 


Fig.  1  Considered  system 


Combining  the  definition  of  the  electric  field  E{rj)  and 
Ohm's  law  we  have: 

dt  a 


we  consider  the  magnetic  vector  potential  A  expression: 


(2) 


The  scalar  potential  O  is  given  by: 


<!)(/-./)  = 

\ 

47teo  J. 

It 

(3) 

where  Pj-fr',/)  is 

the  surface  free  charge  distribution 

at  the 

boundary 

r.  Substituting  (2)  and  (3)  in  (1)  we  have: 

_ 

a 

=  -^2.  ( 
471  J 

dt  r-r' 

^  V 

ff 

4715^  , 

ik  I'- 

-r\ 

(4) 
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Equation  (4)  has  to  be  evaluated  for  the  three  components 
xj>,z  in  space.  In  order  to  determine  an  expression  that  re¬ 
lates  surface  charges  and  conduction  current  we  combine 
Gauss  law,  current  density  continuity  and  Ohm's  law  at  the 
surface  F : 


div^E  =  E*-E-^^- 

So 


div^J  -  -  JF  =  - 


__c>pr 


a  (5) 

where  the  subscript  n  denotes  the  normal  component,  the 
superscripts  +  and  -  denote  the  outside  and  inside  limit 
values  with  respect  to  tlie  surface  F  and  div-^  is  the  surface 
divergence.  Combining  these  equations  we  obtain: 

Iff 

cr  a  s„  47rJJJQ  a  u*’*'— r' 


b 

"  4;r 

1  vff 

4;t£’o  JJi 

r*-r' 

The  current  J(r,t)  and  the  surface  charges  Pp(r,r)  can  be 
approximated  as: 

N 

=  (7) 


P(^,0  =  ^P«  (OgnO') 


JJS  Jh  dt  (11) 

where  S  is  the  area  of  the  surface  elements  at  Pi  and  P2. 
Writing  the  nodal  or  mesh  equations  of  the  linear  lumped 
oarameters  network  we  have: 

4(r)-G(0  +  FFg(0  (12a) 

f/(r)=  0(4,0 -®(P2.0  = 

1  ff  Pr(^’.0  Pr(^''.0  j 

4ns J Jr  |4-/-i  \P2-r'\  (J2b) 

where  G(t)  is  due  to  the  independent  generators  and  Y  is  an 
integral-differential  operator  due  to  the  impedances  of  the 
network. 

Imposing  (9)  at  N  points  in  the  conductive  body  Q.  (1 2a) 
(12b)  and  (10)  at  M-2  points  on  the  surface  F  we  obtain  a 
system  of  equations  in  the  N+M  unknown  coefficients  ^(t) 

and  p„(t)  to  which  the  testing  procedure  (point  matching, 
Galerkin  etc.)  is  applied. 

Approximating  the  time  differentiation  v'ith  finite 
difference  equations  (9)  (10)  (12a)  and  (12b)  directly 
represent  the  time  domain  formulation  of  the  proposed 
procedure.  The  frequency  domain  formulation  can  be  easily 
derived  replacing  the  time  differentiation  with  the  jco 

operator  and  assuming  the  dependence  of  the  unknown 
quantities,  obtaining  the  algebraic  complex  system: 

yj  (^^dO.  = 

^  a  An  jJJq  r-ri 


yi  ^^dO.  = 

^  a  An  jJJq  r-ri 


where  4(^)  and  g^{r)  are  the  n-th  component  of  the  selected 
vector  basis  function  representing  the  spatial  variation  of  the 

two  quantities,  IJf)  and  p„{t)  are  their  time-varying 
unknown  coefficients.  Then,  we  obtain: 

t/,  (O/.W  ^ 

rr  47r‘4--‘  dt  JJjQ\r-r'\ 


^,47tS„JJT  V'-f] 

n=l  °  I  I 

^  \  a  £„)  r*-r' 


=  fff  .f^dn+ 

n=l  I 

1  ^  ff  1 

Aks,^^  JJr  Y->-\  (10) 

The  presence  of  the  e.xternal  lumped  parameter  circuit  is 
taken  into  account  considering  that  at  points  Pi  and  P2  we 
have: 


_M^yj  [[[  MO  ciQ 

4;r  ^  JjJq y-f' 

III.  Basis  functions 

We  define  the  followng  coefficients: 

[[[  dCL  =  ci.„(r)-  g„{0)  =  gn'. 


Then,  considering  for  example  subsectional  bases  [1]  for 
N  elementary  volumes  in  the  domain  Q.  and  M  elementary 
surfaces  on  the  boundary  F  and  writing  (9)  and  (10)  in  the  k- 
th  elementary  volume  and  surface  (referring  for  example  to 
the  frequency  domain  formulation)  we  obtain: 
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Finite  Elements  methods. 


N  M 


4  =  G  +  7(co)r/  (18a) 

1  Fig.  2  Pulse  function  decomposition  of  a  plate 

n=i  (18b)  IV.  Results 


Considering  good  conductors  at  low  frequencies  we  can  In  order  to  test  the  frequency  domain  formulation  of  the 
consider  1/sq  much  greater  than  Jco/ct,  then  (14)  becomes:  method,  we  analyse  the  TCAM  problem  3  [8]  (Bath  plate 

M  N  with  two  holes)  which  geometry,  shown  in  fig.  3,  consists  of 

PkSk  I  1  '^p  a  a  (r'^)  ^  conducting  ladder  having  two  holes  with  a  current  coil 

So  47tSo  "  471  "  "  above.  The  conductivity  of  the  ladder  is  o=  0.3278c8  (S/m), 

and  the  driving  field  originates  in  the  coil.  The  coil  carries  a 
current  equivalent  to  1260  Amp  turns  at  50  and  200  Hz.  and 
Writing  (16)  in  every  elementary  volume,  (19)  on  the  jg  pjaggjj  two  positions.  Position  1  is  directly  above  the 
surface  and  equations  (18)  we  derive  the  matrix  forms.  center  of  the  ladder,  position  2  is  directly  above  the  center  of 

^7+^=0  Dl  +  Ep=V  oneoftheholes  -  RiO 


These  systems  can  be  used  in  order  to  have  an  unknown 
set  only,  currents  or  charges. 

Analogously,  in  the  time  domain  equations,  pa/sg  can  be 
considered  much  greater  than  dp/dt.  Therefore,  we  can  use 
(10)  to  express  the  charges  as  a  function  of  currents, 
obtaining  an  expression  in  the  current  unkno^vns  only. 

The  accuracy  of  the  presented  procedure  and  the 
computational  cost  of  the  matrix  set  up  is  determined  by  the 
coefficients  (15).  As  for  the  high  frequency  problems,  several 
kinds  of  basis  flinction  and  patches  can  be  proposed,  and  an 
exhaustive  analysis  of  their  numerical  characteristics  in 
several  kinds  of  applications  is  not  easy  to  be  determined. 

We  begin  implementing  pulse  functions  as  subsectional 
bases  in  order  to  have  a  quick  matrix  set-up.  In  fact,  when 
have  particular  shapes,  such  as  parallelepipeds  or 
cylinder  sectors,  the  evaluation  of  the  surface  and  volume 
integrals  in  (14)  can  be  quickly  and  accurately  obtained  by 
means  of  analytical  expressions  [6],  [7].  This  choice  causes 
the  presence  of  fictitious  surface  charges  at  the  boundary 
among  adjacent  elementary  volume  elements,  since  adjacent 
currents  have  different  values  as  shown  in  fig.  2. 

Nevertheless,  the  evaluation  of  integral  quantities  in  the 
examined  low  frequency  benchmark  problem,  has  shown  a 
good  agreement  between  our  results  and  results  obtained 
with  other  numerical  methods.  Furthermore,  the 
computational  times  were  analogous  to  those  obtained  with 


10  40  10 


Fig.  3  Geometry  of  the  frequency  domain  problem. 
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We  calculate  tlie  magnitude  and  phase  of  the  field 
normal  to  the  ladder  for  the  coil  position  2,  frequency  of 
50Hz,  along  a  center  line  of  the  geometry  0.5  mm  above  the 
conducting  ladder  between  +55mm  and  -55mm.  The 
calculated  data  have  been  obtained  considering  the 
decomposition  shown  in  Fig.  4.  We  adopted  parallelepiped 
volumes  and  rectangular  surfaces  as  subsectional  bases. 


Fig.  4  Decomposition  of  the  geometry. 

Fig.  5  shows  a  good  agreement  between  calculated  results 
obtained  with  the  proposed  method  and  experimental  data. 


Fig.  5  Comparison  between  calculated  and  experimental  data 
of  B  along  the  center  line 

The  table  I  and  II  report  the  current  in  the  lateral  limbs 
for  positions  1  and  2  for  f=50  Hz  and  f=200Hz  respectively. 


Table  I 


Position  1 
la  =  Ib  [A] 

Posit 
la  [A] 

ion  2 

IbfA] 

Kameari  [10] 

68.05 

81.68 

38.45 

Takahashi  [9] 

71.63 

85.41 

41.23 

M.O.M. 

69.6 

82.61 

40.42 

Table  II 


Position  1 
la  =  Ib  [A] 

Posit 
la  [A] 

ion  2 

Ib[A] 

Kameari  [10] 

153.89 

190.48 

80.14 

Takahashi  [9] 

155.89 

191.52 

83.12 

M.O.M. 

154.91 

192.55 

82.95 

The  time  domain  formulation  has  been  tested  considering 
a  problem  [10]  where  a  uniform  magnetic  field  in  the  Z 
direction,  having  a  constant  rate  B'  =  1  T/sec,  is  applied  to  a 
square  plate  (20cm  x  20cm)  with  thickness  1cm  shown  in 
fig.  6.  The  resistivity  of  the  plate  is  2|.iDcm. 


Fig.  6  Geometry  of  the  time  domain  problem 

The  square  plate  has  been  decomposed  by  means  of 
elements  having  different  size  as  shown  in  Fig.  7. 


Fig.  7  Decomposition  of  the  geometry. 

The  figures  8  and  9  show  the  current  density  Jy  at 
/=10msec  and,  varying  the  x-coordinate,  aty^lcm  and,v=v. 
The  figures  show  a  good  agreement  among  the  calculated 
data  by  a  Finite  Element  method  [10]  and  the  proposed 
M.O.M.  formulation. 

The  larger  disagreement  is  obtained  near  the  external 
surface  of  the  plate,  where  the  method  [10]  forces  1^=0, 
while  the  proposed  formulation  gives  the  average  value  in 
the  parallelepiped  nearby  the  comer.  In  the  considered  low 
frequency  tests  we  considered  point  matching  and  Galcrkin 
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testing  procedures,  obtaining  nearly  equal  numerical  results. 


Fig.  8  Eddy  current  distribution  at  f=  10msec  along  the  line 
y=lcm. 


y=x. 


V.  Conclusions 

Time  and  frequency  domain  formulations  of  the  method 
of  moments  for  the  analysis  of  low  frequency  problems  have 
been  presented. 

The  two  formulations  have  been  tested  analysing  linear 
benchmark  problems  obtaining  a  good  agreement  with 
experimental  data  and  results  obtained  with  other  numerical 
methods. 

The  use  of  pulse  functions  as  subsectional  basis  has 
allowed  a  quick  matrix  set-up  with  respect  to  numerical 
integration. 
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Abstract — We  give  an  alternative  description  of  a  recently 
published  moment-method  algorithm,  which  uses 
divergence-free  and  rotation-free  basis  functions  to 
maintain  accuracy  down  to  very  low  frequencies.  The 
basic  algorithm  is  restricted  to  simply-connected  and 
non-self-intersecting  surfaces.  But  this  restriction  has 
little  practical  impact — we  show  how  multiply-connected 
surfaces,  self-intersecting  surfaces,  and  one-sided  surfaces 
can  easily  be  converted  to  the  required  topology  without 
changing  the  solution.  We  examine  a  claim  that  the 
impedance  matrix  is  diagonally  dominant,  which  implies 
a  guaranteed-to-converge  Jacobi  type  of  iterative  solution 
of  the  matrix  equation.  Finally,  we  show  how  to  control 
catastrophic-cancellation  errors  that  occasionally  appear 
in  the  voltage  vector. 

INTRODUCTION 

In  moment-method  algorithms  finite  computer  memory  and 
CPU  time  impose  a  high-frequency  limit  at  about  the  first  or 
second  resonance  of  the  body  being  tested.  Typically, 
~  1,  where  W  is  some  representative  linear 
dimension  of  the  body.  A  popular  algorithm  for  finding  the 
current  on  arbitrarily  shaped  conductors  was  described  by 
Rao,  Wilton  and  Glisson  over  ten  years  ago  [1].  With  this 
algorithm,  a  finite  computer  resource  of  another  kind — word 
length — sets  a  /ow-frequency  limit.  Typically,  ~ 

10"^,  which  limits  the  usefulness  of  the  algorithm  as  a  tool 
for  studying  electrostatic  or  magnetostatic  problems. 

Wilton,  Lim,  and  Rao  have  recently  described  a  new 
algorithm  that  has  a  much  smaller  low-frequency  limit  [2,3]. 
It  is  very  effective  and  has  an  appealing  structure.  We  think 
it  deserves  wide  exposure  and,  therefore,  we  present  here  our 
own  description  of  it  and  of  the  problem  that  it  cures. 

The  basic  algorithm  is  restricted  to  surfaces  that  are  simply- 
connected  and  not  self-intersecting.  But  this  restriction  has 
little  practical  impact — we  show  that  multiply-connected 
surfaces,  self-intersecting  surfaces,  and  even  one-sided 
surfaces  can  easily  be  converted  into  the  required  topological 
form  without  altering  the  solutions  obtained  for  them. 


The  new  algorithm  also  has  a  feature  that  may  make  it 
superior  over  the  entire  moment-method  bandwidth.  Its 
impedance  matrix  is  closer  to  being  diagonally  dominant 
than  the  one  from  the  earlier,  Rao-Wilton-Glisson  algorithm. 
This  makes  the  matrix  equation  more  likely  to  yield  to  an 
iterative  method  of  solution.  We  discuss  this  possibility. 

Finite  word-length  can  occasionally  corrupt  some  of  the 
voltage  vector  of  this  new  algorithm.  We  present  a  simple 
and  effective  fix  based  on  the  Faraday  law. 

THE  CAUSES  OE  THE  LOWER  LIMIT 

In  the  Rao-Wilton-Glisson  algorithm  a  set  of  “rooftop” 
functions  approximates  the  J  field  on  a  triangulated  surface 
of  the  body  [1].  There  is  a  rooftop  function  for  each  interior 
edge  of  the  triangulation.  The  domain  of  a  rooftop  is 
restricted  to  the  pair  of  faces  that  share  the  interior  edge. 
See  Figure  1 .  The  definition  for  the  rooftop  anchored  to  thei  * 
interior  edge  is 


Figure  1  Parameters  for  defining  a  rooftop  function. 


58 


reF* 


0,  otherwise 


(1) 


where  is  the  height  of  face  F* ,  when  measured  from  the 
anchor  edge  to  the  free  vertex;  and  p*  is  (±l)x(the  vector 
from  the  free  vertex  to  r).  The  area  of  face  F/  is  af .  The 
length  of  the  anchor  edge  is  l^ . 

The  rooftop  function  has  four  nice  features:  (1)  it 
automatically  satisfies  Kirchhoff  s  current  law  at  the  anchor 
edge;  (2)  there  is  a  charge  density  of  p*  =  ±IJ  {-jciio*)  on 
each  face,  yet  there  is  no  net  charge  deposited — no  need  to 
test  for  conservation  of  charge  on  the  body;  (3)  it  is  simple 
enough  to  permit  efficient,  robust,  and  accurate  computation 
of  the  potential  integrals  [4];  (4)  it  imposes  no  restriction  on 
the  topology  of  surface — the  surface  can  be  open,  closed, 
simply-connected,  disjoint,  multiply-connected,  one-sided, 
two-sided,  or  self-intersecting. 

There  is  a  testing  integral  associated  with  each  rooftop 
function.  Its  domain  is  an  open  path,  beginning  at  the 
centroid  of  F*  and  following  a  streamline  of  A(r)  across 
the  anchor  edge  to  the  centroid  of  F'.  Figure  2  shows  the 
set  of  paths  from  a  typical  triangulation  of  a  square  plate. 
For  each  path  there  is  a  corresponding  equation  in  the 
moment-method  matrix  equation  Zx  =  b  stating  that  the 
tested  scattered  field  is  equal  to  the  negative  of  the 

tested  incident  field 

But  the  scattered  field  is  computed  in  two  parts: 
^scat  ~  “^^(P)  -/«A(J).  The  first  part,  VF(p),  is 


Figure  2  Integration  paths  for  testing  a  rooftop  model  of  a 
square  plate. 


inversely  proportional  to  the  frequency,  because 
p*  =  ±IJ (-jtna*) .  The  second  part,  /coA,  is  directly 
proportional  to  the  frequency.  So,  as  the  frequency  goes 
lower,  the  field  becomes  more  dominated  by  VF  and 
testing  integrals  of  become  more  path-independent 
(because  W  is  a  conservative  vector  field).  Ultimately,  an 
integral  over  any  given  path  in  Figure  2  becomes  identical 
to  one  over  any  concatenation  of  other  paths  having  the 
same  endpoints.  The  corresponding  effect  on  Z  is  that  any 
row  becomes  identical  to  a  linear  combination  of  other  rows. 
In  other  words,  as  the  frequency  goes  lower,  Z  becomes 
more  ill-conditioned.  Ultimately,  it  becomes  singular. 

Increasing  condition  number  is  one  cause  of  the  poor 
accuracy  at  low  frequencies.  Another  cause  is  the  loss  of 
information  about  ycoA,  due  to  insufficient  word  length. 

As  the  frequency  goes  lower,  the  two  quantities  VF  and 
/&>A  become  increasingly  different  in  magnitude,  yet  their 
sum  is  stored  in  the  same  word.  The  recoverable  precision 
of  the  smaller  quantity,  yea  A,  is  inversely  proportional  to  the 
square  of  the  frequency. 

But  /(a A  is  no  less  important  than  VF,  even  at  extremely 
low  frequencies.  Although  all  of  the  paths  in  Figure  2  are 
open  there  are  linear  combinations  of  them  that  form  closed 
paths.  This  implies  that  there  are  linear  of  combinations  of 
equations  in  Zx  =  b  stating  that  the  closed-path  integral 
fE^-dl  is  equal  to  the  c/ojerf-path  integral  -fE.^^"dl.  But 
VF  has  no  curl  (because  it  is  a  gradient  of  a  scalar).  By 
Stokes  theorem  it  contributes  nothing  to  a  closed-path 
integral.  The  only  contributor  is  ywA. 

The  algorithm  ignores  this.  While  numerically  computing 
the  integrals  -fE.^^-d\,  it  needlessly  computes  the 
theoretically  vanishing  integrals  fVF-dl.  The  influence  of 
/&)A  is  lost  in  the  resulting,  unnoticed,  catastrophic 
cancellations. 

An  ill-conditioned  Z  and  loss  of  precision  in  ycoA  are  the 
two  causes  of  poor  low-frequency  accuracy.  They,  and  the 
cure,  were  first  described  in  [2]  and  [3]. 

HOW  THE  LOW-FREQUENCY  ERRORS 
ARE  REMOVED 

To  prevent  catastrophic  cancellations  Wilton,  Lim,  and  Rao 
explicitly  create  each  closed  path,  which  allows  them  to 
replace  the  numerical  integration  of  /VF-dl  with  the  exact 
value  of  zero.  They  finesse  each  closed-path  integral  into 
existence  by  designing  a  basis  function  with  that  integral  as 
its  testing  integral.  The  new  basis  function  is  a 
superposition  of  original  rooftop  functions  so  that  the  new 
testing  integral  is  a  superposition  of  original  testing  integrals. 
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In  this  way,  most  of  the  original  algorithm,  and  its 
corresponding  computer  code,  stay  the  same. 

But  how  to  find  all  possible  closed  paths?  The  answer  is  to 
make  a  set  of  generator  loops,  that  is,  a  set  of  closed  paths 
from  which  all  other  closed  paths  can  be  assembled.  Then, 
avoiding  (numerical  computation  of)  integrals  on 

every  loop  in  the  set  will  avoid  them  on  all  possible  loops. 
Making  a  set  of  generators  is  easy.  A  set  of  rooftop 
functions  sharing  a  common  node  will,  if  they  have  the 
proper  reference  directions,  have  a  testing  integral  whose 
path  is  a  generator.  To  see  this,  pick  an  interior  node  in 
Figure  2  and  reverse  some  of  the  nearby  integration  paths  so 
that  they  all  have  the  same  sense  of  rotation  around  the 
node.  This  is  a  “loop  function”. 

Loop  functions  do  an  excellent  job  of  preserving  the 
information  contained  in  the  /oiA  field.  But  they  are  an 
incomplete  cure  for  low-frequency  errors.  There  are  two 
reasons.  First,  loop  functions  do  not  address  the  condition- 
number  issue.  Second,  the  charges  deposited  on  each  face 
of  a  loop  function  tend  to  cancel.  In  fact  a  body  with 
equilateral  triangulation  would  produce  complete 
cancellation.  (Recall  that  p*  =  ±IJ (-jaa*).  ) 

A  second  basis  function  needs  to  be  invented;  one  whose 
testing  path  cannot  become  part  of  a  concatenation  of  paths 
in  a  path-independent  integral,  and  thereby  increase  the 
condition  number.  And  the  second  function  should  be 
guaranteed  to  contribute  to  the  charge — the  charges  from 
contributing  rooftop  functions  should  accumulate  rather  than 
cancel.  The  set  of  rooftop  functions  sharing  a  common  face 
will  do  both  of  these  things,  if  their  reference  directions  are 
properly  chosen.  As  an  illustration,  pick  a  face  in  Figure  2 
and  reverse  some  of  its  integration  paths  so  that  they  all 
have  the  same  sense,  outward  or  inward.  The  charges  on  the 
chosen  face  will  accumulate  because  they  all  have  the  same 
sign.  This  is  a  “star  function”.  Notice  that  the  testing  paths 
of  star  functions  cannot  be  concatenated  to  form  a  non¬ 
reversing  path  around  a  loop. 

Star  functions  anchored  to  interior  faces  are  made  from  three 
rooftop  functions.  Those  anchored  to  faces  on  boundaries 
are  made  from  fewer  rooftop  functions. 


-I-  Aj 


+  1^2-^ 


4"  Ag 

-M4A4 

=  0 


Figure  3  Making  a  loop  function  from  weighted  rooftop 
functions. 


=  E 


(2) 


where  is  the  n  ^  member  of  the  set  of  rooftop  functions 
whose  common  node  is  the  anchor  node  of  Op  a  =  ±1; 
and  is  the  length  of  the  n  edge  attached  to  the  anchor 
node.  On  each  face  there  are  two  contributions  to  the  charge 
density;  1//^  gives  them  identical  magnitudes;  makes 
them  cancel.  In  doing  so,  also  forces  each  rooftop 
current  to  have  the  same  direction  as  the  loop  orientation. 
The  1//  weighting  causes  the  J  streamlines  to  form  closed 
paths  around  the  anchor  node  (rotational  flow).  See  Figure 
3. 

Wilton,  Lim,  and  Rao  define  the  star  function  anchored  to 
the  i*  face  as  follows: 


★,(r)  = 


n,e/ac«,  ‘•n, 


(3) 


Loop  functions  describe  most  of  the  rotation  i3-d\  of  the  J 
field.  Star  functions  describe  most  of  the  divergence  V-J  of 
the  J  field.  The  duties  of  rotation  and  divergence  usually 
would  be  shared  by  both  functions,  since  the  triangulation  is 
rarely  equilateral.  Wilton,  Lim,  and  Rao  remove  this 
awkward  feature  by  adjusting  the  intensity  of  the 
contributing  rooftop  functions  to  compensate  for  unequal 
edge  lengths.  They  define  the  loop  function  anchored  to  the 
i**  interior  node  as  follows: 


where  is  the  n  of  the  set  of  rooftop  functions  whose 
common  i^ace  is  the  anchor  face  of  v  =  ±1;  and  Z 

t  *  ”1 

is  the  length  of  the  edge  of  the  anchor  face.  On  the 
anchor  face  there  are  (usually)  three  contributions  to  the 
charge;  1/Z^  gives  them  equal  magnitudes;  makes 
them  accumulate.  In  doing  so,  also  forces  all  rooftop 
currents  to  flow  out  of  the  face.  The  1/Z  weighting  causes 
the  J  streamlines  to  emanate  from  the  centroid  of  the  anchor 
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-1/Z,  A, 


— l/Zj  Aj 


+IA^  Aj 


rooftop 


face  (but  only  when  there  are  three  contributing 
rooftop  functions).  See  Figure  4. 


whether  it  is  based  on  a  loop-and-star  model  or  on  a  rooftop 
model.  But  only  if  the  surface  is  simply-connected.  This  is 
the  source  of  a  lingering  difficulty  with  the  definition  of  the 
loop  function.  (See  MULTIPLY-CONNECTED  SURFACES 
below.) 


PERFECTLY  CONDUCTING  SPHERE  IN 
A  MAGNETOSTATIC  FIELD 

Figure  5  shows  a  perfectly  conducting  sphere  of  1  m  radius 
immersed  in  a  static  magnetic  field  of  1  A/m.  The  exact, 
analytical  solution  for  this  problem  is  =  -1.5 
[6]. 

To  do  a  numerical  simulation  we  illuminated  the  sphere  with 
a  377  V/m  plane  wave  at  30  kHz.  We  then  sampled  the 
current  that  crossed  the  dashed  line.  The  results  show  that 
the  loss  of  information  in  /coA  and  the  large  condition 
number  of  Z  have  made  the  rooftop  model  useless,  and  that 
the  loop-and-star  model  suffers  from  neither  of  these 
ailments. 


HELMHOLTZIAN  COMPLEMENTARITY 

When  defined  this  way,  loop  and  star  functions  have 
pure  Helmholtzian  complementarity  [5].  Loop 
functions  describe  only  the  rotation  of  the  J  field; 
star  functions  describe  only  the  divergence  of  the  J 
field.  This  feature  is  unaffected  by  the  triangulation 
of  the  surface.  A  loop  function’s  contributions  to  a 
star  function’s  irrotational  flow  come  in  self¬ 
cancelling  pairs.  Hence,  no  superposition  of  loop 
functions  can  produce  an  irrotational  flow  of  current. 
Similarly,  a  star  function’s  contributions  to  a  loop 
function’s  rotational  flow  also  come  in  self-cancelling 
pairs.  Hence,  no  superposition  of  star  functions  can 
produce  a  rotational  flow  of  current. 

There  is  no  coupling  via  !W-dl  between  the  two 
kinds  of  functions;  star-to-loop  coupling  is  zero 
because  the  path  is  a  loop;  loop-to-star  coupling  is 
zero  because  the  integrand  is  zero.  The  only  vehicle 
for  mutual  influence  between  loops  and  stars  is  the 
integral  jafA-dl.  Hence,  the  two  sets  of  functions 
become  mutually  independent  as  the  frequency  goes 
to  zero. 

Loops  and  stars  form  a  complete  description  of  the 
J  field  on  a  simply-connected  surface,  as  does  the 
original  set  of  rooftop  functions  from  which  they  were 
assembled.  Hence,  a  moment-method  equation 
Zx  =  b  will  have  the  same  number  of  unknowns 


Figure  5  Comparison  of  surface  currents  computed  by  rooftop 
and  loop-and-star  models  of  a  conducting  sphere. 
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CONDITION  NUMBER 

Figure  6  shows  the  LENPACK  estimate  [7]  of  the  condition 
number  from  a  rooftop  model  and  from  a  loop-and-star 
model  of  the  sphere  in  Figure  5.  The  condition  number 
from  the  rooftop  model  is  inversely  proportional  to  the 
square  of  the  frequency,  down  to  about  100  kHz.  Below 
100  kHz  the  curve  becomes  more  complicated.  We  suspect 
that  the  roundoff  error  in  the  entries  in  Z  actually  prevent 
the  straight  1//^  trend  towards  total  dependence  below  100 
kHz. 

The  condition  number  from  the  loop-and-star  model  is 
frequency  independent  down  to  at  least  3  Hz,  showing  how 
effectively  the  condition  number  has  been  controlled. 

The  LINPACK  estimate  of  the  condition  number  is  most 
accurate  when  all  entries  in  Z  have  the  same  absolute  error. 
Since  the  error  in  each  z,^.  is  roughly  proportional  to  its 
magnitude,  we  meet  this  requirement  by  scaling  the  rows 
and  columns  of  Z  so  that  all  entries  on  the  diagonal  have 
unit  magnitude.  (Both  rows  and  columns  were  scaled  to 
preserve  the  near  symmetry  of  the  matrix.) 

10'^  r 


SIMPLY-CONNECTED  OPEN  AND 
CLOSED  SURFACES 

When  the  surface  is  simply-connected  there  is  no  difficulty 
with  the  loop-and-star  model.  The  loop  function  definition 
(2)  forms  a  complete  set  of  generator  loops.  There  is  a  loop 
function  at  each  interior  node  if  the  surface  is  open;  one 


less  if  the  surface  is  closed  (to  avoid  making  a  redundant 
generator). 

The  number  of  star  functions  is  whatever  is  needed  to  make 
the  total  number  of  unknowns  equal  to  the  number  of 
unknowns  from  a  rooftop  model. 

DISJOINT  BODIES 

Both  the  original  Rao-Wilton-Glisson  rooftop  model  and  the 
new  loop-and-star  model  compute  the  mutual  influence 
between  sources  on  arbitrarily  located  faces.  It  does  not 
matter  that  those  faces  might  reside  on  disjoint  surfaces. 
(However,  each  surface  must  be  simply-connected  if  the 
loop-and-star  model  is  to  be  used). 

MULTIPLY-CONNECTED  SURFACES 

When  the  surface  is  multiply-connected  the  loop  function 
definition  (2)  yields  an  incomplete  set  of  generator  loops. 
As  examples,  it  misses  a  loop  for  every  aperture,  and  on  a 
torus  it  misses  two  loops. 

The  most  obvious  solution  would  be  to  broaden  the 
definition  in  some  manner  to  include  the  missing 
loops.  But  each  missing  loop  is  just  one  of  a 
large  set  of  topologically  equivalent  loops;  any 
one  of  them  can  be  used.  It  might  not  be 
possible  to  design  software  that  reliably  and 
efficiently  finds  the  required  sets  of  topologically 
equivalent  loops  and  then  picks  only  one  of  them. 

A  workable  alternative  would  be  to  supply  the 
missing  loops  by  hand  after  inspecting  a  three- 
dimensional  view  of  the  triangulated  surface. 
Each  loop  could  then  be  supplied  to  the  program 
in  the  form  of  the  set  of  faces  that  are  traversed. 
The  software  would  need  to  be  eapable  of 
assembling  the  faces  into  a  loop  function,  which 
would  then  be  processed  the  same  as  the  original 
loop  functions. 


Another  alternative  also  involves  some  manual 
labor.  It  is  based  on  the  fact  that  loop  functions 
and  star  functions  are  assembled  from  rooftop 
functions.  Suppose  there  was  some  way  to 
change  the  topology  to  simply-connected  without,  in  any 
way,  changing  the  set  of  rooftops.  The  solution  would  then 
be  identical  to  that  produced  by  either  of  the  previous 
alternatives,  because  the  same  set  of  rooftops  would  be  used 
to  assemble  the  loops  and  stars. 

Exactly  that  happens  when  the  surface  is  “cut”  along  a 
selected  sequence  of  edges  in  such  a  way  that  the 


Figure  6  Comparison  of  condition  numbers  from  the  rooftop  and  loop- 


and-star  models. 


62 


CUTTING  A  MUTIPLY-CONNECTED  SURFACE 


Figure  7  Cutting  a  multiply-connected  surface  into  a  simply-connected 
surface. 


number  of  unknowns  in  the  matrix  equation 
would  be  greater  than  the  number  of  interior 
edges  in  the  triangulation.  This  method  would 
leave  the  triangulation  intact  and  would  change 
the  code. 

The  original  Rao-Wilton-Glisson  rooftop 
algorithm  could  easily  be  encoded  to  use  this 
method  but  the  loop-and-star  algorithm  might 
present  some  trouble.  It  might  be  hard  to  write 
code  that  reliably  assembles  loop-and-star 
functions  in  the  vicinity  of  a  generalized  edge. 

For  us,  a  better  method  is  to  cut  the  self- 
intersecting  surface  into  surfaces  that  are  not  self- 
intersecting.  See  Figure  8.  The  cut  surface  is 
then  disjoint  and  can  be  treated  by  the  basic 
forms  of  either  the  rooftop  model  or  the  loop- 
and-star  model.  (See  DISJOINT  SURFACES 
above.)  As  with  multiply-connected  surfaces, 
cutting  a  self-intersecting  surface  does  not  change 


overlapping  rooftop  functions  on  each  face 
become  topologically,  but  not  physically, 
delaminated.  See  Figure  7.  The  surface  becomes 
simply-connected  yet  the  size,  shape,  and  position 
of  its  rooftops  are  not  changed. 

Three  new  edges,  and  one  new  face,  are  added 
for  each  edge  in  the  cut.  But  the  number  of 
interior  edges  is  not  changed.  There  are  new 
nodes  but  no  new  node  coordinates. 

We  use  the  cutting  option  because  it  changes 
only  the  triangulation  of  the  surface;  the 
algorithm  remains  in  its  basic  form.  Cutting 
involves  manual  work,  which  takes  time.  But 
creating  the  triangulated  surface  itself  usually 
involves  manual  work,  and  sometimes  a  lot  of  it. 
This  is  at  least  as  time  consuming  as  the  cutting. 


CUTTING  A  SELF-lNTERSECnNG  SURFACE 


Figure  8 

SELF-INTERSECTING  SURFACES 

When  a  self-intersecting  body  is  triangulated,  some  edges 
will  have  more  than  two  faces  attached  to  them.  There  are 
(at  least)  two  methods  that  could  handle  this  situation,  both 
of  which  satisfy  Kirchhoff  s  current  law  at  each  edge. 

In  one  method,  each  edge  at  a  self-intersection  could  be 
treated  as  a  generalized  edge:  an  edge  with  /  faces  attached 
to  it  would  be  assigned  /-I  rooftop  functions.  No  special 
care  would  be  needed  when  choosing  which  pair  of  faces  to 
assign  to  which  rooftop  function — rooftop  currents  could 
even  pass  through  each  other  at  a  generalized  edge.  The 


Cutting  a  self-intersecting  surface  into  a  disjoint  surface. 

in  any  way  the  fundamental  set  of  rooftops,  so  the  solution 
does  not  change  either. 

ONE-SIDED  SURFACES 

A  one-sided  (non-orientable)  surface,  like  a  Moebius  strip, 
can  always  be  cut  into  a  two-sided  surface  in  the  manner 
already  shown  in  Figure  7.  Once  cut,  the  surface  becomes 
simply-connected,  allowing  the  basic  loop-and-star  model  to 
be  used.  As  always,  cutting  changes  the  triangulation  and 
leaves  the  encoded  algorithm  intact. 
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Although  the  encoded  version  of  the  original  rooftop 
algorithm  of  Rao,  Wilton,  and  Glisson  is  not  the  main  topic 
of  this  paper,  its  popularity  and  the  present  heading  make 
it  appropriate  to  now  discuss  some  pertinent  details. 

The  original  Rao-Wilton-Glisson  rooftop  code  cannot  be 
applied  to  a  one-sided  surface;  nor  was  it  intended  to  be. 
Its  authors  chose  to  give  the  user  another  way  to  check  the 
integrity  of  the  triangulation;  they  designed  the  code  to 
compute  the  volume  whenever  a  closed  surface  was 
encountered.  So  a  consistent  normal  had  to  be  assigned  to 
every  face.  For  simplicity  this  was  done  for  every  type  of 
surface,  even  open  ones.  It  then  seemed  convenient  to  use 
the  normal  to  help  set  a  reference  direction  for  each  rooftop 
function.  Each  rooftop  current  was  made  to  cross  its 
anchor  edge  in  the  same  direction  as  exn,  where  e  is  the 
(arbitrarily  defined)  direction  of  the  anchor  edge. 

But  a  basis  function’s  reference  direction  is  arbitrary  in  any 
algorithm.  (In  the  Rao-Wilton-GIisson  algorithm  it  depends 
on  an  arbitrary  choice  of  the  direction  of  e .)  There  is  no 
need  to  involve  the  surface  normal  in  an  arbitrary  decision. 
By  removing  it  from  the  decision  process,  the  rooftop 
model  of  Rao,  Wilton,  and  Glisson  immediately  can  be 
applied  to  one-sided  surfaces  (and  it  can  still  compute  the 
volume  of  closed  surfaces). 

Finally,  we  note  that  the  subroutine  that  sets  the  surface 
normals  (and,  hence,  the  reference  directions)  is  quite 
complex  and  contains  a  subtle  bug,  which  takes  effect  only 
on  some  triangulations. 

DIAGONAL  DOMINANCE  AND  ITERATIVE 
SOLUTIONS  OF  Zx  =* 


It  turns  out  that  a  matrix  from  a  loop-and-star  model  is 
closer  to  being  diagonally  dominant  than  one  from  a  rooftop 
model.  Z  is  said  to  be  diagonally  dominant  when  the 
“diagonal-dominance”  ratio  (DDR) 


E  \^ij\ 

J'-H 


(4) 


is  greater  than  1  for  all  [12]. 

The  explanation  for  the  greater  DDR  lies  in  the  shape  of  the 
paths  of  the  testing  integrals:  in  loop-and-star  modeling  the 
paths  are  made  from  directed  line-segments  whose 
orientations  tend  to  cancel;  in  rooftop  modeling  the 
orientations  tend  to  accumulate.  This  makes  the  off-diagonal 
integrals  smaller,  relative  to  the  diagonal  integral,  than  those 
in  a  rooftop  model. 
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Figure  9  The  square  plate  used  to  study  diagonal 
dominance. 

Figure  10  compares  the  DDR  from  a  rooftop  model  to  the 
DDR  from  a  loop-and-star  model.  (The  device-under-test  is 
the  square  plate  in  Figure  9.)  The  rows  that  test  the  loops 
(rows  1  to  72)  have  DDRs  consistently  greater  than  1.  The 
DDRs  of  the  rows  that  test  stars  are  about  half  as  big  and 
are  usually  less  than  one.  Other  structures  that  we  have 
studied  also  show  this  behavior.  (Perhaps  star  functions 
could  be  redesigned  to  produce  DDRs  as  high  as  those  of 
loop  functions.) 

The  DDR  is  insensitive  to  the  frequency  as  long  as  the 
triangulation  is  dense  enough  to  allow  an  adequate 
description  of  the  sources  on  the  surface.  See  Figure  11. 
Also,  it  is  totally  independent  of  the  direction  and 
polarization  of  the  incident  field,  because  Z  itself  is  totally 
independent  of  these  parameters. 

Wilton,  Lim,  and  Rao  claim  that  the  Z  matrix  is  diagonally 
dominant  [2,3].  We  have  found  no  geometries  where  this  is 
so.  We  can  only  say  that  the  Z  from  a  loop-and-star  model 
is  closer  to  being  diagonally  dominant  than  one  from  a 
rooftop  model. 

In  any  case,  the  improved  diagonal  dominance  may  have  a 
practical  benefit  at  all  frequencies  (below  the  upper  limit). 
The  standard  method  for  solving  Zx  =  b  is  by  LU 
decomposition,  for  which  the  required  CPU  time  is 
proportional  to  .  {N  is  the  number  of  unknowns).  The 
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Figure  10  Comparison  of  diagonal-dominance  ratios  for  a  square  plate. 


Figure  11  The  effect  of  frequency  on  the  diagonal-dominance  ratio. 
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CPU  time  for  an  iterative  solution,  such  as  Jacobi  iteration, 
is  proportional  to  iV^,  a  great  advantage  when  N  is  large. 
Solution  by  point  Jacobi  iteration  is  guaranteed  to  converge 
when  Z  is  diagonally  dominant  [8,9,10,11].  A  matrix 
equation  in  which  Z  is  not  diagonally  dominant  can 
sometimes  permit  a  converging  Jacobi  iteration.  Intuition 
suggests  the  closer  Z  is  to  diagonal  dominance  the  more 
likely  the  iteration  will  converge  and,  if  it  does  converge,  the 
faster  it  will  converge. 

The  number  of  iterations  needed  to  get  a  solution  depends 
on  the  initial  guess.  Hence,  an  iterative  solution  has  an  extra 
advantage  when  doing  a  sweep  of  a  spectrum  since  each 
solution  is  a  good  initial  guess  for  the  next. 

Zx  =  b  could  also  be  solved  by  block  Jacobi  iteration.  Loop- 
and-star  analysis  permits  a  natural  way  to  divide  Z  into 
submatrices,  if  the  loops  are  numbered  from  1  to  and 
the  stars  are  numbered  from  to  N.  The  equation 

then  becomes 


zOO 

Z*o 

^  ’ 
o 

ZO* 

z** 

X* 

b* 

which  can  be  solved  by  block  Jacobi  iteration,  if  Z  is  well 
behaved.  Good  behaviour  is  guaranteed  at  0  Hz  because 
Z*®  and  Z°*  are  then  filled  with  zeroes.  (See 
HELMHOLTZIAN  COMPLEMENTARITY  above.)  It  may 
be  that  the  Helmholtzian  complementarity  of  loop  functions 
and  star  functions  will  guarantee  the  convergence  of  this 
iteration  at  higher  frequencies. 


law  to  replace  the  closed-path  integral  with  the 

surface  integral  where  S  is  some  surface 

bounded  by  the  path.  A  convenient  choice  for  S  is  the  part 
of  the  triangulated  surface  enclosed  by  the  testing  path.  We 
do  the  numerical  integration  by  sampling  at  the 
centroids  of  the  four-sided  “facelets”  inside  the  testing  path. 
See  Figure  12.  The  centroid  of  each  facelet  is  at 
5/12  r,.  +  7/12  .  The  area  of  the  n  *  facelet  is  one-third 

the  area  of  the  n*’'  face. 

There  are  some  path  integrals  for  which  the  Faraday 
alternative  is  hard  to  implement.  They  are  the  testing 
integrals  of  those  loop  functions  that  are  lost  whenever  the 
surface  is  multiply-connected.  The  paths  of  these  integrals 
will  not  enclose  any  triangulated  surfaces  at  all!  In  these 
cases  the  Faraday  alternative  would  require  the  construction 
of  special  (non-conducting)  surfaces  on  which  to  sample 
B^.  Also  the  basic  loop-and-star  model  would  have  to  be 
modified  to  handle  multiply-connected  surfaces.  We  avoid 
these  problems  by  cutting  the  multiply-connected  surface 
into  a  simply-connected  one.  (See  MULTIPLY- 
CONNECTED  SURFACES  above.)  Then  no  testing  path 
will  enclose  an  untriangulated  surface. 

It  is  conceivable  that  a  numerical  evaluation  of  the  Faraday 
surface  integral  can  also  suffer  from  catastrophic 
cancellation.  It  could  happen  when  the  loop  function  is 
anchored  at  the  tip  of  a  very  sharp  cone  or  at  a  very  sharp 
edge  on  the  surface.  But  cases  like  these  will  not  occur  if 
the  surface  is  triangulated  so  that  there  are  no  acute  angles 
between  adjacent  faces.  The  no-acute-angle  rule  is  implied 
by  the  standard  rule  for  a  good  triangulation:  it  must  be 


The  potential  speed-up  is  not  as  great  as  that  for 
point  Jacobi  iteration  because  both  Z®°  and 
Z'^*  need  to  be  LU  decomposed.  The  required 
time,  relative  to  an  LU  decomposition  of  Z,  is 
(1/3)^  +  (2/3)^  =  1/3  (since  the  numbers  of 
loops  and  stars  are  approximately  A/3  and  2A/3 , 
respectively). 

CATASTROPHIC  CANCELLATIONS  IN 
MAKING  b° 

Each  entry  in  in  equation  (5)  is  the  integral 
around  the  closed  testing  path  of  a  loop 
function.  Sometimes  the  orientation  of  the 
surface  and  polarization  of  the  illumination  can 
combine  so  that  the  integral  vanishes.  This  will 
happen,  for  example,  when  a  uniform  plane  wave 
is  normally  incident  on  a  flat  plate.  Since  the 
integral  is  computed  numerically,  the  zero  is 
crudely  approximated  by  catastrophic 
cancellations.  To  avoid  this,  we  use  Faraday’s 
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Figure  12  Computing  the  centroid  of  a  facelet  inside  an  integration 
loop. 
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dense  enough  to  adequately  describe  the  surface  and  the 
sources  on  it. 

The  CPU  times  needed  to  compute  the  vector  by  either 
side  of  the  Faraday  equation  are  roughly  the  same  and  are 
minuscule  when  compared  to  the  time  needed  to  fill  Z. 

PROGRAMMING 

Each  entry  Zy  in  Z  is  the  integration  of  E^,  due  to  the 
y*  basis  function,  over  the  testing  path  of  the  i'*  basis 
function.  The  most  straightforward  way  to  fill  Z  is  to 
compute  an  integral  for  each  permutation  of  i  and  j 
encountered  in  a  column- wise  scan  of  Z.  (Row- wise  if  the 
language  is  not  FORTRAN.)  But  this  is  not  the  most  time- 
efficient  way.  Each  integration  calls  a  potential-integral 
routine  [4],  which  computes  the  potentials  at  a  single  field 
point  due  to  a  source  on  a  single  face.  Because  basis 
functions  overlap  and  testing  paths  overlap,  a  scan  of  Z 
would  actually  call  this  routine  many  times  with  the  same 
combination  of  source  face  and  field  point.  It  is  therefore 
much  faster  to  do  the  computation  for  a  given  combination 
only  once  and  to  then  add  the  result  to  all  the  Zy  that  are 
affected  by  that  combination.  This  requires  a  scan  of  the 
geometry  for  all  permutations  of  faces  taken  two  at  a  time 
(since  there  is  a  field  point  at  the  centroid  of  each  face.) 

Notice  that  the  scan  is  independent  of  the  choice  of  model; 
the  faces  of  loop  functions,  star  functions,  and  rooftop 
functions  all  carry  the  same  Rao-Wilton-Glisson  source 
function  (to  within  a  weighting  factor).  Hence,  it  is  natural 
to  design  the  program  to  do  either  loop-and-star  modeling  or 
rooftop  modeling.  There  is  only  a  small  amount  of  code  that 
actually  depends  on  the  choice  of  basis  function.  It 
determines  which  Zy  (and  which  bf)  are  to  receive  an 
accumulation.  It  also  determines  the  weighting  of  each 
accumulation. 

In  our  program  this  basis-function-specific  code  is  executed 
before  any  entries  in  Z  or  fc  are  computed.  It  simply  fills 
two  identically  dimensioned  arrays.  One  array  links  each 
edge  of  each  face  to  the  weighting  factors,  ±1//,  of  the  four 
possible  functions  (two  loops  and  two  stars)  that  cross  that 
edge.  The  other  array  supplies  the  corresponding  indices, 
i  =  IJV,  of  the  loops  or  stars.  The  inner  dimension  of  each 
array  is  four  because  there  can  be  up  to  four  basis  functions 
that  can  cross  each  interior  edge. 

The  rest  of  the  code  operates  without  any  knowledge  of  the 
type  of  basis  function  being  used.  It  simply  uses  the  two 
generic  arrays  of  weighting  factors  and  indices  to  fill  Z  and 
b,  and  then  solves  Zx  =  b.  For  example,  if  the  program  is 
to  do  rooftop  modeling  then  there  is  only  one  weighting 
factor,  ±1,  and  one  index  per  edge.  The  remaining  three 


locations  along  the  inner  dimension  are  simply  filled  with 
zeroes  so  that  the  other  accumulations  amount  to  nothing. 

The  time  to  execute  the  basis-function-specific  code  is  very 
insignificant  when  compared  to  the  0(iV^)  time  needed  to 
solve  Zx  =  b  and  the  0(N^)  time  needed  to  fill  Z. 

CONCLUSIONS 

The  loop-and-star  algorithm  of  Wilton,  Lim,  and  Rao 
effectively  controls  the  catastrophic  cancellation  errors  and 
condition  number  that  corrupt  the  low-frequency  results  from 
the  rooftop  algorithm  of  Rao,  Wilton,  and  Glisson.  The 
high-frequency  limit  of  the  loop-and-star  algorithm  is  as 
large  as  that  of  the  rooftop  algorithm,  W/k  ~  1 ;  and  the  low- 
frequency  limit  is  much  smaller,  at  least  W/k  ^2x10'^ . 
Electrostatic  and  magnetostatic  simulations  can  now  be  done 
with  confidence. 

The  basic  loop-and-star  algorithm  can  treat  only  simply- 
connected  surfaces.  But  this  restriction  has  little  practical 
impact  because  multiply-connected  surfaces,  self-intersecting 
surfaces,  and  one-sided  surfaces  can  be  readily  “cut”  into  the 
required  topology  without  altering  the  set  of  rooftop 
functions  that  they  carry. 

The  impedance  matrix  from  a  loop-and-star  model  is  not 
diagonally  dominant.  But  it  is  more  so  than  one  from  a 
rooftop  model.  In  fact,  the  rows  of  Z  that  test  the  loop 
functions  all  have  a  diagonal-dominance  ratio  greater  than 
one.  It  is  only  the  rows  that  test  the  star  functions  that  have 
a  diagonal-dominance  ratio  less  than  one.  It  might  be 
possible  to  redesign  the  star  function  so  that  all  rows  ofZ 
are  diagonally  dominant.  In  any  case,  the  matrix  equation 
Zx  =  b  from  a  loop-and-star  model  is  more  likely  to  be 
solved  by  a  converging  Jacobi  iteration. 

Catastrophic  cancellations  can  corrupt  those  entries  in  the 
b  vector  that  participate  in  loop  testing.  This  can  be 
avoided  by  using  the  Faraday  law  to  replace  the  closed-path 
integral  with  the  surface  integral 

where  S  is  some  surface  bounded  by  the  testing  path. 
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Abstract  -  The  numerical  solution  of  the  Electric  Field 
Integral  Equation  (EFIE)  using  two  different  low  frequency 
formulations  is  investigated.  The  two  procedures  are 
implemented  for  the  triangular  patch  modeling  procedure 
and  results  obtainedfor  both  methods  are  compared  with  the 
original  triangular  patch  EFIE  solution.  The  comparisons 
are  made  on  the  basis  of  the  computed  current  values  and 
the  inverse  condition  number  of  the  moment  matrix.  It  is 
observed  that  the  condition  number  of  the  matrix  can  be 
significantly  different  between  the  two  low  frequency 
formulations  and  that  the  method  used  to  evaluate  the 
forcing  junction  can  affect  the  results  both  in  the  low  and 
high  frequency  ranges. 

I.  Introduction 

The  commonly  used  numerical  solution  procedure  for 
the  Electric  Field  Integral  Equation  (EFIE)  has  been  found 
to  become  inaccurate  in  the  frequency  range  where  the 
maximum  dimension  of  the  surface  is  much  smaller  than  a 
wavelength  [1,2].  The  problem  arises  in  the  evaluation  of 
the  elements  of  the  impedance  matrix  in  the  moment  method 
solution  procedure,  because,  if  the  mixed  potential  form  of 
the  EFIE  is  used  as  an  example,  one  observes  that 
I  jwA  I  I  Vf>  I  ,  as  CO  ^  0.  Thus,  for  a  fixed  precision 
computation,  the  information  on  the  magnetic  vector 
potential  A  is  lost  when  the  frequency  is  low  enough,  and 
the  remaining  information  from  the  electric  scalar  potential 
is  not  sufficient  to  determine  the  surface  current  distribution. 
Consequently,  the  solution  is  numerically  unstable. 

This  problem  may  be  partially  overcome  by  simply 
increasing  the  numeric  precision  used  in  the  computer  code. 
However,  to  obtain  an  EFIE  solution  that  has  the  potential 
to  be  stable  at  any  frequency,  a  special  method  of  moments 
solution  procedure  must  be  used. 

In  the  following  sections,  two  low-frequency 


formulations,  referred  to  here  as  the  Loop/Tree  and 
Loop/Star  formulations,  are  presented.  These  two 
formulations  have  been  previously  studied  and  have  been 
applied  to  different  method  of  moments  solution  procedures 
[1-5].  Wilton  and  Glisson  first  observed  the  low-frequency 
problem  of  the  EFIE  and  applied  the  Loop/Tree  approach  as 
the  new  testing  procedure  for  a  rectangular-patch  model  of 
a  perfectly  electrically  conducting  plate  [1].  Mautz  and 
Harrington  explored  in  greater  detail  why  the  numerical 
solution  becomes  inaccurate  in  the  low  frequency  range,  and 
they  applied  a  procedure  equivalent  to  the  Loop/Star 
formulation  to  their  body  of  revolution  code  [2].  Lim,  Rao, 
and  Wilton  applied  the  Loop/Star  procedure  to  their 
triangular  patch  model  [3].  Recently,  Wu,  Glisson,  and 
Kajfez  applied  both  the  Loop/Tree  and  Loop/Star 
formulations  to  another  triangular  patch  model  and 
compared  results  obtained  using  the  two  procedures  [4,5]. 

This  paper  is  an  extension  of  [4,5]  and  sums  up  our 
recent  research  on  this  topic.  A  new  version  of  the  patch 
code,  referred  to  here  as  LFPATCH,  has  been  developed  to 
apply  either  the  Loop/Tree  or  Loop/Star  formulation  to 
extend  a  version  of  the  patch  code  [6]  to  the  low  frequency 
range.  The  modifications  for  both  formulations  require  the 
use  of  different  expansion  and  testing  functions  that  tend  to 
decouple  the  electrostatic  and  magnetostatic  portions  of  the 
solution.  A  Galerkin  testing  procedure  is  used  to  obtain  the 
system  of  linear  equations.  The  two  different  formulations 
are  compared  with  each  other  and  with  the  original 
triangular  patch  code  with  regard  to  accuracy.  The  two 
low-frequency  formulations,  the  Loop/Tree  and  Loop/Star, 
are  described  in  Section  II.  The  influence  of  the  form  of  the 
forcing  function  on  the  solution  for  the  low-frequency 
formulations  is  discussed  in  Section  III.  The  numerical 
results  are  shown  in  Section  IV  to  demonstrate  the 
improvement  of  the  stability  of  the  impedance  matrix  and 
the  accuracy  of  the  computed  current  density.  A  summary 
is  provided  in  Section  V. 
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n.  Low-Frequency  Formulations 

The  scattering  problem  of  a  perfectly  electrically 
conducting  (PEC)  body  subject  to  illumination  by  a  time 
harmonic  incident  plane  wave  can  be  formulated  via  the 
EFIE  as 

El^(r)  =  Uc^A(r)  +  ,  r  on  S  (D 

where  E'  represents  the  incident  electric  field,  S  is  the 
surface  of  the  scatterer,  and  the  subscript  tan  denotes  the 
component  of  a  quantity  tangential  to  the  surface  S.  A  and 
$  are  the  magnetic  vector  potential  and  the  electric  scalar 
potential  defined  by 

A{r)  =  n^J(r')G(r,r')dS'  ,  r'  on  S  (2) 

S 

#(r)  =  1 1  a(r')G{r,r')dS'  ,  r'  on  S  (3) 

S 

where 


and  where  k  =  oiQxe)^^^,  and  n  and  e  are  the  permeability 
and  permittivity  of  the  surrounding  medium.  The  surface 
charge  density  <r  is  related  to  the  surface  divergence  of  J 
through  the  equation  of  continuity 

V-J=-jua  (5) 

Many  method  of  moments  [7]  schemes  have  been 
developed  to  obtain  the  numerical  solution  for  equation  (1). 
One  of  these  is  the  triangular  patch  model  [6],  which  is 
based  on  a  method  of  moments  solution  of  the  EFIE  in 
conjunction  with  a  planar  triangular  patch  model  of  the 
scatterer  and  a  special  set  of  basis  functions.  In  this  section, 
for  completeness,  we  first  describe  the  basis  function  used 
in  the  original  patch  code  [6];  then  the  two  other  vector 
basis  function  sets  that  are  suitable  for  low-frequency  use 
are  described. 

In  the  method  of  moments  solution  procedure,  the 
surface  current  density  J  is  approximated  as 

J^^InUnir) 

n-1 

where  N  is  the  number  of  unknowns,  /„  is  an  unknown 
coefficient  to  be  determined,  and  is  a  vector  basis 
function.  For  the  formulation  described  here,  in  (6)  is 
chosen  from  one  of  three  different  sets  of  basis  functions: 


{f^,  and  J^^},  or  {//  and  jJ).  These  three  sets  of 
basis  functions  are  briefly  described  in  following. 

The  original  vector  basis  function 

As  in  [6],^  is  a  vector  basis  function  defined  on  a  pair 
of  adjacent  triangles  r„-  associated  with  the  n^^  non¬ 
boundary  edge  of  the  model,  as  shown  in  Figure  1  and 
defined  by  equation  (7),  where  is  the  length  of  «  edge 
and  is  the  area  of  triangle  r„-. 


Figure  1.  Local  coordinates  associated  with  an 

edge. 

To  extend  the  original  patch  code  [6]  to  the  low 
frequency  range,  vector  basis  functions  are  presented  based 
on  the  work  in  [1-3].  These  new  vector  basis  functions 
are  divided  into  two  types,  and  either  or  with 
the  following  properties  which  make  them  suitable  for  use 
in  the  magnetic  vector  and  electric  scalar  potentials  at  low 
frequencies: 

•  is  associated  with  interior  nodes  and  is 
divergenceless; 

•  is  associated  with  faces  and  is  curl-free; 

•  jJ  is  equivalent  to  f„,  but  is  only  associated  with 

the  interior  edges  of  the  model  that  lie  along  a 
tree  structure  connecting  the  centroids  of  the 
triangular  patches. 
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The  combination  of  and  is  subsequently  referred  to 
as  the  Loop/Star  basis  function  set,  and  the  combination  of 
and  jJ  is  referred  to  as  the  Loop/Tree  basis  function 

f*  r  o  ’T' 

set.  Each  of  the  basis  functions  ,  and  can  be 

constructed  as  a  linear  combination  of  the  vector  basis 
functions^  defined  in  (7). 

Uie  vector  basis  function 

Figure  2  illustrates  in  a  simplified  form  the  "Loop" 
basis  function  associated  with  an  interior  node  n^. 

^  T  T 

Within  each  triangle  attached  to  node  n^,  has  vector 
direction  parallel  to  the  edge  opposite  to  node  n^  and, 
therefore,  forms  a  loop  aroimd  node  rf.  In  Figure  2(a), 
aside  from  the  edges  which  are  opposite  node  xf,  all  the 
other  edges  are  connected  to  node  n^.  The  currents  at  these 
edges  connected  to  node  vf  would  be  unknowns  in  the 
original  patch  code  and  each  would  be  associated  with  an 
original  vector  basis  functions /„.  To  obtain  the  vector  basis 
function  associated  with  the  interior  node  n^,  basis 
functions /„  are  first  associated  with  the  edges  connected  to 
node  n^  and  are  then  combined  together  in  a  particular 
manner,  so  that  only  a  single  basis  function  having  zero 
divergence  remains.  Figure  2(b)  shows  the  edges  and  local 
coordinates  associated  with  one  of  the  triangles  in  Figure 
2(a).  In  Figure  2(b),  if  node  1  corresponds  to  node  n^  in 
Figure  2(a),  then  in  this  triangle  is  parallel  to  edge  1. 
As  indicated  in  [6],  a  constant  vector  of  arbitrary  magnitude 
and  direction  within  the  triangle  may  be  synthesized  by  a 
linear  combination  of  two  of  the  original  vector  basis 
functions.  Thus,  in  conjunction  with  the  definition  of  the 
vector  basis  function  in  equation  (7),  a  vector  Lj  within  the 
triangle  of  Figure  2(b)  can  be  formed  as 

^1  =  ^/2  -  ^/3  (8) 

where  I2  and  ^  are  the  lengths  of  edges  2  and  3, 
respectively,  and  A  is  the  triangle  area. 

The  basis  function  in  the  triangle  of  Figure  2(b)  is 
then  defined  to  be 


This  definition  holds  for  all  triangles  attached  to  interior 
node  n^  by  using  the  local  coordinate  notation  in  Figure  2(b) 
for  each  triangle  attached  to  node  n^.  Then  the  basis 
function  associated  with  interior  node  n^  is  defined  as 


L 


(10) 


(a) 

(D 


(b) 

Figure  2.  A  representation  of  the  vector  basis 
function  associated  with  an  interior  node  if. 


where  is  the  number  of  triangles  attached  to  node  n^,  Lj 
is  the  vector  parallel  to  the  edge  opposite  to  node  f  in  the 
y*  triangle,  and  Aj  is  the  area  of  the  triangle.  We  note 
that  the  triangular  patch  loop  basis  function  of  (10)  has  been 
previously  used  in  the  computation  of  polarizabilities  for 
conducting  disks  and  apertures  [8]  and  for  magnetostatic 
solutions  for  arbitrarily  shaped  bodies  [9]. 

The  vector  basis  function 

The  "Star"  vector  basis  function  7,,'^  of  [3]  is  associated 
with  faces  and  is  shown  in  a  simplified  representation  in 
Figure  3.  The  domain  of  the  basis  function  7„‘^  associated 
with  the  triangular  face  consists  of  the  «'*  face  itself  and 
all  of  the  faces  attached  to  the  face.  The  new  basis 
function  is  constructed  by  first  placing  an  original  basis 
function,^  on  the  triangle  pair  associated  with  each  edge  of 
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the  face  and  orienting  these  y^’s  so  that  current  flows  out 
of  the  face  for  each  one.  Finally,  the  "Star"  basis 
function  is  formed  by  summing  over  the/^’s  to  obtain 


Jo/" 

5  _  Y' 

n  2^  Q 
i-l 


(11) 


where /„,■  is  an  original  vector  basis  function  associated  with 
edge  i  of  the  face,  and  is  a  sign  and  magnitude 
coefficient  chosen  from  the  set  {-1,  0,  1}  to  provide  current 
flow  out  of  the  face  for  a  non-boundary  edge  i  or  to 
eliminate  contributions  from  boundary  edges. 


Figure  3.  A  representation  of  the  vector  basis 
function  associated  with  a  triangular  patch. 

The  vector  basis  function 

The  "Tree"  basis  function  consists  of  the  for 
the  interior  edges  of  the  model  that  lie  along  a  tree  structure 
connecting  the  centroids  of  adjacent  triangular  patches.  The 
definition  of  tree  and  branch  for  the  rectangular-patch  model 
in  [Ch.8,  10]  is  also  applied  for  the  triangular  patches  used 
here.  A  possible  choice  of  the  tree  for  a  triangular  patch 
model  is  shown  in  Figure  4.  Once  a  tree  is  obtained, 
can  be  defined  as 


used,  then 


N 

M  =  'Zlnfnir) 

/I-  1 

where  N  is  the  number  of  interior  (non-boundary)  edges  in 
the  triangular  patch  model.  If  the  Loop/Star  basis  function 
set  is  chosen,  then  J  is  represented  as 

n-l  n-N^*l 


where  is  the  number  of  interior  nodes,  and  -I-  1 

is  the  number  of  faces  in  the  triangular  patch  model.  If  the 
Loop/Tree  basis  function  set  is  chosen  instead,  then 

J(r)  ^  Y.InJn\r)  +  E  4/nV)  d^) 

n-l 

where  N  -  is  the  number  of  tree  branches  in  the 
triangular  patch  model. 


Figure  4.  A  tree  structure  connecting  the  centroids 
of  adjacent  triangular  patches. 


f  ,  if  edge  t  intersects  a  tree  branch  ^^2) 

0  ,  otherwise 

where /j  is  the  original  vector  basis  function  associated  with 
a  non-boundary  edge  t. 

With  these  definitions,  three  simple  approaches  are  used 
to  form  a  complete  set  of  basis  functions.  The  surface 
current  density  J  is  then  approximated  by  either  of  the  three 
basis  function  sets.  If  the  set  of  original  vector  basis 
functions is  chosen,  i.e.,  if  the  same  basis  set  as  in  [6]  is 


The  basis  function  set  must  include  an  additional 
type  of  element  if  the  body  being  modeled  is  not  simply 
connected,  as  shown  in  Figure  5.  The  coimectivity  of  the 
body  can  be  determined  from  the  triangular  patch  model  for 
some  classes  of  geometries  by  noting,  for  example,  that  the 
triangular  patch  model  of  a  simply  connected  open  surface 
without  any  "handles"  will  have  either  no  "aperture"  or  only 
one  "aperture,"  i.e.,  either  there  will  be  no  boundary  edge 
or  the  union  of  all  of  the  boundary  edges  in  the  patch  model 
will  form  a  single  closed  curve.  For  each  additional 
aperture  in  the  model  it  is  necessary  to  include  a  "super¬ 
loop"  basis  function  of  form  similar  to  These 
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additional  basis  functions  will  form  loops  around  apertures 
rather  than  around  interior  nodes  of  the  model.  In  Figure 
5,  the  surface  modeled  by  triangular  patches  has  two 
apertures;  therefore,  an  additional  "super-loop"  basis 
function  is  needed  if  one  uses  one  of  the  low-frequency 
formulations  to  determine  the  surface  current.  Additional 
"super-loop"  basis  functions  are  also  needed  if  a  body 
modeled  by  triangular  patches  has  any  "handles, "  as  is  the 
case  for  a  closed  body  that  is  not  simply  connected,  such  as 
a  torus,  or  for  the  general  open-body  geometry  illustrated  in 
[6].  The  definition  and  topological  properties  of  a  "handle" 
can  be  found  in  [11].  The  construction  of  a  "super-loop" 
basis  function  is  similar  to  that  of  Loop  basis  function  jJ". 
The  only  difference  is  that  the  Loop  basis  function  is 
formed  by  all/„’s  attached  to  node  n^,  while  a  "super-loop" 
basis  function  can  be  formed  by  all  then’s  associated  with 
edges  that  are  attached  to  an  appropriate  aperture  (either 
aperture  1  or  aperture  2  in  Figure  5,  for  example). 


With  a  Galerkin  testing  procedure,  the  impedance 
matrix  elements  for  the  three  different  basis  function  sets 
may  be  represented  as 
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where  the  superscripts  s,t  may  be  either  L,  S,  or  T  and 
indicate  the  source  and  testing  function  types,  and  <  > 
denotes  the  symmetric  product.  The  brackets  on  the  right 
side  of  (17)  and  (18)  indicate  that  the  matrix  element  is 
given  by  one  of  the  expressions  for  the  four  different 
subtypes  of  matrix  elements  arising  due  to  the  two  different 
basis  and  testing  function  types,  the  local  subscripts  m  and 
n  in  (17)  and  (18)  are  assumed  to  be  mapped  appropriately 
into  the  global  matrix  indices  p  and  q,  and  the  subscripts 
orig,  L/S,  and  L/T  on  Z  denote  the  basis  and  testing 
function  types.  Equation  (16)  uses  the  original  basis  and 
testing  functions;  equation  (17)  uses  the  Loop/Star  basis  and 
testing  functions;  and  equation  (18)  uses  the  Loop/Tree  basis 
and  testing  functions. 

If  one  compares  equations  (17)  and  (18)  with  (16),  it  is 
evident  that  the  magnetic  vector  potential  contribution  to  the 
elements  of  the  impedance  matrix  appears  alone  in  the  upper 
portions  of  and  and,  therefore,  is  not  lost  in 
comparison  with  |  |  during  matrix  element 

computation.  We  also  note  that  the  low-frequency 
formulations  described  in  this  section  are  valid  in  principle 
at  any  non-zero  frequency. 

in.  The  Forcing  Function  for  Low-Frequency 
Formulations 

When  a  Galerkin  testing  procedure  is  applied  to 
equation  (1),  the  left  side  yields  the  forcing  function,  or 
excitation  vector  |  y>  for  the  system  of  equations.  Four 
different  types  of  excitation  vector  elements  can  be  obtained 
by  using  J^,  J^,  or  as  described  in  the  last 
section.  If  the  original  basis  function  is  used  as  the 
testing  function,  the  same  excitation  vector  as  in  [6]  is 
obtained 


yong  ^  =  [E-  -f^dS  (19) 

•Is 

where  m  =  1,2,..., A',  and  N  is  the  number  of  interior  (non¬ 
boundary)  edges  in  the  triangular  patch  model.  For 
simplicity  in  the  numerical  calculation,  is  often 

approximated  by  the  corresponding  value  of  at  the 
centroid  of  each  triangle.  If  jJ  is  used  as  the  testing 
function,  then 
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yong  if  edge  t  intersects  a  tree  branch 

'  (20) 


0  ,  otherwise 


where  p  =  is  the  tree  branch,  and  is 

the  number  of  interior  nodes  in  the  triangular  model.  If 
is  used  as  the  testing  function,  then 
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where  q  =  1,2,...,A^“'’,  is  the  number  of  unknowns 
associated  with  the  Star  basis  function,  and  is  a  sign 
coefficient  chosen  in  the  same  manner  as  for  (11). 


It  is  evident  that  we  use  the  same  strategy  to  form  the 
excitation  vectors  |  V^>  and  |  y‘^>  as  we  did  in  last 
section  to  develop  the  Tree  and  Star  basis  functions.  But 
when  is  used  as  the  testing  function,  there  are  two  ways 
to  evaluate  the  excitation  vector  \V^>.  In  the  first 
approach,  we  use  a  linear  combination  of  the  V^’s  given  in 
equation  (19)  to  construct  the  excitation  vector  |  V^>. 
Applying  the  same  procedure  as  for  the  construction  of  the 
Loop  basis  function  in  last  section,  we  obtain 
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where  is  given  in  equation  (19),  i  —  1,2 . A,  is 

the  number  of  triangles  attached  to  the  interior  node  n^ 
in  the  triangular  patch  model,  and  the  subscripts  2  and  3 
refer  to  local  edge  numbers  as  in  Figure  2.  The  superscript 
Lei  denotes  the  testing  function  is  a  Loop  testing  function, 
and  that  the  incident  electric  field  is  used  in  the  calculation. 
In  the  second  approach,  we  start  with  the  symmetric  product 
expression  for  the  excitation  vector  with  the  Loop  as  the 
testing  function: 


N, 

yLhi  ^  ^  .  jL  ds  (23) 

Using  a  vector  calculus  identity  [12],  equation  (23)  can  be 
written  as 
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which  can  be  further  manipulated  to 
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where  \l/j  is  a  scalar  function  [9]  defined  over  the  triangle 
attached  to  node  n^  (cf.  Figure  2),  and  is  the  incident 
magnetic  field.  If  is  approximated  by  the 

corresponding  values  of  at  the  centroids  of  each 
triangle  attached  to  node  n^,  then 


where  Aj  is  the  area  of  the  triangle  attached  to  node  n^ 
and  rj^  is  the  position  vector  to  the  centroid  of  the 
triangle.  The  superscript  Lhi  denotes  that  the  testing 
function  is  a  Loop  testing  function,  and  that  the  incident 
magnetic  field  is  used  in  the  calculation.  This  result  is 
similar  to  that  obtained  by  Arvas  et  al  [9],  where  the 
magnetostatic  problem  was  solved.  It  is  apparent  from  (23) 
to  (25)  that  testing  the  incident  field  with  the  Loop  testing 
function  is  equivalent  to  performing  a  curl  operation. 
Comparing  |  V^'>  of  (22)  with  |  V^‘>  of  (26),  one 
notes  that  |  V^‘>  effectively  evaluates  the  curl  of  E"'‘ 
numerically,  while  for  |  V^‘>  the  curl  operation  is 
performed  through  the  analytic  procedure  (23)  to  (25).  In 
principle,  either  |  V^’>  or  |  V^’>  can  serve  as  the 
excitation  vector.  However,  the  numerical  results  have 
demonstrated  that  computational  advantages  can  be  gained 
by  using  [  V^'  >  in  the  higher  frequency  range  and  by 
choosing  |  V^‘  >  when  the  operation  frequency  is  in  the 
lower  frequency  range  (i.e.,  when  the  scatterer  is  very  small 
in  terms  of  wavelength).  This  is  not  surprising,  since 
evaluation  of  |  V^‘>  over  a  loop  results  in  substantial 
cancellation  of  the  electric  field  vector  over  the  testing  path 
and  a  subsequent  loss  of  precision  when  the  testing  path  is 
small  in  terms  of  wavelength.  Numerical  results 
demonstrating  these  effects  and  further  discussion  are 
presented  in  the  next  section. 

IV.  Numerical  Results 

The  two  low-frequency  vector  basis  functions  described 
in  the  previous  sections  have  been  incorporated  in  a  version 
of  the  patch  code  [6].  This  new  version  of  the  patch  code 
is  referred  to  here  as  LFPATCH,  which  stands  for  Low 
Frequency  triangular  patch  code.  To  study  the  behavior  of 
the  code  for  the  different  approaches,  several  structures 
have  been  studied  over  a  wide  frequency  range.  Numerical 
results  are  presented  in  this  section  comparing  the  inverse  of 
the  condition  numbers  [13]  of  the  impedance  matrix  and 
current  distributions  obtained  using  the  different  basis 
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function  sets.  All  the  scatterers  studied  are  modeled  by 
triangular  patches  and  subject  to  illumination  by  an  incident 
plane  wave. 

To  observe  the  effects  of  numerical  precision  of 
different  computers,  the  examples  are  computed  on  different 
platforms  with  different  precision.  The  two  platforms  used 
for  the  numerical  computations  are  an  IBM  3084QXC 
Mainframe  and  a  Cray  Y-MP8D/464  Supercomputer.  The 
Cray  single  precision  computation  is  effectively  equivalent 
to  the  double  precision  computation  on  the  IBM  mainframe. 

Flat  Square  Plate  Scatterer 

The  first  example  problem  considered  is  a  square,  flat 
plate  PEC  scatterer  illuminated  by  an  incident  wave  with  the 
H  component  normal  to  the  surface  of  scatterer,  as  shown 
in  Figure  6.  The  inverse  condition  number  obtained  for  the 


Figure  7(a).  Inverse  condition  number  for  a 
square  plate  scatterer  obtained  using  single 
precision  on  the  IBM  mainframe. 


Figure  6.  A  triangular  patch  model  of  a  flat 
square  plate  scatterer. 


impedance  matrix  using  the  original,  Loop/Tree,  and 
Loop/Star  basis  function  sets  are  shown  in  Figure  7.  Figure 
7(a)  shows  the  inverse  condition  number  for  the  three  basis 
function  sets  obtained  by  running  the  code  on  the  IBM 
mainframe  using  single  precision,  and  Figure  7Cb)  shows  the 
same  case,  but  running  on  the  Cray  supercomputer.  The 
inverse  condition  number  for  the  impedance  matrix  using  the 
original  basis  function  set  is  found  to  start  oscillating  wildly 
when  L/X  is  smaller  than  about  10'^  for  the  IBM  single 
precision  result.  When  the  impedance  matrix  is  evaluated 
on  the  Cray,  there  is  no  oscillation,  but  there  is  a  clear 
change  in  the  behavior  of  the  curve  at  L/X  =  10"®.  The 
inverse  condition  numbers  for  the  two  low-frequency 
formulations  are  essentially  constant  as  a  function  of 


Figure  7(b).  Inverse  condition  number  for  a 
square  plate  scatterer  obtained  using  single 
precision  on  the  Cray  supercomputer. 


frequency  for  L/X  smaller  than  about  10"^  regardless  of  the 
platform  used.  It  is  also  noticed  that  the  condition  number 
obtained  with  the  Loop/Tree  basis  function  is  more  than  an 
order  of  magnitude  better  than  that  obtained  with  the 
Loop/Star  basis  function. 

The  effect  of  using  either  |  >  or  |  >  on  the 

computed  current  distribution  for  the  flat  plate  scatterer  is 
shown  in  Figures  8  and  9.  The  data  for  both  Figures  8  and 
9  were  generated  on  the  Cray  supercomputer.  Figures  8(a) 
and  9(a)  show  the  absolute  value  of  the  real  and  imaginary 
parts  of  the  current  coefficient  for  edge  22  of  the  model 
(Figure  6)  over  a  wide  frequency  range,  while  Figures  8(b) 
and  9(b)  show  an  expanded  plot  over  the  higher  portion  of 
the  frequency  range.  One  observes  from  Figure  8(a),  for 
which  I  V^‘>  is  used,  that  good  agreement  is  obtained  for 
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Figure  8(a).  Current  density  at  edge  22  for  the 
flat  plate  scatter  obtained  using  the  excitation 
vector  I  V^‘  >. 


the  real  part  of  the  current  using  the  two  low-frequency 
formulations;  however,  the  result  obtained  using  the  original 
basis  function  becomes  erratic  at  the  frequency  where  the 
impedance  matrix  becomes  unstable  (see  Figure  7(b)),  The 
imaginary  part  of  the  current  obtained  with  the  two  low- 
frequency  approaches,  on  the  other  hand,  becomes 
inaccurate  for  L/X  smaller  than  about  10'*,  where  one  notes 
that  the  computed  current  begins  to  rise  as  the  frequency 
decreases.  If  we  use  |  >  instead,  the  result  obtained 

is  shown  in  Figure  9(a).  For  frequencies  such  that  L/X  less 
than  about  10"^,  the  real  part  of  the  current  compares  well 
with  the  results  in  Figure  8(a);  however,  the  imaginary  part 
of  the  current  for  Loop/Tree  and  Loop/Star  basis  functions 
behaves  correctly  over  this  same  frequency  range,  unlike  the 
results  of  Figure  8(a).  Expanded  plots  of  the  current 


ImaginaryPart 


Figure  8(b).  Current  density  at  edge  22  for  the 
flat  plate  scatter  obtained  using  the  excitation 
vector  I  V^’  >  (high  frequency  range). 


obtained  using  the  excitation  vectors  |  V^'>  and  |  V^'> 
for  the  two  low-frequency  approaches  over  the  higher 
portion  of  the  frequency  range  are  compared  with  the 
original  EFIE  procedure  in  Figures  8(b)  and  9(b).  Over  the 
part  of  the  frequency  range  shown  in  Figure  9(b),  one 
observes  that  the  currents  computed  using  |  V^’  >  do  not 
agree  with  each  other  or  with  the  original  EFIE.  For  the 
same  frequency  range,  the  currents  obtained  using  |  V^‘> 
for  the  two  low-frequency  approaches,  shown  in  Figure 
8(b),  are  in  excellent  agreement  for  both  the  real  and 
imaginary  parts  of  the  current  for  the  three  different  solution 
procedures.  The  results  shown  in  these  figures  suggest  that 
a  different  Loop  testing  procedure  should  be  used  for  the 
excitation  vector  calculation  for  the  high  and  low  frequency 
range.  If  we  consider  Figures  8  and  9  again,  we  can 
roughly  divide  the  entire  frequency  range  into  three 
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Figure  9(a).  Current  density  at  edge  22  for  the 
flat  plate  scatter  obtained  using  the  excitation 
vector 


convenient  regions:  region  A,  where  L/X  varies  from  10® 
to  10'^;  region  B,  where  L/X  varies  from  10"^  to  10'^;  and 
region  C,  where  L/X  is  smaller  than  10'^.  In  region  A,  the 
size  of  a  triangle  (/4=0.0139X^  at  L/X  =  1)  is  comparable 
in  size  with  the  wavelength.  To  understand  the  failure  of 
I  >  in  this  region,  we  note  that  when  ]  V^‘  >  was 
derived  in  the  previous  section,  an  analytic  curl  operation 
was  performed  around  the  interior  node  xf  via  a  vector 
calculus  identity.  If  one  recalls  that  the  integral  definition 
of  the  curl  operation  evaluates  a  vector  field  as  an  area  tends 
to  zero,  which  implies  the  field  does  not  change  rapidly 
around  node  n^,  it  is  recognized  that  the  numerical 
application  for  this  definition  may  not  be  appropriate  in 
region  A.  As  the  frequency  decreases,  especially  in  region 
C,  the  size  of  triangle  becomes  very  small  in  terms  of 


Imaginary  Part 


Figure  9(b).  Current  density  at  edge  22  for  the 
flat  plate  scatter  obtained  using  the  excitation 
vector  I  V^‘  >  (high  frequency  range). 


wavelength,  and  the  value  of  |  V^'>  becomes  quite 
accurate.  The  good  agreement  between  all  of  the 
approaches  in  region  A  for  the  results  obtained  when  using 
I  >  for  two  the  low-frequency  approaches  is  because 
all  the  quantities  (A,  $,  J?'"*^)  are  evaluated  at  the  same 
points,  the  triangle  centroids,  and  because  there  is  little  loss 
of  numerical  accuracy  due  to  cancellation  when  the  triangles 
are  not  small  with  respect  to  the  wavelength.  When  the 
frequency  falls  into  region  C,  the  variation  of  is  very 
small  over  the  domain  of  the  loop  basis  function 
(A=1.39xl0’*®X^atL/X  =  10'^),  and  the  testing  procedure 
leads  to  the  subtraction  of  very  similar  field  quantities, 
causing  a  loss  of  precision  in  the  computation  of  [  > 

for  the  two  low-frequency  approaches,  which  leads  to 
unacceptable  results.  In  region  B,  both  |  V^'>  and 
I  V^'>  for  two  the  low-frequency  approaches  provide 
essentially  the  same  result.  For  the  results  shown 
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Figure  10(a).  Current  density  at  edge  22  for  the 
flat  plate  scatter  obtained  using  the  excitation 

r  r 

vector  I  V  >  on  the  IBM  mainframe  using 
single  precision. 

subsequently,  we  use  |  V^'>  in  region  A,  |  V^'>  in 
region  C  for  the  two  low-frequency  approaches,  and  switch 
between  the  two  excitation  vectors  in  region  B  according  to 
the  size  of  triangle  respect  to  the  wavelength.  We  refer  to 
this  as  the  combined  Loop  testing  procedure,  and  the 
corresponding  excitation  vector  is  denoted  as  |  V^*>, 
Figures  10(a)  and  10(b)  show  the  current  density  at  edge  22 
in  Figure  6  obtained  using  the  three  basis  function  sets  and 
on  different  platforms.  Since  the  |  >  is  used  for  the 

Loop  testing  function,  the  results  obtained  with  the  two  low- 
frequency  approaches  now  agree  with  each  other  over  the 
entire  frequency  shown  and  are  stable  even  computed  on  the 
IBM  mainframe  in  single  precision. 


Imaginary  Part 


Figure  10(b).  Current  density  at  edge  22  for  the 
flat  plate  scatter  obtained  using  the  excitation 
vector  I  >  on  the  Cray  supercomputer  using 
single  precision. 

Long  Narrow  Bent  Strip 

The  next  example  presented  is  a  long  narrow  (L=30W) 
strip  which  forms  a  square,  open  loop,  as  shown  in  Figure 
11.  In  this  example,  to  make  a  simple  model  with  relatively 
few  unknowns  for  this  shape  of  scatterer,  the  sizes  of 
triangular  patches  in  the  model  are  not  made  uniform. 
Results  are  shown  in  Figure  12  for  the  inverse  condition 
number  in  this  case,  and  they  are  similar  to  those  of  the 
previous  case,  except  that  the  inverse  condition  number  for 
the  Loop/Tree  basis  function  set  is  now  about  two  orders  of 
magnitude  better  than  that  of  the  Loop/Star  basis  function 
set.  Consequently,  one  might  expect  for  this  case  that  the 
Loop/Tree  procedure  is  the  only  one  likely  to  provide  a 
reasonable  solution  with  single  precision  on  the  IBM 
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Figure  11.  A  long  narrow  bent  strip  (L=30W). 

mainframe.  From  Figure  12(b),  it  can  be  observed  that,  as 
the  precision  is  increased,  the  the  inverse  condition  number 
results  obtained  using  both  procedures  are  large  enough 
relative  to  the  machine  precision  to  expect  accurate 
solutions,  while  that  obtained  using  the  original  basis 
function  set  shows  improvement  for  L/X  larger  than  about 
10"®,  but  again  deteriorates  when  L/X  becomes  smaller  than 
about  10"^.  The  results  for  the  current  on  one  of  the  edges 
shows  behavior  similar  to  that  of  in  previous  case. 

It  should  be  noted  here,  however,  that  scaling  of  the 
basis  functions  may  affect  the  matrix  conditioning  [14]. 
Indeed,  we  have  observed,  for  example,  that  if  the  edge 
length  factor  in  the  denominator  of  (11)  is  omitted,  the 
Loop/Star  results  are  worse  by  almost  an  order  of 
magnitude.  The  Loop  basis  and  testing  functions  are  the 
same  in  both  low  frequency  methods.  Nevertheless, 
application  of  a  scaling  factor  to  the  Loop  functions  may 
improve  the  Loop/Star  and/or  the  Loop/Tree  condition 
numbers  and  is  a  subject  for  further  research. 

V.  Summary  and  Discussion 

Two  special  method  of  moments  solution  procedures 
used  to  improve  the  accuracy  of  the  numerical  solution  for 
the  Electric  Field  Integral  Equation  (EFIE)  in  the  low 
frequency  range  have  been  studied.  Two  alternate  vector 
basis  functions  have  been  implemented  in  a  version  of  the 
triangular  patch  code  [6]  to  extend  its  usefulness  to  the  low 
frequency  range.  Numerical  results  have  been  presented  for 
two  different  types  of  structures  over  a  wide  frequency 
range.  The  inverse  condition  numbers  of  the  impedance 
matrix  and  the  computed  current  values  as  a  function  of 
frequency  have  been  presented  to  illustrate  the  improvement 


Figure  12(a).  Inverse  condition  number  for  a  long 
narrow  bent  strip  obtained  using  single  precision  on 
the  IBM  mainframe. 


Figure  12(b).  Inverse  condition  number  for  a  long 
narrow  bent  strip  obtained  using  single  precision  on 
the  Cray  supercomputer. 


of  the  EFIE  solution  in  the  low-frequency  range.  It  has 
been  found  in  our  implementations  that  using  the  Loop/Tree 
basis  and  testing  functions  usually  yields  a  more  stable 
impedance  matrix  (i.e. ,  one  with  a  larger  inverse  condition 
number).  This  is  very  useful  when  modeling  a  resonant 
structure  that  is  small  in  terms  of  wavelength,  since  near  the 
resonant  frequency,  the  inverse  condition  number  of  the 
impedance  matrix  usually  drops  several  orders  of  magnitude 
from  that  of  the  off-resonance  case.  This  is  also  helpful 
when  the  code  is  miming  on  a  computer  with  lower 
precision.  Additional  study  of  scaling  procedures  may  result 
in  further  improvements  of  the  inverse  condition  numbers  of 
one  or  both  of  the  low  frequency  methods. 
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ABSTRACT.  The  surface  iruegral  equations  of  a  two 
dimensional  (2D)  anisotropic  impedance  object  isformulated 
to  obtain  the  electromagnetic  scattered  fields  due  to  oblique 
plane  wave  incidence.  The  surface  impedance  is  anisotropic 
with  arbitrary  principle  directions.  The  moment  method 
with  pulse  basis  functions  and  point  matching  is  used  to 
reduce  the  surface  integral  equations  to  a  matrix  equation. 
Four  different  formulations  are  generated  for  the  problem. 
The  surface  current  distributions  and  the  scattered  far fields 
are  verified  against  the  analytical  series  solutions  of  circular 
impedance  cylinders.  Very  good  agreement  between  the 
numerical  and  the  analytical  solutions  is  obtained.  A 
rectangular  cylinder  made  of  four  soft  surfaces  is  analyzed 
for  oblique  incidence  to  verify  that  the  results  behave  as 
expected.  The  computer  code  is  also  verified  by  comparing 
the  solutions  of  the  different formulations  against  each  other. 

1  INTRODUCTION 

Some  complicated  structures  can  be  modeled  approximately 
using  the  concept  of  surface  impedance,  such  as  e.g. 
corrugated  objects  or  objects  coated  with  lossy  material  or 
thin  dielectric  layers,  which  can  even  be  loaded  with  metal 
strips.  The  surface  impedance  model  deals  with  the  outer 
boundary  of  the  structure  in  terms  of  an  equivalent  surface 
impedance,  which  can  be  obtained  from  the  expected  local 
relation  between  the  tangential  components  of  the  electric 
and  magnetic  fields  on  the  outer  boundary.  This  relation  can 
be  found  approximately  at  any  surface  point  from  the 
solution  of  a  canonical  problem  which  is  similar  to  the  local 
geometiy  around  this  point.  The  equivalent  surface  im¬ 
pedance  is  generally  anisotropic,  even  if  the  coating  is 
isotropic,  in  particular  at  an  outer  surface  that  has  two 
different  principle  curvatures.  Also,  structures  with  periodic 
surface  discontinuities  such  as  corrugations  or  strip  loaded 
coatings  can  be  modeled  using  the  anisotropic  surface 
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impedance  concept,  if  the  periods  of  the  corrugations  or 
strips  are  smaller  than  half  the  wavelength.  The  advantage 
with  the  surface  impedance  concept  is  that  the  numerical 
analysis  of  the  object  becomes  simpler  and  takes  shorter 
time.  This  is  because  the  exact  geometry  of  the  loads  do  not 
need  to  be  modelled  so  the  problem  description  becomes 
easier  and  the  number  of  unknowns  can  be  significantly 
reduced. 

The  impedance  boundary  conditions  (IBC)  is  a  valid 
approximation  under  certain  conditions  [1],  more  references 
on  the  IBC  can  be  found  in  [2].  The  use  of  the  IBC  can 
simplify  the  analysis  of  some  classes  of  complex  electro¬ 
magnetic  problems,  but  it  must  be  used  with  care  as  it  may 
sometimes  give  erroneous  results  [3].  In  order  to  widen  the 
applicability  of  the  IBC,  generalized  impedance  boimdaiy 
conditions  (GIBC)  was  proposed  in  [4]  and  later  improved 
for  coated  2D  structures  [5]  at  the  expense,  however,  of 
considerable  analytical  complications  which  requires 
specialized  researchers  to  work  with  such  problems.  So  far, 
the  GIBC  has  only  been  used  in  connection  with  coated 
metallic  surfaces  without  corrugations.  On  the  other  hand, 
the  IBC  has  been  used  successfully  to  analyze  corrugated 
horns  and  waveguides  [6]. 

Anisotropic  surface  impedances  have  also  been  used  to 
define  soft  and  hard  surfaces  [7]  that  theoretically  provides 
polarization  independent  soft  and  hard  boundary  conditions 
for  electromagnetic  waves  of  known  propagation  direction. 
The  concept  of  soft  and  hard  surfaces  is  also  a  way  of 
thinking  that  can  help  to  generate  ideas  for  inq>roved 
electromagnetic  designs.  Analysis  tools  based  on  the  IBC 
are  very  inqwrtant  also  to  verify  such  thought  models 
initially  before  the  accurate  analysis  including  all  surface 
details  is  performed  for  the  final  design  optimization.  An 
example  of  how  to  use  the  concept  of  soft  and  hard  surfaces 
to  reduce  the  forward  scattering  from  two  dimensional  (2D) 
structures  is  described  in  [8]. 

Previous  papers  have  formulated  the  problem  of  electro- 
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roagnetic  scattering  from  2D  impedance  structures  due  to  a 
normally  incident  plane  wave  [9-10].  Oblique  incidence  is 
considered  in  [11-12]  for  the  case  of  an  isotropic  surface 
impedance.  In  [11],  the  finite  element  method  is  used  for  an 
arbitrary  cross-section,  and  in  [12]  the  finite  difference 
method  in  the  frequency  domain  is  used  for  elliptic  cross- 
sections.  In  [13]  the  method  of  moment  is  used  for  bodies 
of  revolution  with  anisotropic  surface  impedance.  In  the 
present  paper  the  problem  of  scattering  from  a  two  dimen¬ 
sional  object  of  arbitrary  cross-section  and  anisotropic 
surface  impedance  is  formulated  for  oblique  plane  wave 
incidence. 

The  present  formulation  is  based  on  the  surface  integral 
equation  and  solved  using  the  method  of  moment  with  pulse 
basis  fimctions  and  point  matching.  With  the  proper 
implementation  of  this  simple  expansion  and  testing, 
accurate  numerical  solutions  are  obtained.  The  numerical 
solution  is  verified  with  the  exact  solution  of  a  circular 
cylinder  [14].  Different  surface  integral  formulations  are 
generated  and  found  useful  in  the  verification  of  the  numeri¬ 
cal  solutions  for  arbitrary  objects.  In  addition  a  theoretical 
example  is  constructed  for  which  the  E-field  solution  for 
TM^  incidence  should  be  equal  to  the  H-field  solution  for 
TE^  incidence.  The  example  is  a  2D  object  with  rectangular 
cross  section  made  of  four  surfaces  which  are  soft  as 
defined  in  [7]  for  the  given  oblique  incidence.  Finally,  it 
should  be  mentioned  that  the  formulations  in  the  present 
paper  describe  what  in  [15]  is  referred  to  as  a  harmonic  2D 
solutions,  and  that  these  can  be  extended  to  an  arbitrary 
incident  field,  i.e.  three  dimensional  sources,  by  considering 
a  spectrum  of  2D  solutions  [15]. 


with 


(3) 


(4) 


where  E^,  (H^,  H^)  are  the  components  of  the  E-field 

(H-field)  along  and  ,  respectively.  The  IBC  is  based 
on  the  fact  that  we  in  some  cases  know  exactly  or  ap¬ 
proximately  the  field  solution  inside  the  surface,  and  that 
this  solution  is  the  same  or  approximately  the  same  for  all 
excitations  (incidences)  considered.  The  inner  field  solution 
can  then  be  characterixed  by  the  relations  between  its  E-  and 
H-fields  at  the  surface,  i.e.  the  surface  impedances 
and  .  The  IBC  applied  to  the  exterior 
fields  fliereby  means  that  the  continuity  of  the  E-  and  H- 
fields  are  enforced  over  the  surface  S  (when  the  form  of  the 
inner  field  solution  is  given). 

When  the  surface  impedance  is  anisotropic,  we  can  normally 

«•> 

find  two  principle  directions  and  flj.  which  maker; 
diagonal,  according  to 


2  IMPEDANCE  BOUNDARY  CONDITION 

The  in^redance  boundary  condition  (IBC)  for  exterior  fieldsEQ 
and  Hq  at  a  surface  S  with  surface  normal  can  generally 
be  stated  in  vector  form  as 

£0  -  (^0  •  X  fl^o) 

where  t;q  is  the  free  space  intrinsic  impedance  and 
r;  =  i/ff  «| 


From  now  on  we  will  let  flj  and  denote  these  prin- 

ciple  directions  of  r; .  The  following  example  will  explain 

how  flj  and  flj.  are  related  to  the  surface  structure.  Let  us 
assume  a  corrugated  surface  with  the  corrugations  parallel 
with  flj .  Then,  the  iJj  component  of  the  E-field  will  be 
Ported  by  the  thin  ridges  between  the  corrugations,  so  that?; ^ ^ 
=  0,  and  the  fij.  component  E^  of  the  E-field  will  couple 
to  a  TE  to  fl„mode  in  each  corrugation,  which  acts  as  a 
shorted  parallel  plate  waveguide  if  the  corrugation  are 
straight.  The  Ej.  inside  the  parallel  plate  waveguide  is 
related  toHj  according  to  (see  e.g.  [7]) 


is  the  anisotropic  surface  impedance  dyad,  given  in  terms  of 

its  components  in  a  local  surface  coordinate  system  defined  =  ■■  —  ~  ~J  V  tan()t„d)  (6) 

by  the  unit  vectors  u^,  «|  and  with  1  and 
Hn  =  X  u^.  We  can  also  express  this  in  a  matrix  form 
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where  is  the  component  of  the  wave  number  in  the 
direction  inside  the  corrugations,  d  is  the  corrugation  depth, 
and  rj^is  the  intrinsic  impedance  inside  the  corrugation. 
This  assumption  is  good  when  is  known  and  independent 
of  the  angle  of  incidence.  This  is  the  case  for  corrugations 
that  are  transverse  to  the  direction  of  incidence  of  the  wave. 

We  can  transform  t;  in  (5)  to  any  coordinate  system  defined 
by  vectors  1  and  according  to 

’J  =  %  ’Izr  ^z  K  *  ’Itz  ^z  ’Irr  K  K 

where 

’JTz  =  ’?ff  -  •  ^z)  (8) 

VzT=(\^  -  •  ^t) 

i?7T=’?rr(%  •  ’  ^r) 


3  FORMULATION 

Consider  a  two  dimensional  (2D)  anisotropic  impedance 
scatterer  of  infinite  extent  in  the  z-direction  and  with 
arbitrary  cross  section  (Fig.  1).  For  this  geometry,  there  are 
two  distinct  regions  Vj  and  Vq,  where  Vj  constitutes  the 
impedance  body  which  is  bounded  by  the  surface  S  and  Vq 
is  the  unbounded  region  outside  S.  The  surface  S  is 
described  by  the  contour  C  in  the  xy-plaiie  and  has  an 
outward  surface  normal  which  is  orthognal  to  The 
surface  is  characterized  by  the  anisotropic  surface 

impedance  dyad  rj,  as  defined  in  the  previous  section, 
where  and  are  allowed  to  vary  around  C. 

Vq  is  the  exterior  region  characterized  by  the  permittivity 
and  permeability  of  the  free  space  (cq,  ^q).  The  total 
electric  and  magnetic  fields  in  region  Vq  are  denoted  by  Eq 
and  Hq,  respectively.  The  excitation  is  assumed  to  be  an 
obliquely  incident  plane  wave  propagating  in  th-e  direction 

^  =  -«r(^,nc.  ^inc)  =  ’ 

-  sin  <j>i^  sin  Uy  -  cosdi^ 

making  an  angle  with  the  z-axis  and  measured  from 


Fig.  1  Geometry  of  the  original  problem. 

the  x-axis  in  the  xy-plane.  The  incident  field  at  a  point  r  is 
therefore  described  by 


=E„(EPcosai^  *E-sina^)e'^'’^^  *  " 

(10) 

=  (H  X  E’'^)Itio 

(11) 

where 

r  =  xfl^  +yfly  +  p 

(12) 

(13) 

-  dyCOsBi^  sm<t>i^  +  fl^sinfl^ 

E’*  =  -u^{(i>)  =  -  &yCos4>f^ 

(14) 

and  F"  are  the  unit  vectors  corresponding  to  polariza¬ 
tions  parallel  (TMj  case)  and  normal  (TEj^)  to  ttie  plane 

defined  by  the  z-axis  and  tc.  The  polarization  angle  is 
the  angle  the  incident  electric  field  makes  with  the  plane  of 
incidence.  If  ci(j,j(,=0,  the  plane  wave  is  TM^  polarized  (0- 
polarized),  and  if  the  plane  wave  is  TEj,  polar¬ 

ized  (^-polarized).  Icq  is  the  wave  number  in  the  free  space, 
fly  and  flj  are  the  unit  vectors  in  the  direction  of  x,  y, 
and  z,  respectively  and 

and  fl^  ( )  are  the  unit  vectors  in  the  direction  of  r,  6-^, 
and  in  the  spherical  coordinate  system.  The  complex 
constant  is  the  amplitude  of  the  plane  wave. 
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Using  the  equivalence  principle  the  object  can  be  replaced  indicates  that  the  magnetic  vector  potential  of  the  three 
by  the  material  of  the  region  Vq  and  the  equivalent  electric  dimensional  form  is  the  same  as  the  two  dimensional  form 

surface  current  J  and  the  equivalent  magnetic  surface  multipUedby  exp(jk,z)  [15].  Both  7(p' )  and  M(p)  have 

current  M  on  the  surface,  which  produce  zero  fields  in  the  .  .  i  j-  i  ^  j-  j  •  , 

IT  J  /T7  lAicx  J  /rr  r«ncx  •  xi.  xr  cottmonents  both  m  the  longitudmal  M.  direction  and  m  the 

region  Vj  and  and  m  the  region  Vn,  fez 

transverse  direction,  i.e. 


J  =  &„  X  and  Af  =  £q  X  on  S  (15) 

For  infinite  cylindrical  structures  the  electric  and  magnetic 
currents  are  assumed  to  be  of  the  form 


on  S , 


J(r')  =J(p')A^ 


where  the  transverse  unit  tangent  is  defined  by 


U  =  d  X  & 

T  Z  n 


and  correspondingly  for  M,  where  =  kcosB^^.  These 
assumptions  are  evident  for  isotropic  surface  boundaries  as 

explained  in  [15],  and  we  see  no  reason  why  it  should  not  where  is  the  unit  normal  to  S. 
apply  to  anisotropic  impedance  surfaces  as  well.  The 

magnetic  and  electric  vector  potentials,  A  and  F ,  due  to  now  obtain  the  electric  and  magnetic  fields£  ( p  ) 


the  equivalent  currents  J  and  M  can  be  written  as 


and  H{p)  due  to  the  electric  current  J(p^  )  by  using 


where  G(r,  r^)  is  the  three-dimensional  free  space 

Green’s  function  and  is  the  integration  increment  along 
the  contour  C  in  the  cross-sectional  plane.  The  three- 
dimensional  Green’s  function  can  be  written  as 


G(r,r')  =  1 _ 

i\p-p'\^-(z-z')Y^ 


where  r  and  r’  are  the  position  vectors  of  the  observation 

and  source  points,  respectively,  p  and  p^  are  the  cylindri¬ 
cal  vector  coordinates  of  the  field  and  source  points, 
respectively.  After  performing  the  known  z  integral  we  get 


H{r)  =  JL  V  X  A(r)  and  E(r)  =  -J-Vx  H(r)  (22) 

Po 


where  the  V  operator  in  our  case  can  be  expressed  as 


V  =  Vfl-/kfl  and  V  =  — a  +  —  &. 

7  "t  J^Z  **Z  7  ^  ^  ^  ^ 


After  some  mathematical  manipulations  the  electric  and 
magnetic  fields  due  to  the  electric  currents  can  be  expressed 
in  operator  form  as  shown  in  Appendix  A.  Expressions  are 
given  for  E^(J^)  E^(J^,  E„{J^),  and  E„(J^)  which 
are  each  of  the  components  of  the  vector  operator  (J) 
for  the  tangential  E-field  at  a  point  p  on  S,  and  similarly  for 
the  tangential  H-field  vector  operator  (J),  i.e. 

£t3^(7)=[£^(/,)+£^(7,)]d,^[E„(y,)+£^(7,)]d, 


|A(r)1  MO  [  r  „(2)  ,  ^  ,  J  /(p')  \t, 

lF(r)/  60  ro  (*piP  P  i)  dr 


where  k^  =  ,  k^  =  -kcosB^,  and  H^\  )  is  the 

Hankel  function  of  zero*  order  and  second  type.  This 


The  fields  due  to  the  magnetic  current  A/(p^)  can  be 
obtained  using  duality  (  ch.  3,  sec.  3-2  [16]). 

We  will  now  apply  the  impedance  boundary  condition  in 
Eq.  (1)  to  the  field  at  S.  The  result  is  an  integral  equation 
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in  terms  of  the  unknown  electric  and  magnetic  currents  of 
the  form 

{BxsJD 

Vo  Vo 

(25) 

)  =  -E^  -V  •  («„ X  on  S 

Vo 

We  will  now  use  (1)  to  express  and  in  terms  oU^ 
and  Jj. ,  as  follows.  We  cross  multiply  both  sides  of  ( 1 )  withw„ 
and  use  (15)  to  obtain 


E^(M,)  = 


-  VzrHM) 


Vzz 

Vtz  ^tz^'^z'^ 


E„(M^)  =  -  V„H^(Jr)  -  V^H^iJz) 
=  -VrrEM  "  VM^z) 

ff„(M,)  =  -VrrErziJr)  "  Vrz^M) 
H„{M,)  =  V„E^AJr)  "  V^E^iJ,) 


M  =  •  /)  X  d„  C26) 

We  substitute  (20)  for  J  and  multiply  both  sides  with 
and  Uj  to  get 

M^=M •  X  /2„]  • 

~~Vo(  Vtt^t  Vrzr^z) 

Af^ =M  •  d^  =t;o  [  1?  •  {Jzh  ^  “«]  *  “t 

""Vo^Vzx^T  ^Vzi^z^ 

respectively,  with  rj^,  and  rj^  defined  in  (8).  By 

inserting  (27)  in  (24)  and  (24)  in  (25)  we  get  the  final 
integral  equation 


-±[Ez,(J,)  -EJJ,)  -E„(M,)-\  (7,) 

Vo 

+ff^(M,)  +7f^(M,)]  -T,  Jff^(/,)  + 

+7f^(A4)]  =  l.(E^ 

Vo 


Vo 

-Vr^H„(J^)  (29) 

Vo 


Following  the  method  of  moments,  the  object  contour  C  is 

divided  into  N  linear  segments  with  length  AC'  as  in  [9], 
{  =  1,  2,  ...,7V^and  each  current  con^nent  is  expanded  into 
N  unknown  constant  coefficients  multiplied  by  the  pulse 
basis  function  F'.  In  an  equation  form,  the  unknown 
currents  can  be  expressed  as 

■'M  -  E  4i <'« 


where  l',  are  the  unknown  current  coefficients  and  P  = 

0 

1  on  the  subdomain  i  and  zero  else  where.  Substituting  (31) 
into  the  operators  defined  in  the  Appendix  A  and  then 
substitute  the  operators  in  (28)  and  (29)  and  satisfy  (28)  and 
(29)  at  the  match  point  (middle  of  the  segments),  the 
integral  equation  reduces  to  a  matrix  of  order  2N,  which  can 
be  written  in  the  form 


{[z]+[nh,]+h/](m+[z]  [T?j)}[/] 

=[E]*Uj][H] 

here  the  difierent  matrices  and  column  vectors  are  defined 
as  in  the  following.  The  matrices  [Z]  and  [f]  consist  of  four 
submatrices  according  to 


Z  ^  z  -' 

ZZ  ZT 


yv  7  V 
■^TZ  ^TT 


yij  yij 

^  ^  (33) 

yij  yij 
^TZ  ■‘tT 


where 


The  elements  of  the  Z  and  Y  noatrices  are  given  in  Appendix 
B.  The  first  suffix  of  the  subscript  refers  to  the  field 
component  and  the  second  suffix  refers  to  the  electric 
current  component.  The  superscript  ij  is  the  element  order 
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in  the  submatrix;  i  for  the  matching  field  point  in  the  middle 

of  the  segment  i  mdj  for  the/s  unit  pulse.  [£]  and[ff]  {a([Z]  +  [FILtjJ)  +  Ply]  ([r]  +  [Z]  [i/J)  }  [7] 
are  the  excitation  vectors  due  to  the  electric  and  magnetic  (37) 

fields,  respectively  defined  by  =  [77] 


(34) 


where  i  denotes  the  matching  field  point  in  the  middle  of  the 
segment  i.  The  expressions  of  these  elements  are  given  in 
Appendix  B.  The  column  vector  containing  the  unknowns 
can  be  expressed  as 


where  a  and  jS  are,  respectively,  the  combination  parameters 
weighing  the  electric  field  and  the  magnetic  field  just  inside 
the  surface  S  [2].  Thus  different  field  formulations  can  be 
obtained  by  different  selections  of  a  and  p.  These  formula¬ 
tions  can  be  obtained  according  to  Table  I. 

Table  I 

Generation  of  different  formulations 
Formulation  type  a  P 


The  matrices  [ijf]  and  [i;J  each  consists  of  four  submatrices 
according  to 


and  [ij^  = 


(36) 


where  each  submatiix  is  a  diagonal  matrix  with  =  the 
value  of  the  surface  impedance  at  the  middle  of  the 
segment  i  when  i  =  j  and  zero  otherwise,  where  the 
subscripts  y  and  v  refer  to  z  and  r.  Once  the  matrices  Z 
and  Y  are  created  and  the  excitation  vectors  [E\  and  [77|  are 
filled  and  substituted  in  equation  (32),  the  moment  matrix 
system  (32)  can  be  solved  to  obtain  the  unknown  current 
coefficients  in  (35). 


IBCE  1.  0. 

EBCH  0. 

IBCC  1. 

IBC  1.  1. 

IBCE  (IBCH)  implies  that  the  E-field  (H-field)  boundary 
condition  is  applied,  i.e.  the  tangential  electric  (magnetic) 
field  is  assumed  zero  just  inside  the  surface  of  the  object, 
using  the  implementation  of  the  IBC  approximation  for  the 
magnetic  current,  i.e.  the  magnetic  current  is  related  to  the 
electric  current  via  the  surface  impedance  as  in  Eqn  (27). 
The  third  formulation  IBCC  denotes  the  combination  of 
IBCE  and  IBCH  on  the  impedance  surface.  The  fourth 
formulation,  IBC  implies  that  the  IBC  is  implemented 
explicitly  on  the  equivalent  currents  and  the  tangential 
fields.  The  solutions  from  the  IBCE  and  IBCH  formulations 
are  not  unique  where  there  are  internal  structure  resonance 
frequencies.  These  cases  can  be  treated  by  using  the  IBCC 
or  IBC  formulations.  The  solution  of  the  IBC  formulation 
is  also  not  unique  when  the  impedance  is  zero  (perfect 
conducting  case)  or  inductive.  The  problem  of  nonunique¬ 
ness  will  not  be  investigated  in  this  paper.  Interested 
readers  may  find  this  treated  in  [2]  and  [17]. 


4  DIFFERENT  FORMULATIONS 

In  order  to  account  for  different  formulations,  one  may  use 
the  E-field  integral  equation  =  0),  or  H-field  integral 
equation  (tJ„  X  H^^)  =  0,  both  applied  just  inside  the 
surface  S  with  the  equivalent  currents  defined  in  (15).  Then 
combining  them  to  obtain  flie  combined  field  integral 
equations  or  use  the  IBC  as  an  integral  equation  as  described 
above.  The  moment  matrix  of  these  integral  equations  can 
be  obtained  if  the  matrix  equation  (32)  is  written  in  the 
following  form 


5  SCATTERED  FIELDS 

Once  any  of  the  above  formulations  is  solved  the  scattered 
field  can  be  computed  from  the  obtained  electric  current 
distribution.  The  field  will  be  scattered  along  a  cone  of  half 
angle  0=  tt  -  6-^^^  around  the  structure.  In  the  cylindrical 
coordinate  system  it  is  sufficient  to  compute  the  z-com- 
ponents  of  the  electric  and  magnetic  fields  in  the  far  zone 
when  r  and  p  are  much  larger  than  the  wavelength  and  the 
maximum  cross  sectional  diameter  of  the  object.  This  can 
be  obtained,  first,  by  using  the  large  argument  approxima- 
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tion  of  the  Haokel  functions  in  the  field  operators  defined  in 
Appendix  A  and  also  in  their  dual  operators  due  to  the 
magnetic  currents,  Second,  neglect  the  high  order  terms  of 
1/p.  Third,  substitute  the  magnetic  current  by  the  electric 
current  and  the  surface  impedance  using  (27).  It  can  be 
found  that  in  the  cylindrical  coordinate  system,  only  z  and 
<l>  components  of  the  fields  are  contributing  to  the  far  field. 
The  spherical  conq)onents  of  the  electric  field  Eg  and  E^, 
which  are  more  appropriate  to  use  in  the  oblique  incidence 
case,  can  be  obtained  from  the  cylindrical  field  components 
E^  and  I^,  respectively.  Therefore,  by  using  simple 
transformations  the  spherical  electric  field  components  can 
be  written  as 


=  ri 


-jCKp-Kz) 


%-KkpP 


AC'  ‘  X/,.  [k^-q^-kQ  (d,  •  a,) 

K  ^zr  hi  ^TZ  -  K  ^zz  (^p  * 


-j(k.p  -k^z)^ 


•  ''••>x7,_.[fto('2p  •  K)nzz  -  *p] 

^  hi  1^0  (^p  *  ^n)  VzT  -  K  %  • 


In  this  paper  the  scattered  fields  are  computed  and  normal¬ 


ized  to 


distribution  are  symmetric  aroimd  the  plane  of  incidence 
because  the  incident  wave  is  chosen  to  have  bofli  TE^  and 
TM^  incident  polarizations  simultaneously  and  also  because 
of  the  unequality  of  the  surface  impedances  values  and 

VtZ‘ 


0.002 

0.001 

0 

0  1  2  3  0  1  2  3 


contour  length  (X)  contour  length  (X) 

Fig.  2a  Exact  and  numerical  current  distribution  on  a  circular 
cylinder  with,  ka=3.0,  »}j^=0.5-l-j.l,  rij_^=0.3+j.6,  i>„=0.3 
+j.5  and  )j^=0.7-j.3,  illmninated  by  a  plane  wave  with 
e~45°,  d>i  =  180°,  and  a;  =  45°. 


6  RESULTS 

First,  to  verify  the  code,  a  circular  cylinder  with  an  ar¬ 
bitrary  anisotropic  impedance  is  considered.  The  paramet¬ 
ers  are  ka=3.0,  with  arbitrary  surface  impedance  of 
0.5-l-jO.l,  Tj2^=0.3-l-j0.6,  Tj^=0.3-l-j0.5  and  i/^=0.7-j0.3 
(these  values  are  chosen  arbitrarily)  and  the  plane  wave 
parameters  are  ^jj,(,=180°,  and  a^j=45°.  The 

surface  electric  current  conqionents  are  plotted  in  Fig.  2a 
(against  the  exact  solution  obtained  from  the  series  solution 
in  [14]),  ten  and  twenty  segments  per  wavelength  are  used 
in  the  numerical  solution  based  on  the  IBC  formulation.  Ac¬ 
ceptable  results  are  obtained  with  10  segments  per  wave¬ 
length  and  more  accurate  results  are  obtained  when  20 
segments  are  used.  Also  the  scattered  far  fields  are  com¬ 
puted  and  plotted  in  Fig.  2b  and  compared  with  the  exact 
solutions.  It  is  obvious  that  the  solution  using  20  segments 
per  wavelength  gives  more  accurate  results  within  the  whole 
(^-range.  Notice  that  neither  the  fields  nor  the  currents 


9° 

Fig.  2b  Exact  and  numerical  scattered  far  fields  of  the 
example  in  Fig.  2a. 
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Now  we  consider  some  practical  configurations.  The  first 
example  is  again  a  circular  cylinder,  but  now  with  tj 
-jSO.O,  =  nn  =  ^TT  =  0.0,  0i„c=45°,  =  180°, 

and  =  45°.  This  surface  impedance  represents  transve¬ 
rse  corrugations.  The  actual  corrugated  surface  is  very 
difficult  to  analyze  [18].  The  impedance  model  is  much 
simpler  and  easier  to  analyze  and  an  exact  solution  can  be 
foimd  as  considered  in  [14].  The  exact  solution  is  com¬ 
pared  with  the  present  moment  method  solution  using  the 
IBC  formulation  with  20  segment  per  wavelength.  The 
current  distributions  are  plotted  in  Fig.  3a.  Very  good 
agreement  can  be  noticed  between  both  solutions.  Also,  one 
must  notice  that  the  current  component  normal  to  the 
corrugations  is  almost  zero.  This  is  expected  as  /must  flow 
entirely  along  the  corrugations.  This  is  a  good  verification 
that  the  surface  impedance  considered  in  this  example  is  a 
good  approximation  of  the  transverse  corrugated  cylinder. 
The  scattered  far  fields  are  given  in  Fig.  3b.  The  exact  and 
the  numerical  solutions  are  indistinguishable.  Notice  also, 
the  skew  symmetry  between  and  components  which 
is  also  expected  for  oblique  incidence  and  45  degree 
polarization.  For  normal  incidence  Eg  and  E^  could  be 
equal  for  all  ^  for  45  degree  incident  polarization  if  the 
impedance  rj  ^  =  oa. 


«b  c  deeab  c  dea 


contour  length  (A.)  contour  length  (X) 


Fig.  3a  Exact  and  numerical  current  distribution  on  a 
circular  cylinder  with,  ka=3.0,  and  VzT—Vn 

=ij^=0.0,  illuminated  by  a  plane  wave  with  =45°, 

=  180°,  and  ai„g=  45°. 


Fig.  3b  Exact  and  numerical  scattered  far  fields  of  the 
example  in  Fig.  3a. 


An  impedance  cylinder  with  square  cross-section  is  con¬ 
sidered  as  shown  in  Fig.  4a.  This  geometry  has  no  analytic 
solution.  The  surface  impedance  is  used  to  model  soft 
corrugated  surfaces.  The  corrugations  of  the  sides  A  and  C 
are  considered  to  be  along  the  transverse  direction  parallel 
to  the  xy-plane  with  an  equivalent  surface  impedance 
assumed  to  be  Tj2z=-j50.0,  t;^=0.0.  The 


Fig.  4a  Geometry  of  a  corrugated  square  cylinder. 
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corrugations  on  the  sides  B  and  D  are  assumed  to  be  of  the 
same  parameters  as  that  on  sides  A  and  C  (i.e.  has  the  same 
surface  impedance  with  respect  to  the  coordinates  of  the 
corrugations  with  i;j.j.=-j50.0,  ijj^=)jjj.=7;jj=0.),but  tilted 
by  an  angle  jS = 45°  with  the  x-axis.  ITie  equivalent  surface 
impedance  with  respect  to  the  object  surface  coordinates 
using  (8)  is  given  as  7)^=  =  VTz  =  Vrr==  -J25-0  on  the 

side  D  and  ri^  =  Vtt~  —  Vtz-  +j25.0  on  the 

side  B.  The  electric  surface  current  components  and  the 
scattered  far  fields  are  computed  due  to  a  plane  wave  with 
0;=45°,  aj  =  0°  (TMj  polarization)  and  4>i  =  180°.  The 
current  distributions  are  plotted  in  Fig.  4b  from  the  EBCE 
and  IBC  formulations.  Notice  that  the  x-axis  of  the  upper 
two  figures  (current  magnitude)  are  indicated  by  the  letters 
a,  b,  c,  d,  e,  and  a  which  are  corresponding  to  the  surface 
positions  given  in  Fig.  4a.  In  the  lower  two  figures  (current 
phase)  the  x-axis  is  indicated  by  the  contour  length  starting 
from  the  point  a  on  Fig.  4a.  The  scattered  far  fields  are 
plotted  in  Fig.  4c.  In  these  figures  the  solution  from  the 
IBCE  and  IBC  formulations  are  presented  and  compared 
against  each  other.  It  can  be  noticed  that  the  solutions 
obtained  from  both  formulations  are  in  good  agreement  vnth 
each  other.  It  is  clear  that  the  scattered  fields  are  symmetric 
around  the  xz-plane  (plane  of  incidence)  when  =  180° 
because  of  the  object  symmetry  around  this  plane  and 
because  of  the  pure  TM^  polarization  of  the  wave  incident. 
The  ^-component  of  the  scattered  field  is  zero  along  the 
plane  of  incidence  in  the  forward  and  the  back  scattered 
directions  because  of  the  skew  symmetry  of  the  com¬ 
ponent  which  is  obvious  from  the  phase  distribution  of  the 
current.  When  the  incident  wave  is  TE^  polarized,  the 
current  distributions  and  the  scattered  far  fields  are  given  in 
Figs.  5a  and  5b,  respectively.  One  should  notice  that  the 
scattered  E-field  E^  and  E^  for  TM^  polarization  of  the 
incident  wave  is  nearly  equal  to  the  E^  and  Eg,  respectively 
for  TE^  polarization  of  the  incident  wave.  This  corresponds 
to  E-field  for  TM^  polarization  being  equal  to  H-field  for 
TE^  polarization,  which  is  expected  as  the  cylinder  is  close 
to  soft  (it  would  have  been  ideally  soft  if  w)  and 

therefore  has  polarization  independent  scattering  characteris¬ 
tics  according  to  [7].  The  electric  current  component  normal 
to  the  corrugations  must  be  zero.  To  check  this  for  our 
example  the  electric  current  components  along  and  normal 
to  the  corrugations  are  computed  from  the  currents  in  Fig. 
4b  and  5a  and  plotted  in  Figs.  6a  and  6b,  respectively.  One 
should  notice  that  the  current  components  normal  to  the 
corrugations  are  nearly  zero  for  both  TM^  and  TE^  in¬ 
cidence  as  expected.  This  can  also  be  considered  as  a 
verification  of  the  code. 
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Fig.  4b  Electric  current  distribution  of  the  geometry  in  Fig. 
4a  with,  22  =  -  j50.0,  =  ’Itz  =  ’Itt  =  ^-O  on  side  A 

and  C,  t;  22  =  Vzt  =  ’Itz  =  ’Jtt  =  on  the  side  D  and 
V2z  =  VTr  =  -  j25.0, 7J2T  =  »?Tz  =  +j25-0  on  the  side  B. 
The  cylinder  side  length  =  0.75  X.  The  plane  wave  with 
dinc=45°,  =  0°  ,  and  =  180°. 


Fig.  4c,  numerical  scattered  far  filed  of  the  object  in 
Fig.  4a  with  the  parameters  in  Fig.  4b. 
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Fig.  5a  Electric  current  distribution  of  the  geometry  in  Fig. 
4a  with  the  same  parameters  in  Fig.  4a  and  the  plane  wave 
wi*  ^inc=45°,  ainc  =  90°  ,  and  =  180°. 


Fig.  5b,  numerical  scattered  far  filed  of  the  object  in 
Fig.  4a  with  the  parameters  in  Fig.  5a. 


7  CONCLUSIONS 

The  integral  equation  for  the  problem  of  electromagnetic 
scattering  from  arbitrary  2D  objects  with  anisotropic  surface 
impedance  due  to  obliquely  incident  plane  wave  with 
arbitrary  linear  polarization  is  derived.  The  surface  im¬ 
pedance  is  anisotropic  with  an  arbitrary  principal  direction. 


The  integral  equations  are  solved  by  the  method  of  mo¬ 
ments  with  pulse  basis  functions  and  point  matching.  Four 
different  surface  integral  equations  are  actually  imple¬ 
mented.  In  the  numerical  evaluation  of  the  matrix  elements 
four  point  Gaussian  quadrature  is  used.  It  is  also  foimd  that 
10  basis  functions  per  wavelength  gives  reasonable  results, 
but  20  segments  per  wave  length  is  enough  for  most 
applications  to  obtain  accurate  results  in  the  near  and  far 
fields.  For  objects  with  large  cross  sections  in  terms  of 
wavelength  more  segments  may  be  needed  in  order  to  get 
full  convergence  in  weak  field  regions  or  in  regions  of 
rapidly  varying  currents.  The  numerical  solutions  are 
verified  against  the  analytical  solutions  of  circular  cylinders. 
A  theoretical  example  is  constructed  for  which  the  E-field 
solution  for  TM^  incidence  should  be  equal  to  the  H-field 
solution  for  TE^  incidence.  The  example  is  a  cylinder  with 
square  cross  section  with  soft  surfaces,  such  as  corrugations 
that  are  tilted  to  become  normal  to  the  k  vector  for  the  given 
oblique  incidence.  The  results  are  foimd  to  behave  as 
expected.  This  example  illustrates  the  significance  of  the 
present  solution  in  order  to  simplify  complex  structures  that 
may  be  very  difficult  to  solve  using  other  models. 

The  IBC  is  valid  for  perfectly  electric  conducting  surfaces 
where  the  surface  impedance  is  zero  as  well  as  to  all 
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Fig.  6.  The  amplitude  of  the  current  distribution  along 
and  normal  to  the  corrugation  in  Fig.  4a.  (a)  for  the 
case  in  Fig.  4b  and  (b)  for  the  case  in  Fig.  5a. 


surfaces  of  finite  surface  impedances.  If  the  impedance  is 
infinite  (perfect  magnetic  conductor)  one  must  use  another 
formulation  based  on  the  surface  admittance  which  can  be 
obtained  from  applying  duality  on  (1)  (not  presented  here). 
We  may  refer  to  this  boundary  condition  as  the  admittance 
boundary  condition  (ABC).  Therefore,  it  is  expected  that  the 
numerical  accuracy  will  deteriorate  when  the  surface 
impedance  values  are  much  larger  than  the  values  used  in 
this  paper.  To  improve  that  one  may  use  the  ABC  formula¬ 
tion,  which  is  expected  to  be  more  accurate  in  such  cases. 
This  subject  and  this  formulation  will  be  considered  in  a 
future  study  with  some  discussions  on  the  accuracy  and 
limitations  on  these  formulations. 
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APPENDIX  A 

Electric  and  magnetic  field  operators  due  to  the  electric  current 
components  are  expressed  as 

Erzih)  =  -^Ic  H^\k^Ap)dl>  (A-1) 


E„  (J,)  =  j  (a,  •M,)dl'  (A-2) 


‘^)dl'  (A-3) 
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here  the  first  suffix  of  the  subscript  denotes  field  component  and 

the  second  suffix  denotes  the  current  component,  (  )  is  the 

Hankd  function  of  the  first  oido' and  second  t)pe  and  Ap  =  |p  ~  I 
as  shown  in  Fig.  1.  The  hat  is  used  to  indicate  the  unit  vectors.  In 
the  above  equations  the  prime  is  used  to  indicate  the  source  coor¬ 
dinates.  The  field  operators  due  to  the  magnetic  currents  can  be 
obtained  using  the  duality. 


F''  =  0 
■‘zz 


yI=-^-L  [  Hf\  nal-  Af?)dr' 
id 


APPENDIX  B 


The  matrix  elemnents  of  the  impedance  Z  and  Y  are  given  below 


—  I 
«  2 


4=-^  I 


4  = 


ii  k}  .  2/ 

Z“  =  -^AC-'[l.-±(ln( - 


T  4 


y“  -  _  1 
2 


f  a® I 


^  4oj  €q 


4=-^-^  \  Hf\k^Ap^){ai^Ap<^)  dr' 
0  pd 


(B-2b)  above  integrals  are  performed  numerically  using  Gausquadra- 

ture  method  of  4  points  where  Ap®  =  |  p*  “  p^  1  and  p^  for  the 
segment  j.  The  excitation  matrix  elements  are  given  as 

(B-3a) 

£;'^=:^sine^  cosai^/*'><“'’  *  (B-9) 

’lo 


°  id 

-  A/f®(^^Ap»)  i&i-K)-k^[k^  H^hk^Ap^) 

Ap^ 

-^/f®(*^Ap9)](«/  •  Ap^)(«;  •Aff^)}dr' 
Ap^ 


u  2jfc„  (2)  ikoAC'  2;  AC'yjfc, 

4«o  2  4^  IT  4 


£^’'~'=f^i(E^cosa£^+£’"sina£^)  (B-10) 

Vo 


(B-4a)  /f,‘“^  =  _Lsine^sinQ^e-'*'’^“'' 


A(4«  •  p') 


=  blcoseAEPsmoL^-E”cosoLi^)  •  ^  (B-19) 

Vo 


where  the  superscript  i  denotes  the  middel  of  the  segment  i . 
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Abstract  -  The  problem  of  electromagnetic  scattering  from 
arbitrarily  shaped,  imperfectly  conducting  surfaces  that  can 
be  represented  by  an  anisotropic  impedance  boundary 
condition  is  solved  numerically  using  the  electric  field 
integral  equation  and  a  triangular  patch  model  for  the 
surface.  The  anisotropic  impedance  boundary  condition 
Junction  is  described  by  a  constant  surface  dyadic  within 
each  triangular  face.  The  procedure  is  validated  by 
comparison  of  numerical  results  obtained  with  the  triangular 
patch  model  with  body  of  revolution  model  results  for 
problems  involving  scattering  by  spheres  and  cylinders 
having  uniform  or  anisotropic  impedance  boundary 
conditions. 


I.  Introduction 

Many  problems  of  interest  in  electromagnetic  scattering 
involve  imperfectly  conducting  bodies.  The  impedance 
boundary  condition  (IBC)  [1]  is  often  used  to  modeling 
specific  classes  of  such  bodies  in  electromagnetic  scattering 
problems.  The  IBC  is  an  approximate  boundary  condition 
that  relates  the  tangential  electric  and  magnetic  fields  at  the 
body  surface  via  an  impedance  parameter,  which  is  a  dyadic 
in  the  case  of  an  anisotropic  surface  impedance.  When  the 
approximation  is  valid,  it  can  be  used  effectively  to  reduce 
the  number  of  unknowns  required  in  the  numerical  solution 
process  by  a  factor  of  two.  Senior  has  examined  the 
conditions  for  which  the  IBC  is  valid  [2],  and  Mitzner  has 
presented  a  surface  integral  equation  formulation  for 
scattering  by  bodies  that  are  represented  by  an  IBC  [3]. 
The  impedance  relationship  is  often  obtained  through  the 
solution  of  a  canonical  problem,  such  as  scattering  of  a 
plane  wave  from  an  imperfectly  conducting  ground  plane 
having  the  constitutive  parameters  of  the  scatterer  of 


interest,  and  the  relationship  is  then  assumed  to  apply 
locally  to  the  nonplanar  surface  of  the  scatterer.  The  IBC 
represents  a  good  approximation  in  such  cases  if  the 
magnitude  of  the  complex  refractive  index  of  the  scatterer 
material  is  much  greater  than  unity  and  if  the  radius  of 
curvature  of  the  scatterer  is  sufficiently  large.  The 
impedance  boundary  condition  has  been  used  to  model  high- 
conductivity  scatterers,  absorbing  coatings,  plasma  coatings, 
corrugated  surfaces,  rough  surfaces,  and  other 
configurations  [4-8].  The  applicability  of  various  types  of 
integral  equations  in  modeling  IBC  problems  has  been 
studied  by  various  investigators  [9-14].  Numerical  solutions 
for  scattering  by  arbitrarily  shaped  bodies  having  isotropic 
IBC’s  have  been  presented  using  a  pulse  expansion,  point 
matching  procedure  by  Sebak  and  Shafai  [15]  and  using  the 
triangular  patch  modeling  method  by  Glisson  [16].  The  use 
of  more  accurate  generalized  impedance  boundary  conditions 
in  the  numerical  solution  of  two-dimensional  electromagnetic 
scattering  problems  has  also  been  demonstrated  [17]  and 
higher  order  IBC’s  applied  to  bodies  of  revolution  have  been 
presented  [18].  Anisotropic  surface  impedances  have  been 
employed  in  frequency  selective  surfaces  by  Orta  et  al  [19]. 
Numerical  solutions  for  bodies  of  revolution  with  anisotropic 
IBC’s  have  been  presented  in  [20],  and  a  comparison  of 
different  integral  equation  formulations  for  bodies  of 
revolution  with  anisotropic  IBC’s  has  been  presented  in 
[21]. 

In  this  work  the  solution  of  electromagnetic  scattering 
problems  involving  an  arbitrarily  shaped  body  with  an 
anisotropic  impedance  boundary  condition  is  formulated  and 
implemented.  The  triangular  patch  model  described  by  Rao 
et  al  [22]  serves  as  the  basis  for  the  development.  The 
triangular  patch  code  originally  employed  the  electric  field 
integral  equation  (EFIE)  formulation  and  was  applicable 
only  to  scattering  problems  involving  perfectly  conducting 
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bodies,  which  could  be  either  closed  bodies  or  thin  open 
surfaces.  In  this  work  the  anisotropic  IBC  model  is 
included  in  the  EFIE  to  represent  an  approximate  model  for 
specific  classes  of  imperfectly  conducting  closed  bodies. 

The  implementation  permits  modeling  of  objects  that  are 

relatively  thin  in  terms  of  wavelength  [23].  Results  are 

validated  by  comparison  of  patch  code  results  with  results 

obtained  with  a  body  of  revolution  solution  procedure.  The 

formulation  of  the  surface  integral  equation  is  presented  where 

briefly  in  Section  II,  and  the  numerical  implementation  is 

described  in  Section  III.  Numerical  results  are  given  in 

Section  IV. 


(3b) 

(3c) 

(4) 


n.  Integral  Equation  Formulation 

The  electric  field  integral  equation  for  a  body  having  an 
impedance  boundary  condition  can  be  developed  from  the 
equivalence  principle  [24]  by  first  removing  the  scatterer 
from  the  medium  in  which  it  resides  and  placing  equivalent 
electric  and  magnetic  surface  currents  J  and  M  along  the 
surface  forming  the  boimdary  of  the  scatterer  in  the  original 
problem.  The  equivalent  currents  radiate  in  an  infinite 
homogeneous  region  and  are  defined  by  the  relations 
J=hxH  and  M=Exh,  where  E  and  H  are  the  total  electric 
and  magnetic  fields  at  the  surface  of  the  scatterer  in  the 
original  problem.  With  the  equivalent  currents  defined  in 
this  manner,  they  will  radiate  the  correct  scattered  field  for 
the  original  problem  in  the  region  exterior  to  the  scatterer, 
and  will  radiate  the  negative  of  the  incident  field  in  the 
region  interior  to  the  scatterer  surface.  The  EFIE  for  the 
impedance  body  can  therefore  be  written  as 

-ftxftxE'=AxftxE^  , 

where  E'  is  the  incident  electric  field,  E^  is  the  scattered 
electric  field,  and  h  is  the  outward  directed  unit  normal  at 
the  surface  of  the  scatterer.  Eq.  (1)  is  valid  in  the  limit  as 
the  observation  point  r  approaches  the  surface  from  the 
interior,  denoted  by  5 ".  A  similar  equation  valid  in  the 
limit  as  r  approaches  the  surface  from  the  exterior  may  be 
obtained  from  the  definition  of  the  equivalent  magnetic 
current.  The  equation  which  results  after  the  limit 
operations  are  performed  is  the  same  in  both  cases. 

The  scattered  electric  field  If  may  be  represented  in 
terms  of  potential  functions  as 

E^(r)  =  - y'co A(r)  -  V4>(r)  - 1 V  X  F(r)  (2) 

€ 

where 

A(r)=/i[j(r')G(r,r')^?5'  (3a) 


In  (3)  and  (4)  r  and  r'  represent  the  observation  and  source 
coordinates,  respectively,  e,  /r,  and  k  are  the  permittivity, 
permeability,  and  the  wavenumber  of  the  exterior  region, 
respectively,  and  a  is  the  equivalent  electric  surface  charge 
density,  which  is  related  to  J  through  the  continuity 
equation.  A  harmonic  time  variation  exp(/cot)  is  assumed 
and  suppressed. 

The  scattered  electric  field  given  by  (2)  is  evaluated  in 
the  limit  as  r  approaches  the  scatterer  surface  from  the 
interior.  The  scattered  field  expression  resulting  from  the 
limit  process  is  valid  just  inside  the  scatterer  surface,  and  it 
may  be  substituted  into  (1)  to  represent  the  boimdary 
condition  just  inside  the  scatterer  surface  as  an  integral 
equation  in  the  unknown  surface  currents  J  and  M. 
Additional  boundary  condition  information  must  be  enforced 
to  uniquely  determine  both  equivalent  current  sets,  however. 
When  applicable,  the  impedance  boundary  condition,  which 
relates  the  tangential  components  of  the  electric  and 
magnetic  fields  at  the  scatterer  surface,  may  be  enforced  to 
provide  the  necessary  additional  information.  The  IBC 
considered  in  this  work  is  the  anisotropic  impedance 
boundary  condition,  which  relates  the  surface  electric  and 
magnetic  fields  by  any  one  of  several  equivalent 
expressions: 

E-(E*A)A  =  rjZ^*(AxH) 

-AxAxE  =  rjZ^*(AxH)  (5) 

AxE  =r;Ax[Z^*(AxH)] 

where  the  anisotropic  IBC  surface  impedance  dyadic  is 
normalized  by  the  intrinsic  impedance  of  free  space  rj  and 
is  defined  by 

—S  ■*■^12^1^2 ■'■^2^2^2 

ZijAiAi  Zi2&i^2 
^21^2^1  222^2^2 

and  where  and  a2  are  unit  vectors  in  an  orthogonal 
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coordinate  system  defined  on  the  surface  S.  The  orientation 
of  these  unit  vectors  is  assumed  to  satisfy  S2  > 

where  A  is  the  outward-directed  unit  surface  normal.  In 
terms  of  the  equivalent  electric  and  magnetic  surface 
currents,  the  anisotropic  IBC  may  be  represented  by 

M  =  -77Ax[Z^-J]  (7) 

Thus,  one  finally  obtains  the  EFIE  for  a  scatterer  with  an 
anisotropic  impedance  boundary  condition: 

eLW  =  Urn  [  3Giry)dS'  +  Iv  f  aGir,r')dS’ 

Jy  €  Jy  (8) 

-f^{Ax[Z/J]}xVG(r,rW^  ,  r->5- 

■s 


defined  on  pairs  of  triangles  as 

N 

(9) 

n- 1 

where  N  is  the  number  of  interior  edges  in  the  model. 
Various  geometrical  quantities  associated  with  a  triangle  pair 
with  common  edge  n  are  illustrated  in  Figure  1.  The  two 
triangles  attached  to  the  common  edge  are  denoted  as 
and  T^'.  Points  within  triangle  may  be  defined  by  a 
position  vector  r  with  respect  to  a  global  coordinate  origin 
O,  or  by  a  local  position  vector  defined  with  respect  to 
the  free  vertex  of  Quantities  in  r„'  are  defined 

similarly  except  that  the  vector  p„'  is  directed  toward  the 
free  vertex  of  T^'  rather  than  away  from  it.  The  vector 
basis  function  f„  representing  the  electric  surface  current 
density  associated  with  the  edge  is  then  defined  as 


where  r-*  S~  denotes  that  the  equation  is  valid  in  the  limit 
as  the  observation  point  approaches  S  from  the  interior  of  S. 
The  equivalent  electric  surface  current  J  is  then  the  only 
unknown  quantity  and  (8)  may  be  solved  for  J  via  the 
method  of  moments  [25]. 

in.  Numerical  Solution  Procedure 

The  triangular  patch  modeling  method  developed  by 
Rao,  Wilton,  and  Glisson  [22]  is  employed  to  solve  (8)  for 
the  unknown  electric  surface  current  density  J.  A  suitable 
triangular  patch  model  of  the  geometry  of  the  impedance 
body  is  first  developed.  The  electric  surface  current  density 
J  on  5  is  then  approximated  in  terms  of  basis  functions 


Figure  1.  Geometrical  parameters  associated 
with  a  triangle  pair. 


W  = 


— ’ 

rer; 

in  - 
—Pn  > 

0  . 

otherwise 

(10) 


where  is  the  length  of  edge  n  and  is  the  area  of 
triangle  T„^. 


The  method  of  moments  is  applied  by  next  testing  (8) 
with  suitable  testing  functions.  The  testing  functions  are 
chosen  to  be  the  expansion  functions  defined  in  the 
preceding  paragraph.  Thus,  (8)  is  tested  with 
m=\,2,...,N,  and  the  result  can  be  represented  as 

<EX>  =ya><A,f^>  +  <V$,f^> 

1 

+  .i<VxF,f„> 

where  the  symmetric  product  is  defined  as 

<f,g>  =  (12) 

and  where  the  curl  term  in  (11)  is  imderstood  to  be 
evaluated  in  the  limit  as  the  observation  point  approaches 
the  surface  from  the  interior,  as  indicated  in  (8).  The 
Galerkin  solution  procedure  implied  by  (11)  when  the  basis 
and  testing  functions  are  the  same  has  often  been 
approximated  in  previous  triangular  patch  code 
implementations.  In  this  work  the  expressions  for  the  terms 
in  (11)  are  presented  without  these  approximations. 
Appropriate  approximations  may  be  made  to  reduce  the 
amount  of  numerical  integration  required  if  desired. 
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The  evaluation  of  the  magnetic  vector  potential  term 
and  the  electric  scalar  potential  term  as  they  appear  in  (11) 
is  discussed  in  [22].  However,  in  this  work  the  vector 
potential  is  evaluated  directly  in  terms  of  its  vector  integrand 
rather  than  expressing  the  result  as  a  sum  of  scalar  integrals 
times  constant  vectors  as  in  [22].  This  is  done  to  simplify 
the  implementation  of  the  full  Galerkin  testing  procedure, 
which  involves  double  surface  integration.  As  in  previous 
work,  however,  integrations  are  performed  on  source 
triangle,  observation  triangle  pairs  rather  than  on  source 
basis  function,  observation  basis  function  pairs.  One  then 
finds  that  the  vector  potential  integrations  are  all  of  the  form 


+7j(r-r,.)-  ds\  ,  reTP ,t' eT‘f 

T”  [r«  J  (13) 

where  R=  |  R  |  =  1  r-r'  |  ,  the  indices  p  and  q  refer  to  the 
observation  and  source  face  numbers,  respectively,  and  the 
indices  i  and  j  are  local  indices  referring  to  the  three 
different  testing  and  basis  functions,  respectively,  that  exist 
within  the  testing  and  source  faces.  Then,  for  example,  ij 
refers  to  the  length  of  the  edge  with  local  edge  number  j  and 
is  associated  with  the  (local)  basis  function,  while  the 
position  vector  Tj  locates  the  vertex  opposite  the  edge  with 
local  edge  number  j  in  face  q.  The  quantity  in  (13)  is  a 
control  variable  that  is  set  to  1  if  extraction  of  the  singular 
term  in  the  integrand  is  to  be  performed,  and  that  is  set  to 
0  if  no  singularity  extraction  is  to  be  performed.  When  the 
singularity  extraction  procedure  is  performed,  the  integration 
of  the  singular  term  over  the  source  region  can  be  evaluated 
analytically  as 


are  repeated  here  for  completeness: 

^  j 

where 


(17) 

(18) 


The  remaining  quantities  appearing  in  (15)-(18)  are  defined 
as  indicated  by  Fig.  2. 


Figure  2.  Geometrical  quantities  associated  with 
the  line  segment  C  lying  in  plane  (P  and  the 
arbitrary  observation  point  r. 


=  b%)+(p-py)a%) 

where  the  integrals  for  b^(r)  and  a%T)  have  been  evaluated 
in  [26].  The  cylindrical  coordinate  vectors  p  in  (14) 
represent  the  projections  of  the  corresponding  global 
position  vectors  r  onto  the  plane  of  the  source  triangle  as 
described  in  and  as  indicated  in  Fig.  2,  where  a  local 
coordinate  system  has  been  illustrated  for  use  in  evaluating 
a  variety  of  integrals  [26].  The  definitions  for  b^(r)  and 


The  first  step  in  the  evaluation  of  the  scalar  potential 
term  in  (11)  involves  the  use  of  a  vector  calculus  identity 
for  surface  integration  [27]  and  the  particular  properties  of 
the  basis  function  or  testing  function  at  the  edges  of  its 
domain  of  support.  The  scalar  potential  term  is  thus  re¬ 
expressed  as 
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<V$,f,>=-f$(V,.fJd5 

(19) 

”  1  ”1 
i<VxF(r),f„,>  =-[  [ 

£  J  J 

i-  J  fpfq 

When  the  integration  process  is  performed  on  a  face-by-face 
basis,  the  integrals  which  must  be  evaluated  are  of  the  form 


=  1?  j  |ft'[f^-(Z^-J)]-VGd5'dS 

j-pjq 


(22) 


(20)  »,f  f(t„.(l')(Z,.J).V'G<irdS 

^  4wjo}eA^A‘^ ^pj.g  ^ 

where  the  magnetic  surface  current  M  has  been  related  to 
where,  as  in  the  vector  potential  term,  the  source  region  the  electric  surface  current  J  through  the  IBC  relationship, 
integration  can  be  expressed  in  terms  of  bounded  and  and  where  is  the  portion  of  the  /nth  testing  function 
singular  integrand  portions  as  within  face  p.  The  result  in  (22)  has  been  expressed  in  a 

form  in  which  the  terms  representing  field  components 
f  _  f  ^  f  ^  '"^1)  normal  and  tangential  to  the  plane  of  the  source  are  easily 

J  R  J  R  "R  separated. 

fg  j-g  j-g 


The  last  integral  on  the  right  in  (21)  contains  the  singular 
integrand  and  can  be  evaluated  analytically.  The  result  is 
simply  a%r)  as  given  by  (15). 

The  singularity  extraction  process  described  above  for 
the  magnetic  vector  potential  and  the  scalar  potential  terms 
was  performed  for  all  source-face,  testing-face  combinations 
in  the  original  implementation  of  the  triangular  patch 
computer  code  (i.e.,  7^  was  set  to  1  for  all  source-face, 
testing-face  combinations).  This  seems  unnecessary  for  the 
general  case  and  it  may  lead  to  numerical  inaccuracies  in 
matrix  element  computations  when  the  source  face  and 
testing  face  are  far  removed  from  each  other  and  the  testing 
face  also  lies  near  the  linear  extension  of  one  of  the  edges 
of  the  source  triangle.  The  errors  appear  to  result  from  the 
evaluation  of  Gj  as  given  by  (17)  when  the  £j-  tend  to 
cancel  the  Rj^  terms.  For  widely  separated  source  and 
testing  faces,  these  errors  can  be  eliminated  by  setting  7^=0. 
Similar  errors  may  also  occur  for  nearby  source  and  testing 
faces  when  the  subdomain  scheme  is  not  completely  regular. 
Therefore,  two  forms  for  Gj  are  given  in  (17).  The  first 
should  be  used  when  the  Ij-  are  both  positive,  the  second 
when  the  are  both  negative,  and  in  other  cases  either 
expression  may  be  used. 

The  accurate  evaluation  of  the  electric  vector  potential 
term  in  (1 1)  using  singularity  extraction  procedures  has  been 
previously  addressed  for  the  isotropic  case  [23,  28].  For 
this  term,  if  the  source  face  and  the  testing  face  are  not  the 
same  (i.e.,  for  a  non-self  term)  the  curl  operator  may  be 
carried  imder  the  source  integral  and  appropriate  vector 
identities  may  be  applied.  Thus,  the  integration  required  for 
a  source  face  q  and  an  observation  face  p  becomes 


We  consider  first  the  field  component  tangential  to  the 
plane  of  the  source  triangle.  For  this  component  the 
contribution  to  a  matrix  element  for  the  portion  of  the 
testing  function  residing  in  face  p  and  the  basis  function 
(j  in  face  q  is 


iUs  =  -JL 

J  4ir  4aPA‘^ 


f  d  [  (r-r ,.)  •  •  (r'  -Tj)  K{R)  dS'dS 

jP  T<l 


./.|(r-r,).Z.A>. 

jp 

with 

(lt/-W?)e->"'-7,(l+'M2i?2) 

R4R)  - - = - 

R? 

where  £„  is  the  length  of  edge  n.  A"  is  the  area  of  face  n, 
d=h'*R,  r„  is  the  position  vector  to  the  triangle  vertex 
opposite  edge  n,  and  where  7^  is  either  one,  if  singularity 
extraction  is  to  be  performed,  or  zero,  if  not.  The  vector 
function  kd  in  (23)  which  results  when  singularity 
extraction  is  performed  is  defined  by 

k]--d\]\r)^(p-p)^V%T) 

^  Kl  (24) 

+  ^Adk\%r)  +  'Mk‘^(p-pj)a  %r) 
where  and  V?  are  defined  as: 
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U%)=j:u,.ln(G,.)  (25) 

j 

y‘?(r)  =  ^  f-J  •  U^.  [tan-  '(Fp-tan-  1(F;)]  (26) 

J 

Other  quantities  appearing  in  (24)  are  defined  in  (15) 
through  (18).  The  details  of  the  evaluations  leading  to  (24) 
through  (26)  are  given  in  [29]  and  [30].  Evaluation  of  the 
electric  vector  potential  integrals  has  been  performed  via  a 
similar  procedure  in  [28].  Another  alternate  procedure  has 
been  described  in  [31]. 

The  source-region  integration  appearing  on  the  right 
side  in  (23)  is  performed  numerically.  The  term  in  (23) 
containing  the  source-region  integration  can  be  rewritten  as 


-_L  ‘  j 

4ir  4aPA 


h  fEEio-'-J-VZA-iiJ'is 

^’1 (27) 


where 


j(r'-rj)d  m. - f - 1  dS' 

L  ^  J  (28) 

which  has  been  previously  evaluated  numerically  in  the 
isotropic  IBC  case  [29,  30].  The  double  dot  product  with 
the  IBC  dyadic  in  (23)  has  been  represented  as  a  double 
summation  in  (27).  The  portion  of  (23)  resulting  from 
analytical  integration  over  the  source  region  can  be 
expressed  similarly  as 


-4^  — ^  [(r-r,)-Z 

4Tr  dA  PA  <1  i  *  •' 


The  component  of  the  scattered  electric  field  normal  to 
the  plane  of  the  source  triangle  and  arising  from  the 
magnetic  current  contribution  in  (22)  is 

7?  I  (ff  •  A')  I  ( Z/  f/)  •  G  dS'dS  (32) 

jp 

The  dyadic  notation  in  (32)  can  be  rewritten  using  the 
double  summation  as 


^  _Li_  [[(r-r,)-fl']f[Z  •(r'-r..)]-V'G^5'^5 
I  I  2  2 


where  Af  (r)=(r-r,)  •h'  and 

I,/r)  =  -|[a,-(r'-r^.)]V'G^f5' 


The  integral  for  I^yfr)  can  be  expressed  in  a  more 
convenient  form  for  implementation  by  using  the  identity 
aVb  =  V{abybVa  and  the  fact  that  ^  is  tangential  to  the 
source  plane.  One  then  obtains 


Vr)  =  -  I  v;{[a,  ♦  (r'  -r^.)]G}  dS'^\^G  V;[a,  •  (r' -r^]  dS' 

jR  TR 

=  -  I  [a,-(r'-r^.)]Gu£if'  +  |GH,^.rf5' 


=  -/  V 


where 


4  J  •  "  •' 

J  TP 

(29) 

■  ^  (35) 

JtLisp" 

bfXdS 

where  u  is  the  outward-directed  unit  normal  to  the  triangle 
boundary  lying  in  the  plane  of  the  triangle  and  is  a 

constant  vector  obtained  by  evaluating  the  gradient  operation 

in  the  second  term  of  (35): 

(30) 

=  v;  {a,  •  [|y.  ,(ry,  1  -ry)  -  i(ry.  1  -ry)]} 

(31) 

-flu  1  “fi/-  1 

=  A,.fy.l  -A,.£y.l  y-L 

dj.i  «y-l 

No  new  numerical  or  analytical  integral  evaluations  are 
required  for  the  field  component  tangential  to  the  plane  of 
the  source  in  the  anisotropic  case.  The  terms  obtained  for 
the  isotropic  case  are  merely  combined  with  different 
coefficients. 


=  -—KK  •  ^j-  i)(f;Vi  XA')  -  (a,  •  tj.  i)(fy- 1  XA')] 
2A‘i 


This  result  is  obtained  by  expressing  the  vector  basis 
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function  variation  (t'-tJ)  in  area  coordinates  [28],  as 
indicated  in  the  first  line  of  (36),  where  is  the  area 
coordinate  having  value  one  at  the  vertex  Tj  and  value  zero 
at  the  vertices  and  r-.j.  The  gradient  operation  on  the 
jth  area  coordinate  variable  is  then  conveniently  expressed 
in  terms  of  the  height  of  the  jth  vertex,  hj,  and  a  vector 
directed  normal  to  the yth  edge,  (=tj).  Thus,  I^y(r)  can 
be  expressed  as 

7"?  7-? 

-  I  [a^-(r'-r^.)]G*ud£'-  j  (r'-r^.)]G“  ud£' 


In  (37)  the  superscript  b  indicates  a  term  which  is  bounded 
or  has  a  bounded  integrand  (when  7^  is  appropriately 
chosen),  while  the  superscript  u  indicates  a  term  which  may 
be  unbounded  or  may  have  an  unbounded  integrand.  The 
superscript  L  indicates  a  line  integral  term,  while  the 
superscript  A  indicates  an  area  integral  term.  The  bounded 
and  xmbounded  kernel  terms  are  given  by 


G“  =  if 

R 


to  the  plane  of  the  source  triangle  can  be  expressed  as 

«  [  f.-f ;  1  [  A  ^ _  r  Ah  . 


where  the  area  integrations  over  the  source  region  are 
defined  by 


7f(r)=|_^d5' 


7f(r)=aV)  (^^2) 

while  the  line  integrations  around  the  source  triangle  are 
given  by 


iy(r)  =  [a,-fy-i]E  \  irx 

*  fl.T? 


G^’di' 


t. 
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2  2 
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The  area  integration  terms  given  in  (41)  and  (42)  were 
evaluated  in  the  isotropic  case  and  are  again  simply 
combined  with  different  coefficients  in  the  anisotropic  case. 
The  line  integrations  indicated  in  (43)  and  (44),  however, 
did  not  appear  in  the  same  form  in  the  isotropic  case. 
Therefore,  new  numerical  and  analytical  line  integral 
evaluations  are  required  for  the  anisotropic  IBC  case.  The 
new  analytical  integral  evaluations  required  are  indicated  in 


, -f:  ,fn(G,.,)] 


The  line  integral  term  in  (40)  that  may  have  an  unbounded 
integrand  can  then  be  succinctly  expressed  as 


k-j-  X 

r  1  ._ 

-hlK'irX^  E 
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(45)  below. 

(38) 

1  . 
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(39) 

f  . 

normal 

J 

where 
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L“  =  J  1  .  -  -  (47) 
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The  special  case  in  which  the  source  and  observation 
triangles  are  the  same  must  also  be  reevaluated  for  the 
anisotropic  case.  The  self  term  for  the  anisotropic  case  may 
be  written  as 

e.e.  ,  <48) 

If  the  vector  variation  of  the  basis  functions  is  expressed  in 
terms  of  the  area  coordinates  and  the  dyadic  dot  products 
are  given  in  double  summation  form,  the  self  term  becomes 


(54) 


After  substitution  of  the  IBC  relating  the  electric  and 
magnetic  current,  the  8  and  <j>  components  of  the  far 
scattered  electric  field  can  be  represented  as 


2  2 
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=  -r,C(r)  f  J •  {  0  E  [(^ XA')  }  dS' 

•S  (56) 

The  far  scattered  electric  field  may  then  be  represented 
conveniently  in  terms  of  pattern  integrals  Pg  and  as 


^  1  r^i-  1  s^h  1  h  1 

l,r‘^y+  l,s^i*  IJ- 1 


E"  =  -rjC(r)[P(,$+P^0] 


(57) 


where  the  pattern  integral  due  to  a  single  source  face  q  is 
given  by 
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(58) 


(49) 

2  2 

where 

^mn  ~ 

(50) 

r-1  j-1 

and 

1 

—  ,  m=n 

with  a  replaced  by  either  B  or  (j>.  In  (58),  5,  =  ±  1,  the  plus 
sign  being  chosen  if  the  basis  function  for  edge  i  is  directed 

1  i-«i 

=  ■ 

il-0  i^-0 

(51) 

away  from  vertex  i  in  face  q,  and  the  minus  sign  being 
chosen  if  the  basis  function  is  directed  toward  the  vertex. 
The  integration  over  the  source  region  in  (58)  can  be 
performed  analytically  to  obtain 

12 

The  preceding  expressions  have  been  implemented  in 
the  evaluation  of  the  impedance  matrix  for  the  triangular 
patch  scattering  code.  The  resulting  system  of  linear 
equations  is  solved  in  the  usual  manner  for  the  surface 
current  distribution.  Once  the  surface  current  distribution 
on  the  scatterer  has  been  computed,  the  far  scattered  electric 
field  may  be  determined  from 


=  -C(r)  5?  [  Gj  [J  -  ^(1  •  f)] dS’  +  C(r)  f  Gy  (f  xM)£fS' 
i  5  (52) 
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where 


where 


and 
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T  =  “  +  EE[[(“Xi^)xA']-a,]Z^A,  (60) 

r- 1  s-  1 

Thus,  the  final  result  may  also  be  expressed  as 
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Pcf  = 
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2  2 
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IV.  Numerical  Results 

The  procedures  described  in  the  previous  section  were 
initially  implemented  into  a  modified  version  of  the  original 
triangular  patch  code  [22]  and  were  subsequently 
incorporated  into  the  more  sophisticated  IBC3D  scattering 
code  [30].  Numerical  results  are  presented  here  for  several 
spherical  and  cylindrical  geometries  with  isotropic  or 
anisotropic  surface  impedance  boimdary  conditions.  Results 
obtained  using  the  triangular  patch  code  and  body  of 
revolution  codes  are  compared. 

We  first  consider  a  cylindrical  scatterer  geometry  with 
geometrical  parameters  as  shown  in  Fig.  3.  The  cylinder  is 
assumed  to  have  length  L  and  radius  a.  A  standard 


Figure  3.  Geometrical  parameters  for  cylinder. 


cylindrical  coordinate  system  is  used  for  the  body  of 
revolution  model  with  the  z  axis  being  the  axis  of 
revolution.  For  the  triangular  patch  code,  the  axis  of  the 
cylinder  was  oriented  along  the  y  axis.  Data  obtained  in  the 
rotated  coordinate  system  of  the  patch  code  model, 
however,  are  presented  relative  to  the  coordinate  system  of 
Fig.  3  in  each  case. 

The  first  example  considered  is  that  of  a  small  cylinder 
with  length  L=0.2X  and  radius  a=0.1X.  The  triangular 
patch  model  used  to  obtain  the  results  presented  is  shown  in 
Fig.  4.  This  triangular  patch  model  uses  16  linear  segments 
to  model  the  geometry  in  the  azimuthal  direction,  4 


segments  along  the  cylinder  radius,  and  6  segments  along 
the  cylinder  length.  The  quadrilateral  patches  formed  by  the 
azimuthal  and  generating  contour  segmentations  are  then 
divided  by  a  line  segment  to  form  the  triangular  patches. 
The  resulting  patch  model  has  624  imknowns.  The 
monostatic  radar  cross  section  results  obtained  with  the 
triangular  patch  code  and  a  body  of  revolution  code 
modified  to  solve  the  anisotropic  IBC  problem  [20]  are 
shown  in  Fig.  5.  For  this  case  a  6-polarized  plane  wave  is 
the  excitation  and  the  anisotropic  surface  impedance  is 

defined  by  ,  corresponding  to  a  single  non-zero,  off- 

diagonal  element  in  the  impedance  dyadic  (6).  Results  are 
shown  for  the  co-polarized  and  cross-polarized  components 
of  the  radar  cross  section.  The  agreement  between  the 
results  obtained  by  the  two  different  methods  is  excellent. 


Figure  4.  Triangular  patch  model  for  a  cylinder  of 
length  L=0.2X  and  radius  a  =  0.1X. 


Figure  5.  Comparison  of  monostatic  radar  cross 
section  results  for  a  small  cylinder  with  an 
anisotropic  impedance  boundary  condition. 


Results  were  also  obtained  for  a  larger,  resonant  length 
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cylinder  of  lengthL=X  and  radius  a=0.1X.  One  triangular 
patch  model  used  for  this  cylinder  is  shown  in  Fig.  6.  A 
second  model  with  more  unknowns  is  shown  in  Fig.  7.  The 
model  of  Fig.  6  has  220  triangular  faces  and  330  unknowns. 
The  model  is  generated  using  10  linear  segments  to  model 
the  surface  in  the  azimuthal  direction,  2  segments  in  the 
radial  direction,  and  8  segments  along  the  length  of  the 


Figure  6.  Triangular  patch  model  of  a  cylinder 
with  330  unknowns  (L=X,  a=0.1X). 


Figure  7.  Triangular  patch  model  of  a  cylinder 
with  570  unknowns  (L=X,  a=0.1X). 

cylinder.  The  model  of  Fig.  7  has  570  unknowns.  It  is 
generated  using  10  linear  segments  to  model  the  surface  in 
the  azimuthal  direction  again,  but  with  4  segments  in  the 
radial  direction  and  12  segments  along  the  length  of  the 
cylinder.  Results  obtained  for  the  triangular  patch  model  of 
Fig.  6  are  compared  with  those  obtained  from  the  modified 
body  of  revolution  formulation  in  Figs.  8  and  9  for  the  co¬ 
polarized  and  cross  polarized  radar  cross  section 
components,  respectively.  For  the  body  of  revolution 
model,  the  generating  contour  was  modeled  by  32  linear 
segments,  resulting  in  126  unknowns.  The  anisotropic 


surface  impedance  is  again  defined  by  Z^=t0.  The 
agreement  of  the  results  is  generally  very  good  except  for 
near-axial  incidence  and,  for  in  the  case  of  broadside 
incidence.  The  disagreement  between  the  data  obtained  by 
the  two  different  methods  for  axial  incidence  is  believed  to 
indicate  slow  convergence  (for  both  approaches)  due  to 
discretization  error.  It  seems  likely  that  the  error  at 
broadside  incidence  is  partially  due  to  insufficient  resolution 
of  the  triangular  patch  model  in  the  azimuthal  direction. 


Figure  8.  Comparison  of  co-polarized  monostatic 
radar  cross  section  results  obtained  with  body  of 
revolution  and  triangular  patch  models. 


Figure  9.  Comparison  of  cross-polarized 
monostatic  radar  cross  section  results  obtained  with 
body  of  revolution  and  triangular  patch  models. 


For  the  triangular  patch  model  of  Fig.  7,  the  results  are 
compared  with  those  obtained  from  the  modified  body  of 
revolution  formulation  in  Figs.  10  and  11  for  the  co¬ 
polarized  and  cross-polarized  radar  cross  section 
components,  respectively.  The  generating  contour  for  the 
body  of  revolution  model  in  this  case  was  defined  by  56 
linear  segments,  resulting  in  222  unknowns.  The  agreement 
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between  the  results  obtained  by  the  two  different  methods  is 
generally  very  good,  and  it  is  clear  that  the  increased 
number  of  unknowns  in  both  methods  has  improved  the 
agreement  between  the  two  methods  for  axial  and  broadside 
illumination. 


Figure  10.  Comparison  of  co-polarized  radar  cross 
section  results  obtained  with  body  of  revolution  and 
triangular  patch  models. 


Figure  11.  Comparison  of  cross-polarized  radar 
cross  section  results  obtained  with  body  of 
revolution  and  triangular  patch  models. 


We  next  consider  the  case  of  a  sphere,  both  with  an 
isotropic  IBC  and  with  an  anisotropic  IBC.  In  both  cases, 
the  results  obtained  using  the  IBC3D  patch  code  are 
compared  with  an  independent  IBC  body  of  revolution  code 
(JRMBOR  [32]).  Comparisons  are  also  made  with  the 
predictions  of  Weston’s  theorem  [33]  for  the  anisotropic 
IBC  case.  Three  different  triangular  patch  models,  with 
260,  570,  and  1616  unknowns,  were  used  to  represent  the 
sphere  for  the  isotropic  IBC  case.  The  two  models  with  the 
larger  number  of  unknowns  are  shown  in  Fig.  12. 
Calculated  backscatter  cross-sections,  normalized  by  -kct. 


where  a  is  the  sphere  radius,  are  shown  in  Fig.  13  for  the 
isotropic  IBC  case  (i.e.,  in  (6)  Zjj=Z22  =  0. l-t-yO.  1,  and 
Zi2=Z2i  =  0)  as  a  function  of  ka=2Tal\,  where  X  is  the 
excitation  wavelength.  For  fci  =  3,  the  segmentations  of  the 
three  IBC3D  models  correspond  to  about  7,  11,  and  18 
triangles  per  wavelength.  The  JRMBOR  result  used  at  least 
25  triangles  per  wavelength,  and  consequently,  was 
reasonably  well  converged.  The  plotted  IBC3D  results  have 
been  radius-corrected  to  account  for  the  difference  in 
surface  area  of  the  inscribed  triangle  model  of  the  sphere 
and  the  actual  sphere.  The  radius  correction  factors  for  the 
260,  570,  and  1616  patch  models  were  0.988,  0.991,  and 
0.998,  respectively.  The  IBC3D  results  are  observed  to 
converge  to  the  JRMBOR  solution  as  the  triangle 
segmentation  is  increased.  For  the  1616,  patch  model,  the 
agreement  is  nearly  precise  for  ka=2,  with  differences  no 
greater  than  a  small  fraction  of  a  dB  for  fai=3. 


Figure  12.  Triangulated  sphere  models. 


Note  that  the  260  triangle  patch  model  has  spikes  at 
ka^2.15  and  ka  =^3.9.  The  spikes  are  an  artifact  of  the 
EFIE  formulation  used,  and  they  appear  at  the  internal 
resonance  frequencies  of  a  perfect  electric  conductor  (PEC) 
scatterer  having  the  same  surface.  The  width  of  the  spike 
decreases  as  the  number  of  patches  increases,  and,  due  to 
the  finite  sampling  in  frequency,  the  570  triangle  model 
shows  only  a  small  kink  near  fca  =  3 .9.  The  JRMBOR  code 
result  was  obtained  with  a  combined  field  integral  equation 
(CFIE)  formulation  using  equal  weightings  of  the  EFIE  and 
MFIE,  which  tends  to  suppress  the  spurious  internal 
resonances  [34]. 

IBC3D  results  and  the  JRMBOR  results  have  also  been 
compared  for  the  case  of  a  sphere  with  an  anisotropic  IBC 
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Figure  13.  Comparison  of  IBC3D  and  JRMBOR 
for  an  isotropic  impedance  sphere  (Z^=0. 1  +j0. 1). 


and  size  ka=l  in  Fig.  14.  The  geometry  is  shown  in  the 
figure,  where  the  dashed  line  represents  an  axis  of 

symmetiy  of  the  body,  and  £  is  a  unit  vector  in  the 
direction  of  propagation  of  the  incident  plane  wave.  The 
plane  of  scattering  is  defined  by  these  two  lines,  and  the 
angle  6  between  them  is  the  scattering  angle  plotted  in  Fig. 
14.  Vertical  polarization  (V)  corresponds  to  the  case  where 
the  electric  field  is  perpendicular  to  the  plane  of  scattering, 
while  horizontal  polarization  (H)  has  the  electric  field  in  the 
plane  of  scattering.  The  intersection  section  of  the  axis  of 
symmetry  (dashed  line)  with  the  surface  of  the  sphere 
defines  one  pole  of  the  sphere.  The  unit  vectors  Uj  in  (6) 
are  chosen  to  be  everywhere  tangential  to  the  surface  of  the 
sphere  and  directed  toward  the  pole,  while  the  unit  vectors  §2 
are  in  the  azimuthal  direction  on  the  sphere  surface.  The 
surface  impedance  for  the  case  is  then  defined  as 

4.0  0 
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the  curve,  where  increased  model  segmentation  is  required 
to  obtain  more  precise  agreement.  The  generalized  Weston 
theorem  also  requires  that  the  VV  and  HH  polarization 
results  should  be  the  same  [35].  Both  sets  of  numerically 
computed  results  exhibit  this  behavior  except  over  the  region 
of  the  curve  where  the  cross  section  is  small.  The 
JRMBOR  results  were  obtained  using  a  segmentation 
equivalent  to  40  triangles  per  wavelength,  while  the  IBC3D 
results  were  obtained  using  about  27  triangles  per 
wavelength. 


1BC3D  Model 

Edges:  699 
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Radius:  Im 


Z  = 
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Figure  14.  Comparison  of  IBC3D  and  JRMBOR 
bistatic  scattering  cross  section  for  an  anisotropic 
impedance  sphere. 


Results  for  the  PEC  sphere  case  are  also  shown  (dashed 
curve)  in  Fig.  14,  and  the  IBC3D  and  JRMBOR  results  are 
virtually  indistinguishable.  For  the  anisotropic  IBC  case, 
the  surface  impedance  is  defined  so  that  the  product  of  the 
diagonal  matrix  elements  is  unity.  As  a  consequence,  a 
generalization  of  Weston’s  theorem  [33]  to  anisotropic 
BORs  [35]  is  applicable,  and  the  backscatter  RCS  along  the 
axis  of  symmetry  should  vanish.  It  can  be  seen  in  Fig.  14 
that  the  RCS  along  the  axis  of  symmetiy  {6=0°,  180°)  is  45 
dB  lower  than  the  PEC  case.  Also  shown  is  the  comparison 
between  JRMBOR  and  IBC3D  results  (dotted  and  solid 
lines,  respectively).  The  agreement  between  the  two  codes 
is  quite  good  except  for  the  smallest  cross-section  regions  of 


As  a  final  example,  we  consider  the  case  of  another 
cylinder  with  an  anisotropic  IBC.  The  cylinder  model  is  the 
same  as  that  shown  in  Fig.  6,  with  length  Z,  =  X  and  radius 
n=0.1X.  The  unit  vectors  and  &2  define  the 
dyadic  surface  impedance  are  chosen  to  correspond  to  the 
azimuthal  unit  vector  ^  and  the  generating  arc  unit  vector  t 
commonly  used  in  BOR  representations.  Thus,  dj  is  on 
the  cylinder  surface  and  azimuthally  directed  with  respect  to 
the  axis  of  symmetry  of  the  cylinder.  Along  the  length  of 
the  cylinder,  the  vector  ^2  parallel  to  the  axis  of 
symmetry,  but  on  the  endcaps,  32  is  radially  directed.  The 
cylinder  has  roughly  8.5  triangles  per  wavelength.  The 
JRMBOR  results  were  obtained  using  the  CFIE  formulation 
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with  equal  weight  to  the  EFIE  and  MFIE.  Fourier  modes 
zero  through  five  and  a  Gaussian  quadrature  order  of  30 
were  used.  There  were  about  25  triangles  per  wavelength 
for  the  JRMBOR  model.  Thus,  one  might  expect  the 
JRMBOR  calculations  to  be  more  accurate  than  those  of 
IBC3D  for  this  case. 

Fig.  15  shows  the  comparison  between  the  predictions 
of  IBC3D  and  JRMBOR  when  the  cylinder  has  an 
anisotropic  surface  IBC  with  unequal  diagonal  elements. 
The  plane  of  scattering  and  the  horizontal  and  vertical 
polarizations  are  defined  in  the  same  manner  as  in  the 
preceding  case  of  the  sphere.  The  HH  results  shown  in  Fig. 
15  for  a  horizontally  polarized  transmitter  and  receiver  are 
almost  coincident,  while  there  is  a  worst-case  discrepancy 
of  less  than  2  dB  for  the  VV  polarization  result  at  about 
45°.  This  agreement  seems  quite  reasonable  considering  the 
rather  crude  segmentation  of  the  IBC3D  patch  model. 


Figure  15.  Comparison  of  IBC3D  and  JRMBOR 
monostatic  RCS  results  for  a  cylinder  with  an 
anisotropic  impedance  boundary  condition. 


V.  Summary 

In  this  work  the  problem  of  electromagnetic  scattering 
from  arbitrarily  shaped,  imperfectly  conducting  surfaces 
modeled  by  an  anisotropic  impedance  boundary  condition 
has  been  considered.  The  numerical  solution  has  been 
implemented  using  the  electric  field  integral  equation  and  a 


triangular  patch  model  for  the  scatterer  surface.  The 
anisotropic  impedance  boundary  condition  function  has  been 
specified  by  a  constant  surface  dyadic  within  each  triangular 
face.  Good  agreement  between  numerical  results  obtained 
with  the  triangular  patch  model  and  a  body  of  revolution 
model  has  been  observed  for  the  scattering  cross  sections  of 
spheres  and  cylinders  for  both  isotropic  and  anisotropic 
impedance  boundary  conditions. 
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Abstract:  A  parametric  mapping  of  vector  basis  functions 
is  presented  for  curved-patch  discretizations  of  surface 
integral  equations.  The  mapping  of  the  vector  basis 
function  maintains  the  normal  continuity  of  the  surface 
current  density  at  cell  boundaries,  and  is  therefore  suitable 
for  use  with  the  electric-field  integral  equation.  Expressions 
for  the  matrix  elements  associated  with  the  electric  and 
magnetic  field  integral  equations  are  developed. 


1.  Introduction 

During  the  past  two  decades,  the  approximate 
solution  of  surface  integral  equations  by  the  method  of 
moments  has  matured  into  a  well-accepted  process. 
However,  the  most  widely-used  procedures  tend  to  employ 
flat-cell  models  of  curved  structures  and  relatively  low-order 
basis  functions  to  represent  surface  currents  and  fields. 
Specifically,  the  Rao-Wilton-Glisson  (RWG)  triangular- 
rooftop  basis  functions  [1]  commonly  used  to  model 
currents  on  surfaces  in  3D  provide  only  a  constant  normal 
and  linear  tangential  representation  of  the  surface  current 
density.  If  higher  accuracy  in  the  results  is  desired,  a  low- 
order  representation  is  likely  to  prove  inefficient. 
Furthermore,  flat  cells  limit  the  modeling  resolution.  In 
this  article,  we  discuss  the  use  of  a  higher-order  vector  basis 
set  with  continuity  properties  similar  to  the  RWG 
functions,  in  conjunction  with  a  curved-cell  scatterer  model. 

The  incorporation  of  curved  cells  into  moment- 
method  discretizations,  although  uncommon,  has  been 
discussed  by  a  number  of  authors  [2-8].  However,  a  critical 
issue  in  the  discretization  of  surface  integral  equations  such 
as  the  electric-field  equation  (EFIE)  is  the  need  to  maintain 
continuity  of  the  normal  surface  current  density  at  cell 
junctions  [1].  The  existing  literature  on  curved-cell 
representations  fails  to  adequately  address  this  issue. 
References  [2]  and  [3]  assumed  a  piecewise-constant 


representation  for  the  current  density,  while  [4]  investigated 
both  piecewise-constant  and  piecewise-linear  representations. 
Thus,  these  studies  did  not  always  impose  normal  continuity 
because  of  the  nature  of  the  basis  functions.  In  addition,  [2] 
and  [4]  only  consider  the  magnetic  field  integral  equation 
(MITE),  which  is  less  sensitive  to  discontinuities  in  the 
current  density.  References  [5]  and  [6]  employed  mixed-order 
vector  basis  functions  on  curved  triangular  and  quadrilateral 
cells,  respectively,  and  a  similar  approach  has  been  reported 
in  [7].  These  articles  consider  the  use  of  low-order  basis 
functions  similar  to  the  RWG  functions  and  do  not 
specifically  discuss  the  continuity  properties  of  the  curved¬ 
cell  representation. 

Higher-order  scalar  polynomial  basis  functions  have 
been  investigated  by  numerous  researchers  in  the  context  of 
finite  element  solutions  [9-10].  Higher-order  vector 
functions  are  less  well  known,  but  have  also  been  studied 
[11-13].  In  general,  if  the  scatterer  model  incorporates 
curvature,  there  is  little  additional  effort  required  to 
implement  higher-order  basis  functions  (other  than  the 
additional  unknowns  for  a  given  number  of  cells,  which  may 
be  offset  by  improved  accuracy). 

In  this  paper,  we  briefly  review  the  scalar 
transformation  required  to  treat  the  EECE  and  METE  applied 
to  two-dimensional  scatterers.  We  then  consider  the 
mapping  necessary  to  define  curved-cell  vector  basis 
functions  compatible  with  3D  surface  integral  equations. 
The  development  is  based  on  a  cell-by-cell  coordinate 
mapping  obtained  via  Lagrangian  interpolation  polynomials. 
Other  specific  representations  of  the  surface  (e.g.,  splines) 
could  be  implemented  in  a  similar  manner.  For  illustration, 
we  present  preliminary  results  for  a  curved-cell 
implementation  using  vector  basis  functions  one 
polynomial  order  greater  than  the  RWG  functions. 
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2.  Discretization  of  2D  surface  integral 
equations  using  an  isoparametric  quadratic 
representation 

To  motivate  the  use  of  higher-order  basis  functions 


and  curved-cell  models,  this  section  briefly  reviews  their 
application  in  2D.  Two-dimensional  method-of-moments 
discretization  schemes  employing  flat-cell  models  of  the 
scatterer  contours  and  piecewise-constant  or  piecewise-hnear 
basis  functions  have  been  widely  used  [14].  The  scatterer 
models  can  be  improved  by  using  cells  with  parabolic 
curvature.  Suppose  t  is  a  parametric  variable  with  the 
interval  -l<t<l  used  to  describe  a  single  cell.  The  cell  can 
be  defined  by  the  three  points  (xi,yi),  (X2,y2),  and  (X3,y3), 
and  the  mapping 

X(t)  =  Xi  Bi(t)  +  X2  B2(t)  -1-  X3  B3(t) 

(1) 

y(t)  =  yi  Bi(t)  +  y2  B2(t)  +  y3  B3(t) 

(2) 

where 

Bi(0  =  ll^ 

(3) 

Bjlt)  =  1  - 

(4) 

(5) 

are  quadratic  Lagrangian  interpolation  functions.  It  is 
convenient  to  also  use  quadratic  Lagrangian  interpolation 
polynomials  to  represent  the  surface  current  density,  which 
is  known  as  an  isoparametric  expansion.  For  a  smooth 
scatterer,  and  the  TM  polarization,  the  current  density  within 
a  cell  can  be  replaced  by 

3 

Jz(t)  =  XjnBn(t)  (6} 

n=l 

Thus,  within  each  cell  there  are  three  overlapping  basis 
functions  that  contribute  to  the  representation.  Each  basis 
function  interpolates  to  the  current  density  at  one  of  the 
three  “nodes”  that  define  the  cell  shape,  according  to  (l)-(2). 

Consider  the  TM  EFIE,  and  the  use  of  Dirac  delta 
testing  functions  (located  at  the  interpolation  nodes)  to 
complete  the  discretization.  The  entries  of  the  system 
matrix  involve  integrals  of  the  form 

j  B„(OH?\kRjJ(tOdt'  (7) 

cell  p 


where  m  and  n  now  denote  global  indices, 

Rm=  V  +  fym-  ® 

and  J  is  the  Jacobian 

The  Jacobian  can  be  evaluated  using  the  mapping  in  (l)-(2), 
which  yields 


within  a  particular  cell.  In  general,  the  integrals  defined  by 
(7)  must  be  evaluated  by  numerical  quadrature.  In  the  case 
where  R„  vanishes  within  the  interval  of  integration,  the 
Hankel  function  singularity  can  be  extracted,  splitting  the 
integral  into  two  parts.  The  first  integral  can  be  computed 
by  quadrature;  the  second  can  be  evaluated  analytically  over  a 
flat  cell.  As  an  alternative  approach,  the  original  integral 
can  be  evaluated  using  a  quadrature  rule  that  specifically 
incorporates  the  logarithmic  singularity  [15-16]. 

For  the  TE  MFIE,  a  similar  discretization  can  be 
developed,  using  an  expansion  similar  to  (6)  for  the 
transverse  component  of  the  current.  The  off-diagonal 
matrix  entries  involve  integrals  of  the  form 

y  — y(t^)  1  t  'i 

-  cosnit')-^ - )Hf\kR^)J(tOdt'  (12) 

J 

where  the  Jacobian  J  is  defined  in  (9),  Rn,  is  defined  in  (8), 
and  Q  denotes  the  continuous  angle  between  the  x-axis  and 
the  tangent  vector  to  each  point  on  the  cell.  If  node  m  lies 
at  an  interceU  node,  the  diagonal  matrix  entries  for  the  MFBE 
have  the  form 

z.»,— +  O  (13) 

where  Fn,  denotes  the  total  interior  wedge  angle  formed  by 
the  conductor  at  node  m,  and  Ij^” and  ^  have  the 
form  of  (12),  except  that  a  small  region  in  the  vicinity  of 
node  m  is  excluded  from  the  integral.  (The  integral  was 
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evaluated  using  an  “open”  quadrature  formula  that  did  not 
sample  at  the  endpoints  of  the  interval;  a  region  on  the  order 
of  10“^  X  is  easily  excluded  by  this  procedure.)  If  node  m 
lies  in  the  cell  interior,  the  MFE  diagonal  entries  are 


:  -  _+  P 

2  mm 


where  again  a  small  region  around  node  m  is  excluded  from 
the  integral. 

To  illustrate  the  accuracy  of  the  isoparametric 
Lagrangian  approach,  Table  1  shows  the  TE  surface  current 
density  induced  on  a  circular  cylinder  by  a  uniform  plane 
wave.  Results  from  a  curved-cell  discretization  of  the  MFTE 
using  piecewise-quadratic  basis  functions  are  compared  to 
similar  solutions  obtained  using  a  flat-cell  discretization 
with  piecewise-constant  and  piecewise-linear  representations 


of  the  current  density.  For  a  density  of  40  unknowns/X, 
there  is  a  consistent  improvement  in  accuracy  as  the  basis 
function  order  is  increased.  The  curved-ceU  results  exhibit 
four  decimal  places  of  agreement  with  the  exact  solution. 

In  general,  numerical  experimentation  using  a  range 
of  cell  sizes  tends  to  confirm  that  the  error  in  the  2D  surface 
current  density  follows  the  predicted  interpolation  error  of 

as  h-»0,  where  h  is  the  relative  cell  size  and  p  is  the 
polynomial  degree  of  the  basis  functions  (p=2  denotes 
quadratic  functions,  for  instance).  Thus,  it  is  more  efficient 
to  obtain  high  accuracy  by  increasing  the  polynomial  order 
than  by  reducing  the  cell  sizes.  Additional  results  using  this 
type  of  mapping  with  a  combined-field  formulation  are 
presented  in  [17]. 


Table  1 

Comparison  of  the  current  density  induced  on  a  circular  cylinder  with  circumference  1 X  by  a  TE  plane 
wave  propagating  in  the  (>=0  direction.  MFDE  results  obtained  with  pulse,  linear,  and  quadratic  basis 
functions  and  Dirac  delta  testing  functions  are  compared  with  the  exact  solution,  for  a  40  unknown 
discretization.  The  quadratic  case  employs  parabolic  cells  defined  by  (l)-(2);  the  other  results  were 

obtained  using  flat  cells. 


MFIE 

MFIE 

pulse  basis. 

linear  basis. 

flat  cells 

flat  cells 

0.8907 

0.6733 

1.1751 

1.6232 

1.7094 

66.29' 

113.41 

-164.88 

-125.83 

-110.77 


1.1708 

1.6201 

1.7076 

(phase) 

66.66' 

113.57 

-164.80 

-125.82 

-110.82 


0.8883 

0.6722 

1.1714 

1.6199 

1.7073 

66.56' 

113.56 

-164.82 

-125.84 

-110.83 


0.8882 

0.6722 

1.1713 

1.6199 

1.7071 

66.56' 

113.56 

-164.82 

-125.84 

-110.83 
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3.  Mapping  vector  basis  functions  to 

curvilinear  cells  in  3D 

The  previous  section  showed  that  higher-order  basis 
functions  and  curved  cells  can  produce  improved  accuracy  in 
scalar  problems.  The  process  of  mapping  scalar  basis 
functions  to  curved  cells  in  two  and  three  dimensions  is 
explained  in  a  number  of  textbooks  [9-10],  and  is  widely 
understood.  A  transformation  defined  by  a  small  number  of 
points  (nodes)  on  the  curved  cell  uniquely  specifies  the 
mapped  functions.  Neighboring  cells  can  be  defined  by 
independent  mappings  that  share  nodes  along  the  common 
edges.  Usually,  the  continuity  of  the  scalar  basis  functions 
is  maintained  across  curved  cell  boundaries,  although 
derivative  continuity  is  not.  (Derivative  continuity  can  be 
maintained  by  alternative  mappings  involving  spline 
functions  or  Hermitian  interpolation  polynomials.) 

One  would  expect  to  realize  a  similar  improvement 
in  accuracy  from  the  use  of  higher-order  functions  and  curved 
cells  in  vector  problems,  such  as  the  3D  EFIE.  When 
transforming  vector  basis  functions,  however,  there  is  an 
additional  degree  of  freedom  embodied  in  the  vector  direction 
of  the  function  that  was  not  present  in  the  scalar  case. 
Thus,  the  vector  mapping  process  is  somewhat  different 
from  that  used  with  scalar  basis  functions.  A  local  moping 
that  describes  the  curved  cell  shape  via  Lagrangian 
polynomials  will  generally  not  be  able  to  maintain  the 
complete  continuity  of  a  vector  basis  function  aaoss  cell 
boundaries.  For  the  treatment  of  surface  integral  equations 
such  as  the  EFIE,  the  surface  current  density  must  maintain 
normal  continuity  across  cell  junctions,  in  order  that  the 
surface  divergence  of  the  current  remains  finite  at  the  cell 
edges.  Therefore,  it  is  critical  to  define  the  vector  projection 
in  a  way  that  ensures  normal  continuity.  In  addition,  to 
treat  surface  integral  equations  the  mapping  involves  a  two- 
dimensional  surface  in  three-dimensional  space.  Crowley 
has  discussed  the  mapping  of  a  tangentially-continuous 
vector  representation  (the  complementary  case),  for 
application  to  the  vector  Helmholtz  equation  [18].  A 
covariant  mapping  preserves  tangential  continuity. 
Apparently,  no  detailed  discussion  of  the  appropriate 
parametric  mapping  needed  for  surface  integral  equations 
exists  at  present  in  the  electromagnetics  literature.  Normal 
continuity  can  be  preserved  by  using  a  contravariant 
mapping,  as  described  below. 

For  illustration,  the  following  development 
considers  a  curved  quadrilateral  cell  shape;  the  same 
expressions  apply  to  triangular  cells  provided  that  the  limits 
of  integration  are  modified  accordingly.  Consider  a  basis 
function  defined  in  the  2D  reference  cell  (-l<r|<l,  -1<^<1). 
This  vector  can  be  represented  by  its  covariant  components 


B=  (B  •  ti)ti'-h  (B-  9  ^ 

(15) 

or  its  contravariant  components 

B  =  (B  •  tiOti+  (B-  ^')^ 

(16) 

where  the  base  vectors  are  given  by 

3x  -  3y  ^  3z  - 
■n  =  ■=^x  -f  +  "sr-z 

'  dri  dri  dtl 

(17) 

-  dx  ^  dy  ^  dz  - 

d^y'dl'^ 

(18) 

and  the  reciprocal  base  vectors  are  given  by 

dtl  ‘  dn  *  dn 

(19) 

e,  d^  ^  d^  -  d^  > 

(20) 

In  a  skewed  quadrilateral  ceU,  the  base  vectors  are  tangential 
to  the  cell  edges  while  the  reciprocal  base  vectors  are  normal 
to  the  cell  edges.  The  mapping  from  the  2D  reference  cell  to 
the  curved  patch  in  3D  can  be  defined  by  a  transformation  of 
the  form 

X  =  ^  X„  Bn(Tl,^) 

D 

(21) 

n 

(22) 

(23) 

D 


where  (Bn)  represents  a  set  of  scalar  Lagrangian 
interpolation  functions  (of  any  order),  and  the  nodes  (Xn,yn) 
specify  the  specific  patch  shape.  Therefore,  the  Jacobian 
relationship  is  given  by 


d  ■ 

dx  dy  dz 

■  d  ■ 

r  9  ■ 

"Sq"  dq 

d 

_  T 

d 

d 

9^- 

dx  dy  dz 

_ 1 

—  J 

For  use  with  surface  integral  equations,  the  basis  functions 
must  be  tangential  to  the  curved  patch  at  every  point  within 
the  patch,  and  ensure  normal  continuity  between  adjacent 
patches.  These  characteristics  can  be  obtained  if  the 
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Cartesian  components  of  the  basis  function  in  each  cell  are 
defined  by  the  contravariant  mapping 


<I>  dtid^ 


(30) 


Using  (25)  and  (27),  the  matrix  entry  associated  with  the 
magnetic  vector  potential  term  in  the  EFIE  can  be  written  in 
terms  of  the  integral 


where  and  denote  the  contravariant  components  of  the 
basis  function  in  the  reference  cell, 


is  the  pseudo-determinant  of  the  2x3  Jacobian  matrix,  and 
we  assume  that  the  basis  functions  B^  and  B^  maintain 
normal  continuity  in  the  reference  cell.  TTie  factor  Q  defines 
the  scaling  necessary  to  write  the  differential  surface  area 


j^tOGdsjdS 

=  f'  f  f‘  f‘  [T„„  T^]  jj'^fMcdn'd^'diid^  (31) 

Thus,  in  these  integrals  the  scale  factors  arising  from  the 
basis  and  testing  functions  cancel  those  arising  from  the 
differential  surface  areas.  The  matrix  entries  associated  with 
the  MFIE  can  also  be  expressed  over  curved  patches;  for 
instance  the  off-diagonal  entries  have  the  form 


dS  =  Qdiid^  (27) 

in  terms  of  the  (ti,  ^  coordinates. 

When  working  with  mapped  basis  functions,  it  is 
convenient  to  perform  the  calculations  directly  in  the  (ii,^) 
system.  Thus,  we  would  like  to  express  the  integrals 
arising  from  the  EFIE  in  terms  of  p  and  4-  For  a  basis 
function  defined  by  Equation  (25),  it  is  possible  to  show 
that  the  surface  divergence  operation  on  a  curved  cell 
simplifies  to 


whUe  the  diagonal  entries  differ  in  the  usual  way  due  to  the 
total  field  term  and  the  Green’s  function  singularity. 


=  ll^ 

Q  I  3ti 


+  ^5.1 

35  J 


By  combining  Equations  (27)  and  (28),  the  contribution 
from  one  cell  to  the  scalar  potential  integral  within  the  EFIE 
can  be  written  as 


(V/-B„)GdS'  = 


The  general  expressions  in  (30)-(32)  provide  a 
convenient  way  of  computing  the  matrix  entries  when  a 
piecewise-parametric  representation  is  used  to  define  the 
curved  surface.  All  integrals  can  be  performed  over  the 
square  reference  cell  in  the  (t|,  ^)  coordinate  system  by 
numerical  quadrature.  In  the  case  of  a  triangular  reference 
cell,  the  limits  of  integration  in  (30)-(32)  must  be  modified 
to  incorporate  the  triangular  cell  shape. 


G  dq'd^'  (29) 


4.  Higher-order  vector  basis  functions  for 
surface  currents 


where  G  denotes  the  Green’s  function.  Since  the  testing 
functions  are  also  defined  by  the  transformation  in  (25),  a 
general  form  for  the  complete  matrix  entry  is 

Jji„V*dS 

=  -JJ(VT„)4>ciS 


The  surface  current  representation  proposed  in  1982 
by  Rao,  Wilton  and  Glisson  [1]  has  a  constant  normal 
component  and  a  linear  tangential  component  (CN/LT) 
around  the  cell  edges.  Better  accuracy  could  be  obtained  with 
higher-order  polynomial  functions.  Functions  have  been 
proposed  that  provide  a  linear  normal,  quadratic-tangent 
(LN/QT)  representation  of  the  surface  current  density,  and 
exhibit  finite  divergence  throughout  the  computational 
domain  [13].  As  compared  with  an  RWG  representation, 
where  three  basis  functions  overlap  each  cell,  eight  different 
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LN/QT  basis  functions  overlap  each  triangular  cell.  Six  of 
these  functions  have  support  shared  by  two  triangular  cells, 
like  the  RWG  CN/LT  functions.  Each  of  these  six 
functions  interpolates  to  the  normal  vector  component  of  the 
surface  current  at  one  end  of  a  cell  edge.  These  six  functions 
maintain  normal-vector  continuity  with  the  adjoining  cell, 
and  eliminate  fictitious  charge  densities  at  cell  interfaces. 
Equivalently,  the  surface  divergence  of  the  representation 
remains  finite.  Within  a  single  cell,  these  six  edge-based 
basis  functions  can  be  expressed  as 

z  X  Wij  Lj  VLj,  i  j  (33) 

where  {Lj,  L2,  L3}  denote  simplex  coordinates  [9-10]  within 
a  triangle  in  the  x-y  plane,  and  wy  is  the  length  of  the  edge 
between  nodes  i  and  j.  (Li  and  L2  play  the  role  of  the  local 
coordinates  T|  and  ^  in  the  expressions  from  the  preceding 
section,  with  L3  defined  by  L3  =  1  -  Li  -  L2.)  In  addition, 
there  are  two  basis  functions  in  each  cell  whose  support  is 
confined  to  that  cell.  These  cell-based  functions  can  be 
expressed  in  simplex  coordinates  as 

zx4wi3{L2L3VLi-LiL2  VL3}  (34) 

and 

z  X  4w23{Li  L3  VL2  -  Li  L2  VL3}  (35) 

These  two  functions  have  zero  normal  component  along  all 
three  edges  of  the  cell,  and  together  provide  a  quadratic 
representation  for  the  tangential  component  of  the  current 
density.  The  LN/QT  basis  functions  have  been  motivated 
by  the  development  of  complementary  techniques  for 
discretizing  the  curl-curl  form  of  the  vector  Helmholtz 
equation  [19].  The  basis  functions  belong  to  the  mixed- 
order  divergence-conforming  spaces  originally  proposed  by 
Nedelec  [11],  which  include  representations  for  arbitrary 
polynomial  order.  For  a  triangular-cell  model,  the  global 
LN/QT  representation  consists  of  two  basis  functions  per 
non-boundary  edge  and  two  basis  functions  per  ceU.  Figure 
1  depicts  these  basis  functions. 

The  8  basis  functions  in  Equations  (33)-(35)  are 
linearly  independent  and  can  be  used  as  testing  functions 
within  a  Galerkin  implementation,  if  desired.  However,  for 
simplicity  we  propose  the  use  of  piecewise-constant  “razor- 
blade”  testing  functions  defined  along  linearly  independent 
paths  that  roughly  correspond  to  the  basis  function 
locations,  as  depicted  in  Figure  2. 


Figure  1.  The  linear-normal/quadratic-tangential  (LN/QT) 
basis  functions  defined  on  a  triangular  cell. 
The  upper  two  triangles  depict  the  edge-based 
functions,  while  the  lower  two  depict  the  cell- 
based  functions. 


Figure  2.  Domain  of  support  for  the  razor-blade  testing 
functions  on  triangles.  The  left  cell  shows  the 
path  for  the  edge-based  functions;  the  right 
shows  the  path  for  the  cell-based  functions. 
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5.  Preliminary  results 

To  demonstrate  the  preceding  ideas,  we 
implemented  the  basis  functions  in  (33)-(35)  using  a 
piecewise-parabolic  surface  representation  defined  by 
triangular-cell  quadratic  Lagrangian  polynomials.  Each 
patch  is  defined  by  the  mapping  in  (21M23),  using  6  scalar 
interpolation  polynomials 


B2oo(Li,L2,L3)  =  (2Li  —  1)  Li 

(36) 

Bo2o(Li,L2,L3)  =  (2  L2  —  1)  L2 

(37) 

Bo02(Li,L2,L3)  =  (2  L3  —  1)  L3 

(38) 

Biio(Li,L2,L3)  =  4  Li  L2 

(39) 

Bioi(Li,L2,L3)  =  4Li  L3 

(40) 

^01  i(Li,L2,L3)  =  4  L2  L3 

(41) 

and  6  coordinate  values  at  the  comers  and  mid-sides  of  each 
cell.  The  first  three  functions  have  unity  value  at  one  comer 
node,  while  the  latter  three  functions  have  unity  value  in  the 
center  of  one  of  the  three  sides. 

The  functions  in  (36)-<41)  define  the  shape  of  the 
curved  cells  comprising  the  scatterer,  given  six  points  per 
patch  from  which  to  interpolate  according  to  (21M23).  By 
converting  from  simplex  coordinates  to  Cartesian 
coordinates  [10],  one  readily  obtains  the  entries  of  the 
Jacobian  matrix  defined  in  (24).  The  LN/QT  basis  functions 
defined  in  (33)-(35)  are  m^ped  to  the  curved  cells  using  the 
contravariant  projection  in  (25),  and  used  to  represent  the 
vector  surface  current  density.  The  matrix  entries  for  the 
EFIE  are  obtained  from  (30H31),  with  the  integration 
limits  suitably  modified  for  a  triangular  reference  cell. 
Equations  (30)-(31)  account  for  the  curved-cell  mapping,  so 
the  only  additional  effort  needed  to  implement  the  curved-cell 
discretization  is  the  computation  of  the  Jacobian  matrix  at 
points  needed  for  the  quadrature  algorithm  used  to  evaluate 
(30)  and  (31).  Since  the  integration  is  performed  in  the 
reference  cell,  it  is  not  necessary  to  explicitly  define  the 
basis  functions  within  the  curved  patches. 

The  evaluation  of  the  matrix  entries  by  numerical 
quadrature  is  straightforward  except  when  the  source  and 
observation  regions  overlap,  due  to  the  Green’s  function 
singularity.  In  this  case,  the  1/R  singularity  is  extracted  and 
evaluated  analytically  over  a  tangent  plane,  then  added  back 
to  the  result  of  the  quadrature. 


For  illustration,  consider  a  plane  wave  illuminating 
a  perfectly  conducting  sphere  of  radius  0.2  X,  where  X 
denotes  the  wavelength.  Figures  3a,  3b,  4a,  and  4b  depict 
the  magnitude  and  phase  of  the  surface  currents  around  the 
sphere.  The  surface  current  density  is  normalized  to  the 
magnitude  of  the  incident  magnetic  field.  The  incident  field 
propagates  in  the  -z  direction  with  the  electric  field  polarized 
in  the  -x  direction.  Exact  solutions  are  compared  to  EFIE 
results  obtained  using  curved-cell  and  flat-cell  models,  each 
of  which  consist  of  48  cells  and  produce  a  moment-method 
system  of  order  240.  Both  results  employed  LN/QT  basis 
functions  and  razor-blade  testing  functions.  Clearly,  the 
curved-cell  data  more  closely  approximates  the  exact 
solution.  Since  the  basis  functions  provide  normal 
continuity  but  not  tangential  continuity,  there  are  a  few 
places  where  jump  discontinuities  can  be  observed  in  these 
plots.  These  discontinuities  occur  in  places  where  the 
tangential  component  contributes  to  the  current  density 
shown  in  the  plot,  and  they  diminish  as  the  model  is  refined 
and  the  cell  sizes  are  reduced.  Figure  5  shows  the  scattering 
cross  section  comparison  for  the  same  example.  In  this 
case,  the  flat-cell  model  is  inscribed  within  the  actual  sphere 
and  the  scattering  cross  section  differs  substantially  firom  the 
true  values. 


Figure  3(a).  The  magnitude  of  the  0 -component  of  the 
current  density  induced  by  a  uniform  plane 
wave  on  a  spherical  conducting  scatterer  with 
radius  0.2  wavelengths.  Numerical  results 
produced  using  LN/QT  basis  functions  with  a 
flat-cell  model  and  a  curved-cell  model  are 
compared  with  the  exact  solutions.  The 
models  contained  48  cells  and  produced  a 
system  of  order  240. 
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Figure  3(b).  The  phase  of  the  0-component  of  the  current 
density  for  the  example  in  Figure  3(a). 


Figure  5.  The  scattering  cross  section  (dB  X^)  for  a 
spherical  conducting  scatterer  with  radius  0.2 
wavelengths,  shown  for  <))=0.  Numerical 
results  obtained  using  LN/QT  basis  functions 
with  flat-cell  and  curved-cell  models  are 
compared  with  the  exact  solution.  The  models 
contained  48  cells  and  produced  a  system  of 
order  240.  The  substantial  difference  in  the 
accuracy  of  the  numerical  results  may  be  due  in 
part  to  the  fact  that  the  flat-cell  model  was 
inscribed  within  the  desired  sphere. 


Figure  4(a).  The  magnitude  of  the  <t)-component  of  the 
current  density  for  the  example  in  Figure  3(a). 


Figure  4(b).  The  phase  of  the  (j)-component  of  the  current 
density  for  the  example  in  Figure  3(a). 


6.  Summary 

In  practice,  the  accuracy  of  most  numerical 
solutions  is  limited  by  the  interpolation  error  associated 
with  the  expansion,  and  the  use  of  higher-order  functions  and 
curved  cells  is  expected  to  provide  better  accuracy  and  faster 
convergence.  This  paper  presents  a  procedure  for  defining 
vector  basis  functions  on  curved  cells,  while  maintaining  the 
normal-vector  continuity  of  the  representation.  Expressions 
for  the  matrix  entries  arising  from  EFIE  and  MFIE 
discretizations  are  presented.  The  3D  procedure  has  been 
implemented  using  LN/QT  basis  functions  and  curved 
triangular  patches  defined  by  a  scalar  Lagrangian  mapping. 
Additional  3D  results  based  on  the  EFIE,  MFIE,  and 
combined  field  equation  are  available  in  [20]. 


114 


7.  References 

[1]  S.  M.  Rao,  D.  R.  Wilton,  and  A.  W.  Glisson, 
“Electromagnetic  scattering  by  surfaces  of  arbitrary 
shape,”  IEEE  Trans.  Antennas  Propagat.,  vol.  AP- 
30,  pp.  409-418,  May  1982. 

[2]  D.  L.  Knepp  and  J.  Goldhirsh,  “Numerical  analysis 
of  electromagnetic  radiation  properties  of  smooth 
conducting  bodies  of  arbitrary  shape,”  IEEE  Trans. 
Antennas  Propagat.,  vol.  AP-20,  pp.  383-388, 
May  1972. 

[3]  M.  I.  Saucer,  R.  L.  McClary,  and  K.  J.  Glover, 
“Electromagnetic  computation  using  parametric 
geometry,”  Electromagnetics,  vol.  10,  pp.  85-103, 
1990. 

[4]  M.  S.  Ingber  and  R.  H.  Ott,  “An  application  of  the 
boundary  element  method  to  the  magnetic  field 
integral  equation,”  IEEE  Trans.  Antennas 
Propagat.,  vol.  39,  pp.  606-611,  May  1991. 

[5]  N.  Y.  Zhu  and  F.  M.  Landstorfer,  “Application  of 
curved  parametric  triangular  and  quadrilateral  edge 
elements  in  the  moment  method  solution  of  the 
F.FTF.,”  IEEE  Microwave  and  Guided  Wave  Letters, 
vol.  3,  pp.  319-321,  Sept.  1993. 

[6]  G.  E.  Antilla  and  N.  G.  Alexopoulos,  “Scattering 
from  complex  three-dimensional  geometries  by  a 
curvilinear  hybrid  finite  element  -  integral  equation 
approach,”  J.  Opt.  Soc.  Artier.  A,  vol.  11,  pp. 
1445-1457,  April  1994. 

[7]  D.  Wilkes  and  C.  C.  Cha,  “Method  of  moments 
solution  with  parametric  curved  triangular  patches,” 
Digest  of  the  1991  IEEE  Antennas  and  Propagation 
Society  International  Symposium,  London,  ON, 
pp.  1512-1515,  June  1991. 

[8]  J.  M.  Song  and  W.  C.  Chew,  “Moment  method 
solutions  using  parametric  geometry,”  J. 
Electromagnetic  Waves  Applies.,  vol.  9,  pp.  73- 
81,  1995. 

[9]  0.  C.  Zienkiewicz  and  R.  L.  Taylor,  The  Finite 
Element  Method.  London;  McGraw-Hill,  1988. 


[11]  J.  C.  Nedelec,  “Mixed  finite  elements  in  R3,” 
Numer.  Math.,  vol.  35,  pp.  315-341,  1980. 

[12]  S.  Wandzura,  “Electric  current  basis  functions  for 
curved  surfaces,”  Electromagnetics,  vol.  12,  pp.  77- 
91,  1992. 

[13]  A.  F.  Peterson,  “Higher-order  surface  patch  basis 
functions  for  EFIE  formulations,”  Digest  of  the 
1994  IEEE  Antennas  and  Propagation  Society 
International  Symposium,  Seattle,  WA,  pp.  2162- 
2165,  June  1994. 

[14]  R.  F.  Harrington,  Field  Computation  by  Moment 
Methods.  Macmillan,  1968. 

[15]  S.  Wandzura,  “Accuracy  in  computation  of  matrix 
elements  of  singular  kernels,”  Proceedings  of  the 
Eleventh  Annual  Review  of  Progress  in  Applied 
Computational  Electromagnetics,  Monterey,  CA, 
pp.  1170-1176,  March  1995. 

[16]  J.  Ma,  V.  Rokhlin,  and  S.  Wandzura,  “Generalized 
Gaussian  quadrature  rules  for  systems  of  arbitrary 
functions,”  Research  Report  YALEU/DCS/RR- 
990,  Yale  University,  October  1993. 

[17]  K.  R.  Aberegg  and  A.  F.  Peterson,  “Application  of 
the  integral  equation  -  asymptotic  phase  method  to 
two-dimensional  scattering,”  IEEE  Trans. 
Antennas  Propagat.,  vol.  43,  pp.  534-537,  May 
1995. 

[18]  C.  W.  Crowley,  Mixed-order  Covariant  Projection 
Finite  Elements  for  Vector  Fields.  Ph.D. 
Dissertation,  McGill  University,  Montreal, 
Quebec,  1988. 

[19]  A.  F.  Peterson,  “Vector  finite  element  formulation 
for  scattering  from  two-dimensional  heterogeneous 
bodies,”  IEEE  Trans.  Antennas  Propagat.,  vol.  43, 
pp.  357-365,  March  1994. 

[20]  K.  R.  Aberegg,  “Electromagnetic  scattering  using 
the  integral  equation  -  asymptotic  phase  method,” 
Ph.D.  dissertation,  Georgia  Institute  of 
Technology,  Atlanta,  1995. 


[10]  P.  P.  Silvester  and  R.  L.  Ferrari,  Finite  Elements 
for  Electrical  Engineers.  Cambridge:  Cambridge 
University  Press,  1990. 


115 


A  Technique  for  Avoiding  the  EFIE  “Interior  Resonance”  Problem 
Applied  to  an  MM  Solution  of  Electromagnetic  Radiation 

from  Bodies  of  Revolution 


Pierre  Steyn  and  David  B.  Davidson 
Department  of  Electrical  and  Electronic  Engineering 
University  of  Stellenbosch,  Stellenbosch  7600,  South  Africa 
e-mail:  davidson@firga.sun.ac.za 


Abstract 

Various  surface  integral  equation  formulations,  including 
the  electric  (EFIE)  and  magnetic  (MFIE)  field  integral 
equations,  suffer  from  what  is  commonly  known  as  the 
“interior  resonance”  problem.  There  are  a  number  of 
remedies  to  this  problem  of  which  many  involve  mod¬ 
ifying  the  integral  equation  formulation  and  result  in 
increased  computational  effort  and  computer  storage  re¬ 
quirements.  In  an  attempt  to  avoid  this  the  application 
of  a  remedy,  proposed  in  the  literature,  which  requires  no 
modification  to  the  formulation  has  been  investigated. 
This  involves  the  detection  of  interior  resonance  frequen¬ 
cies  and  correction  of  the  current  by  removing  the  mode 
responsible  for  the  “interior  resonance”.  In  the  litera¬ 
ture,  the  success  of  the  remedy  has  been  demonstrated 
for  two-dimensional  scattering  problems  involving  PEC 
cylinders.  In  this  work  it  is  demonstrated  that,  while 
the  correction  of  the  MM  (moment  method)  solution 
is  successful  when  an  “interior  resonance”  has  been  de¬ 
tected,  the  detection  of  the  interior  resonance  frequen¬ 
cies  can  be  extremely  difficult  in  an  MM  solution  of  ra¬ 
diation  from  composite  bodies  of  revolution.  In  fact,  a 
foolproof  computational  algorithm  for  detecting  interior 
resonance  frequencies  for  this  class  of  problems  is  yet  to 
be  developed. 

1  Introduction 

The  electric  field  integral  equation  (EFIE)  and  mag¬ 
netic  field  integral  equation  (MFIE)  suffer  from  what 
is  commonly  known  as  the  “interior  resonance”  prob¬ 
lem.  The  reason  for  this  is  that  some  surface  integral 
equation  (SIE)  formulations,  including  the  EFIE  and 
MFIE,  can  be  used  to  represent  both  an  interior  and  an 
exterior  electromagnetic  problem  for  a  closed  geometry. 


The  exterior  problem  involves  fields  produced  by  an  ap¬ 
plied  source  whereas  the  interior,  or  cavity,  problem  in¬ 
volves  source-free  “resonant  cavity  modes” .  The  cavity 
modes  of  the  interior  problem  occur  at  discrete  frequen¬ 
cies  known  as  eigenfrequencies.  Thus,  when  solving  the 
exterior  problem  in  the  region  of  these  eigenfrequencies, 
the  SIE’s  solution  is  not  unique  because  a  nontrivial  so¬ 
lution  exists  to  the  interior  problem. 

The  problem  is  widely  reported  in  the  literature,  e.g. 
[1,  2,  3,  4,  5].  Recently,  Peterson  presented  an  excellent 
review  of  the  problem,  along  with  a  survey  of  various 
remedies  [6].  Numerous  references  to  the  literature  are 
included  therein. 

Many  of  the  remedies  to  the  problem  involve  modi¬ 
fying  the  SIE  formulation.  For  example,  the  combined 
field  integral  equation  (CFIE)  [1] ,  involving  a  linear  com¬ 
bination  of  the  EFIE  and  MFIE,  yields  unique  solutions 
at  all  frequencies.  These  remedies  require  more  com¬ 
putational  effort  than  the  EFIE  or  MFIE  and  possibly 
more  computer  storage  as  well. 

A  remedy  proposed  by  Canning  in  [7]  involves  solving 
the  EFIE  or  MFIE  without  modifications  and  correcting 
the  solution  near  eigenfrequencies.  Algorithms  that  ex¬ 
ecute  this  correction,  which  involves  detecting  the  pres¬ 
ence  of  a  cavity  mode  superimposed  on  the  desired  solu¬ 
tion  and  “discarding”  it,  can  be  added  to  existing  MM 
solutions  of  the  EFIE  and  MFIE  without  major  modifi¬ 
cations. 

The  purpose  of  the  study  presented  here  is  to  in¬ 
vestigate  the  application  of  this  method  to  an  existing 
MM/BOR  formulation  for  the  solution  of  scattering  [8] 
and  radiation  [9]  from  composite  bodies  of  revolution^. 


^By  composite  it  is  meant  here  as  made  up  of  different  homo¬ 
geneous  isotropic  material  regions,  penetrable  by  electromagnetic 
waves,  and  perfectly  electrically  conducting  regions  surrounded  by 
free  space.  The  material  regions  can  be  lossy. 
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Figure  1:  A  circular  cylinder  of  infinite  length,  extending 
from  z  =  — oo  to  oo  (the  z-axis  points  out  of  the  page), 
illuminated  by  a  TM  plane  wave. 

For  conducting  regions  the  MM/BOR  formulation  uti¬ 
lizes  the  EFIE,  while  for  penetrable  regions  the  CFIE  is 
used. 

Following  this  introduction  is  a  demonstration  of  the 
“interior  resonance”  problem  in  the  application  of  the 
EFIE  to  a  two-dimensional  problem.  This  is  followed  by 
a  numerical  investigation  of  the  problem,  which  follows 
the  work  presented  by  Canning  in  [10]  although  from 
a  different  perspective,  wherein  the  singular  value  de¬ 
composition  (SVD)  was  used  to  demonstrate  why  the 
“interior  resonance”  problem  occurs.  The  application 
of  Canning’s  remedy  to  the  canonical  problems  is  then 
discussed.  Finally,  Canning’s  remedy  is  applied  to  the 
MM/BOR  formulation  and  subtleties  involved  in  its  im¬ 
plementation  are  demonstrated  and  discussed. 

2  Demonstration  of  the  “Interior 
Resonance”  problem 

To  illustrate  the  interior  resonance  problem  it  is  useful 
to  analyze  a  problem  that  can  be  solved  analytically. 
Such  a  problem,  which  has  previously  been  investigated 
by  Peterson  [6]  and  Canning  [10],  is  scattering  of  a  trans¬ 
verse  magnetic  (TM)  plane  wave  from  a  perfectly  elec¬ 
trically  conducting  (PEC)  circular  cylinder  of  infinite 
length.  It  is  presented  here  in  a  different  manner  in  order 
to  highlight  certain  points.  The  problem  is  illustrated  in 
Figure  1 .  Here  the  incident  plane  wave  is  assumed  to  be 
traveling  in  the  negative  x-direction  with  the  incident 
electric  field  given  by 

E’""  =  zEoe^^°^  (1) 

where  Eq  is  a  constant,  z  is  the  unit  vector  in  the  z- 
direction  and  ko  is  the  wave  number  of  free  space.  This 
is  a  two-dimensional  problem  with  the  EFIE  given  by 

=  I"  (2) 

where  unprimed  coordinates  indicate  the  field  point, 
primed  coordinates  the  source  point,  a  is  the  radius  of 
the  cylinder,  and  t]o  is  the  intrinsic  impedance  of  free 


space.  The  kernel  of  the  integral,  is  the  Hankel 

function  of  the  second  type  and  order  zero,  and  Jz  is 
the  desired  surface  current. 

An  MM  solution  to  this  problem  will  be  compared 
with  an  analytical  solution. 

An  analytical  solution  for  the  problem  can  be  obtained 
by  following  the  MM  solution  procedure  [11,  pages  5-6] 
as  follows.  The  surface  current  is  expanded  as  a  Fourier 
series  that  is  appropriate  to  the  geometry  of  the  problem, 
i.e. 

OO 

^ +  '^{an  cosncj)  +  bn  sin  n(t>)  (3) 

n  =  l 

where  a„  and  are  unknown  coefficients.  The  ex¬ 
pansion  functions  are  {^,  cos  n<f>,  sin  n<j)}  with  n  = 
l,...,oo,  and  the  testing  functions  are  chosen  as 
{1, cos rn(^, sin with  m  —  l,...,oo.  By  substitut¬ 
ing  equation  (3)  into  (2)  and  forming  the  inner  product 
with  each  testing  function,  equation  (2)  is  transformed 
into  the  infinite  order  matrix  equation 


=  [  Vo  Vi  0  •  •  •  Vm  0  •  •  ■  Voo  0  ]  (4) 

where  V„  =  2EopJn{koa),  with  Jn  being  the  Bessel 
function  of  order  n,  and  Ao,  Ai, . . . ,  Aoo  are  the  eigen¬ 
values  of  equation  (2)  which  are  given  by 

Am  =  ^-S^Jm{kca)H^^\k,a)  (5) 

where  Hm^  is  the  m-th  order  Hankel  function  of  the 
second  type. 

Since  the  matrix  of  equation  (4)  is  diagonal,  the  un¬ 
known  coefficients  can  easily  be  obtained  and  are,  for 
n  =  0,  l,...,oo, 

“n  =  — ; - wrr, — 

rjoirkoaHn  {koo.) 

bn  =  0.  (7) 

The  surface  current  can  then  be  determined  using  equa¬ 
tion  (3)  with  these  coefficients. 

For  a  given  koa  value  the  magnitude  of  the  coefficients 
of  equation  (6)  decreases  with  increasing  n  and  beyond 
about  n  =  koa  -b  27r  their  magnitudes  are  less  than  one 
percent  of  ao.  Thus,  J^(d>)  can  be  computed  reasonably 
accurately  using  Nmax  >  koa  -I-  27r  terms  in  the  summa¬ 
tion  in  equation  (3). 
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Figure  2:  Behavior  of  the  first  few  eigenvalues  versus  and  backscatter  RCS,  exact  and  MM  solutions,  versus 
koa  for  a  circular  cylinder  of  infinite  length.  for  scattering  by  a  PEC  circular  cylinder  of  infinite 

length  excited  by  an  incident  TM  plane  wave. 


The  interior  problem,  i.e.  the  circular  cavity  of  infi¬ 
nite  length  formed  by  the  outer  boundary  of  the  cylin¬ 
der,  described  by  equation  (2)  with  the  left  hand  side 
set  to  zero,  has  nontrivial  solutions  at  frequencies  where 
the  eigenvalues  of  equation  (5)  are  zero.  These  coincide 
with  the  zeros  of  Jm(^oa)  with  m  =  0,1,..., oo.  The 
behaviour  of  the  first  few  eigenvalues  from  koa  =1.5 
to  6.5,  computed  using  equation  (5),  are  plotted  in  Fig¬ 
ure  2.  The  first  few  resonances  are  seen  to  occur  at 
koa  =  2.405,  3.832,  5.136,  5.520  and  6.380  with  the 
responsible  eigenvalues  being  Aq,  Ai,  A2,  Aq,  and  A3 
respectively. 

An  approximate,  but  more  general,  MM  solution  to 
equation  (2)  was  obtained  using  pulse  basis  functions 
and  impulse  testing  functions  as  described  in  [11,  pages 
42-45].  The  circle  that  generates  the  circular  cylinder 
was  approximated  by  a  regular  TV-sided  polygon,  cir¬ 
cumscribed  by  the  circle.  The  pulses  coincided  with  the 
sides  of  this  polygon  and  the  testing  was  done  at  the 
centres  of  these  sides.  The  non-diagonal  elements  of  the 
impedance  matrix  were  found  by  approximating  each 
integral  by  the  value  of  the  integrand  at  the  middle  of 
the  pulse  multiplied  by  the  pulse  width  [11,  equation 
(3-12)].  To  avoid  the  singularity  in  the  self  terms,  the 
diagonal  elements  were  obtained  by  replacing  the  Hankel 
functions  by  their  small  argument  form  and  integrating 
analytically  [11,  equation  (3-14)].  The  result  is  a  matrix 
equation 

ZJ  =  E;  (8) 


and  the  elements  of  Z  given  by 


^mn  — 


jj(2)  _  y^)2] 


feoT?0  A  Cm  AC 

4 


m  jl:  n, 


where  ACm  is  the  width  of  pulse  m,  Xm  and  t/m  are  the 
coordinates  of  the  centre  of  pulse  m,  7  =  1.7810724  . . . 
such  that  logy  is  Euler’s  constant  and  e  =  2.7182818  . . . 
is  the  natural  base  of  logarithms.  Here  the  widths  of  all 
the  pulses  are  equal  which  results  in  Z  for  this  problem 
being  complex  symmetric  (it  is,  in  fact,  Toeplitz). 

The  current,  Jmm,  obtained  using  the  formulas  of 
equations  (10)  and  (9)  can  be  compared  with  the  “ex¬ 
act”  current,  J exact,  computed  using  equation  (3)  by  de¬ 
termining  the  current  error,  Ac,  given  by  [1,  equation 

(30)] 

A  Jexact\^  t^^\ 

=  ^|  IF-P//,  d.  ^ 

where  S  is  the  surface  of  the  PEC  cylinder  and 
is  the  incident  magnetic  field.  A  plot  of  Ac  for  this 
problem,  from  koa  =  1.5  to  6.5,  is  given  in  Figure  3. 
The  number  of  unknowns  Nmm  in  the  MM  computation 
varied  with  koa  according  to  the  formula 

Nmm  >  101:ou  (12) 


where  the  vector  J  contains  the  unknown  current  co-  ,  .  ,  ,,  ,  ,,  1 

,  which  ensures  that  there  are  10  unknowns  per  wave- 
efficients,  the  elements  of  E,  are  given,  with  E-n  =  1,  1  1  .1  ,  *  •  n  ^ 

,  length.  It  IS  observed  that  Ac  is  small  except  in  the 

^  vicinity  of  those  values  of  koa  that  coincide  with  the 

Eim  =  (9)  interior  resonances  observed  in  Figure  2. 
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Also  plotted  in  Figure  3  is  the  backscatter  radar  cross 
section  (RCS)  computed  by  the  exact  solution  and  the 
MM  which  demonstrates  that  the  anomalies  in  the  cur¬ 
rent  couple  to  the  far  field. 

3  Investigation  of  the  “Interior 
Resonance”  problem  using  the 
SVD 

Canning  introduced  the  application  of  the  SVD  to  the 
study  of  MM  matrices  in  [10].  The  SVD  is  discussed 
in  numerous  texts  related  to  linear  algebra,  for  example 
[12].  An  SVD  of  an  N-hy-N  matrix  A  is  any  factoriza¬ 
tion  of  the  form 

A  =  USV'*  (13) 

where  the  superscript  h  indicates  the  Hermitian  conju¬ 
gate,  U  is  an  N-hy-N  unitary  matrix,  V  is  an  N-hy-N 
unitary  matrix  and  S  is  an  N-hy-N  diagonal  matrix  with 
elements  Smn  =  0  if  m  n.  The  diagonal  elements  of 
S,  =  Snn,  are  known  as  the  singular  values.  These 
are  real,  nonnegative  and  arranged  in  order  of  decreas¬ 
ing  magnitude.  The  columns  of  U  are  the  left  singular 
vectors  and  the  columns  of  V  are  the  right  singular  vec¬ 
tors. 

By  following  the  MM  procedure,  the  EFIE  is  trans¬ 
formed  to  a  matrix  equation  of  the  form  given  by  equa¬ 
tion  (8).  Decomposition  of  Z  to  its  SVD  reduces  equa¬ 
tion  (8)  to  the  diagonal  equation 

SJ  =  Ei  (14) 

where  j  =  V'^J  and  Ef  =  U'^E,-.  Thus,  the  SVD  diago¬ 
nalizes  the  MM  equation  and  3  and  E,-  are  the  currents 
and  fields  expressed  in  the  bases  that  diagonalize  the 
problem  -  the  columns  of  V  and  U  respectively.  The  el¬ 
ements  of  j,  the  coefficients  of  the  diagonalizing  current 
bases,  are  easily  obtained  by 


where  is  the  m-th  element  of  E,- . 

The  SVD  can  be  used  to  reach  an  understanding  of 
how  the  interior  resonance  problem  occurs  for  the  prob¬ 
lem  of  scattering  of  a  TM  plane  wave  from  a  PEC  circu¬ 
lar  cylinder  of  infinite  length.  For  this  particular  prob¬ 
lem,  the  singular  values  of  Z  are  numerically  equal  to  the 
magnitude  of  the  eigenvalues  of  Z  (this  may  be  because 
the  eigenvalues  are  approximately  orthogonal).  Thus, 
the  singular  values  of  the  approximate  MM  matrix  of 
order  Nmm  are  approximations  of  the  magnitudes  of 
the  first  -|-  1  eigenvalues  of  equation  (5)  if  Nmm 
is  even,  or  the  first  if  Nmm  is  odd.  This  is 


Singular  values 

of  MM  solution 

Magnitudes  of  eigenvalues 

of  exact  solution 

Si  =  367.698 

|Aol  =  348.796 

S2  =  219.017 

|Ai|  =  233.490 

S3  =  219.017 

[All  =  233.490 

S4  =  102.139 

IA2I  =  112.513 

S5  =  102.139 

IA2I  =  112.513 

S6  =  65.500 

1  As  1  =67.396 

S7  =  65.500 

IA3I  =  67.396 

S8  =  57.423 

IA4I  =  48.773 

Table  1:  The  singular  values  of  Z  and  the  magnitudes 
of  the  exact  eigenvalues  for  the  circular  cavity  of  infinite 
length  with  koa  =  1  and  Nmm  —  8- 

demonstrated  in  Table  1  where  the  singular  values  are 
compared  with  the  magnitudes  of  the  exact  eigenvalues 
for  koa  =  1  and  Nmm  —  8. 

Further,  the  columns  of  U  and  V  are  approxima¬ 
tions  of  the  basis  functions  of  the  exact  solution,  i.e. 
{^,  cos  n(j>,  sin  n<i>}.  This  is  demonstrated  in  Table  I  of 
[10]  for  koa  =  1  and  Nmm  =  8. 

Thus,  the  resonance  problem  should  occur  whenever 
the  smallest  singular  value  approaches  zero.  This 

is  verified  in  Figure  4  where  is  plotted  for  koa  = 

1.5  to  6.5.  In  the  vicinity  of  a  value  of  koa  which  cor¬ 
responds  to  an  interior  resonance,  sjVmm  observed  to 
tend  rapidly  to  zero  since  it  corresponds  to  the  eigen¬ 
value  responsible  for  the  resonance.  Otherwise,  away 
from  interior  resonances  where  it  corresponds  to  the 
eigenvalue  with  largest  index  (away  from  a  resonance,  for 
a  given  value  of  koa,  the  eigenvalues  decrease  in  magni¬ 
tude  with  increasing  index),  snmm  remains  almost  con¬ 
stant  with  increasing  koa  . 

Equations  (4)  to  (6)  provide  a  clue  as  to  how  the  in¬ 
terior  resonance  problem  occurs.  In  computing  the  co¬ 
efficient  a„  in  the  exact  solution,  the  Bessel  function, 
Jn{koa),  that  is  present  in  the  eigenvalue  A„  cancels  out 
cts  it  also  occurs  in  the  excitation.  It  is  this  factor  that 
becomes  zero  at  an  interior  resonance  making  the  corre¬ 
sponding  eigenvalue  zero.  Thus  it  is  not  present  in  the 
exact  solution  for  the  exterior  problem.  However,  the 
discretization  error  perturbs  the  MM  matrix  eigenvalue 
from  the  exact  eigenvalue  [6]  and  in  the  vicinity  of  an 
interior  resonance  numerical  instability  can  be  expected 
if  the  factor  in  the  eigenvalue  does  not  cancel  properly 
with  the  factor  in  the  excitation. 

Using  the  SVD,  the  MM  matrix  equation  is  diagonal- 
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Figure  4:  Smallest  singular  value  versus  k^a,  of 

the  MM  impedance  matrix  for  a  PEC  circular  cylinder 
of  infinite  length. 


ized  to  the  form  of  equation  (14).  In  this  form,  the  co¬ 
efficients  in  the  diagonalized  current  vector  J  are  easily 
obtained  using  equation  (15).  However,  in  the  vicinity 
of  a  resonance,  tends  toward  zero  and  one  can 

expect  problems  in  computing  the  corresponding  coeffi¬ 
cient,  i.e. 


since  sjvmat  appears  as  the  denominator.  Theoretically, 
the  near-zero  term  in  should  cancel  with  the  cor¬ 

responding  term  in  the  numerator. 

Following  [10],  the  quantities  and  ^^e 

plotted  in  Figure  5,  as  well  as  the  current  Ji,  which  is 
on  the  segment  nearest  the  incoming  plane  wave,  and 
the  backscatter  RCS,  o',  in  the  vicinity  of  the  lowest 
interior  resonance,  k^a  «  2.405,  with  Nmm  =  32.  As 
expected,  tends  to  zero  very  close  to  k^a  «  2.405. 

However,  the  peak  in  is  shifted  up  in  frequency. 

Thus,  the  cancellation  that  should  occur  in  the  product 
realized.  The  anomalies  in  Ji  and  a 
are  seen  to  occur  at  the  same  value  of  koa  cis  the  peak 

in 

The  desired  current  vector  can  be  written  as 


J  =  vj 


=  VS-^Ei  (17) 

and  since  V  is  orthogonal  equation  (17)  can  be  rewritten 
as 

Nmm 

J  =  E  (18) 

n  =  l 


Figure  5:  Behavior,  in  the  vicinity  of  the  lowest  inte¬ 
rior  resonance,  of  the  inverse  of  the  smallest  singular 
value  SjvLm  >  measure  of  the  cavity  mode  excitation 
cnmm  )  current  on  the  near  side  of  the  incoming  plane 
wave  Ji  and  the  backscatter  RCS  cr  versus  k^a  in  the 
MM  solution  of  scattering  by  a  circular  cylinder  of  infi¬ 
nite  length  excited  by  an  incident  TM  plane  wave  with 
Amm  =  32.  The  curves  are  vertically  shifted  from  each 
other  for  clarity  and  0  dB  is  arbitrary. 


mode^.  Thus,  in  the  MM  solution,  since  snmm  i®  shifted 
up  in  frequency  with  respect  to  Bnum’  coefficient 
of  the  cavity  mode  Vnmm  equation  (18) 
is  inaccurate  in  the  vicinity  of  resonance. 

For  this  particular  problem,  scattering  by  an  infinitely 
long  circular  cylinder,  more  accurate  MM  matrix  el¬ 
ements  can  be  computed  with  relative  ease  by  mod¬ 
elling  the  pulse  basis  functions  on  segments  of  the  ac¬ 
tual,  curved,  circular  cylinder  and  performing  a  care¬ 
ful  numerical  integration.  Canning  did  this  in  [10]  and 
demonstrated  that  the  shift  in  frequency  of  the  smallest 
singular  value  can  be  reduced  quite  substantially.  This 
resulted  in  a  much  narrower,  in  terms  of  koa,  anomaly 
in  the  current  and  the  disappearance  of  the  anomaly  in 
the  RCS.  Canning  also  showed  that  the  condition  num¬ 
ber  increased  with  the  more  accurate  matrix  elements 
which  emphasized  that  the  problem  is  not  due  solely  to 
the  ill-conditioned  matrix  since  the  more  ill-conditioned 
matrix  gave  more  accurate  results.  Further,  since  Can¬ 
ning  used  the  same  number  of  unknowns  in  the  compu¬ 
tation  with  more  accurate  matrix  elements  as  with  the 
less  accurate  elements,  it  can  be  concluded,  at  least  for 
the  circular  cylinder  considered,  that  the  problem  is  not 
entirely  due  to  “truncation  error”  -  the  error  due  to  in- 


where  V„  is  the  n-th  column  of  V.  With  cor¬ 

responding  to  the  eigenvalue  responsible  for  the  reso¬ 
nance,  Vnmm  i®  basis  that  supports  the  resonant 


^This  is  easily  verified  by  comparing  combinations 

of  the  and  —n  terms  of  the  summation  in  equation  (5-109)  of 
[13].  When  Jn{koa)  =  0,  these  terms  are  cavity  mode  currents 
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troducing  a  finite  number  of  basis  and  testing  functions 
and  thereby  reducing  the  integral  equation  to  a  matrix 
equation  [10]  -  but  at  least  in  part  due  to  “numerical 
error”  -  approximations  made  in  calculating  the  matrix 
elements  in  terms  of  the  basis  and  testing  functions  [10]. 


4  Protecting  the  EFIE  using  the 
SVD 


In  the  previous  section  the  amount  of  the  resonant  cur¬ 
rent  was  not  computed  accurately  in  the  vicinity  of  an 
internal  resonance.  Furthermore,  the  computed  reso¬ 
nant  current  should  in  theory  not  contribute  to  the 
scattered  field  at  the  resonance  frequency.  The  cavity 
mode  current  is  represented  by  the  column  of  V  of  the 
SVD  which  corresponds  to  the  smallest  singular  value, 
i.e.  Vnmm-  -A-S  suggested  by  Canning  in  [10],  the  scat¬ 
tered  field  could  be  calculated  accurately  by  discarding 
the  resonant  current  in  the  vicinity  of  its  resonant  fre¬ 
quency.  If  the  MM  equation  is  being  solved  via  the  SVD, 
the  mode  is  easily  discarded  by  setting  to  zero  in 

equation  (18). 

Unfortunately  the  SVD  is  computationally  expensive 
and  operates  on  a  fully  square  matrix  -  thus  any  advan¬ 
tage  is  lost  if  the  impedance  matrix  Z  is  symmetric.  In 
[7],  Canning  proposed  a  method  of  performing  the  cor¬ 
rection  to  the  current  in  which  the  vector  Vjv^m 
smallest  singular  value  ^.re  approximated  by  an 

iterative  technique  known  as  the  power  method  (PM). 
The  desired  current  J  is  approximated  by  orthogonal- 
izing  Jo,  the  current  computed  directly  by  the  MM,  to 
the  resonant  mode  V using  the  formula 


J  =  Jo  -  Vat^, 


<  VjVMM!  Jo  > 

^  Nmm  ^ 


(19) 


where  <  P,Q  >  is  a  vector  inner  product  in  which 
one  takes  the  complex  conjugate  of  the  first  vector.  In 
the  vicinity  of  an  interior  resonance  the  PM  converges 
rapidly  [7]. 

For  the  infinitely  long  circular  PEC  cylinder,  the 
smallest  singular  value  approximated  by  the  PM  is  com¬ 
pared  with  the  smallest  singular  value  computed  directly 
by  the  SVD  in  Figure  6.  The  current  Jo  was  used  as  the 
starting  vector  in  the  PM  and  at  each  frequency  the  PM 
was  terminated  once  either  the  difference  between  con¬ 
secutive  approximations  of  the  smallest  singular  value 
was  less  than  10“®  or  21  iterations  had  been  completed. 
The  approximated  value  were  found  to  converge  quickly, 
i.e.  within  5  iterations,  to  the  exact  value  in  the  vicin¬ 
ity  of  an  interior  resonance,  that  is  when  the  smallest 
singular  value  corresponds  to  the  eigenvalue  responsi¬ 
ble  for  the  resonance.  Away  from  resonances,  however, 
the  convergence  is  generally  poor  and  the  approximated 


koa 

—  MM/SVD . MM/LU 


Figure  6:  Smallest  singular  value  exact  and  ap¬ 

proximated,  of  the  MM  impedance  matrix  versus  k^a 
for  a  PEC  circular  cylinder  of  infinite  length.  The  curve 
“MM/SVD”  is  satmm  computed  by  the  SVD  while  the 
curve  “MM/LU”  is  approximated  via  the  power 

method.  The  number  of  unknowns  Nmm  satisfied  equa¬ 
tion  (12). 


value  is  larger  -  this  does  not  necessarily  have  a  negative 
consequence  since  it  is  still  clear  from  the  approximated 
values  where  the  resonances  occur. 

Oddly,  as  a  resonance  is  approached,  the  power 
method  converges,  within  at  most  20  iterations,  prema¬ 
turely  to  the  mode  responsible  for  that  resonance  ,  i.e. 
before  the  singular  value  corresponding  with  this  mode 
is  the  smallest  one®.  This  accounts  for  the  sudden  in¬ 
crease  in  the  approximated  smallest  singular  value  as  a 
resonance  is  approached. 

The  wavy  nature  of  the  curves  away  from  resonance 
is  probably  due  to  the  variation  in  number  of  unknowns 
Nmm  with  frequency. 

The  interior  resonances  coincide  with  frequencies 
where  the  smallest  singular  value  becomes  small,  so  this 
could  be  used  as  an  indication  of  the  occurrence  of  prob¬ 
lems.  But,  the  question  is  how  small  should  this  singu¬ 
lar  value  be  in  order  to  know  whether  to  discard  the 
offending  current  mode?  For  the  problem  involving  TM 
scattering  by  a  PEC  circular  cylinder  of  infinite  length, 
this  question  is  easily  answered  if  a  frequency  sweep  is 
carried  out.  Then,  by  observing  where  the  anomalies 
begin  and  end,  with  increasing  koa,  in  the  current  or 
RCS  (for  example  Figure  3) ,  one  can  determine  the  value 
of  the  smallest  singular  value  at  these  frequency  points 
from,  for  example.  Figure  6.  A  threshold  can  then  be 
derived  and  the  resonant  current  mode  discarded  at  all 
frequencies  where  the  smallest  singular  value  is  below 
this  threshold.  It  is  also  easy  to  know  beforehand  where 

®This  may  be  due  to  the  choice  of  stau-ting  vector 
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MM/LU 

^MM/LUx 

-e-  MM/LUxl 

MM/LUx4 

Figure  7:  Electric  current  error  Ac,  without  and  with 
current  correction  versus  koa  in  the  region  of  the  low¬ 
est  resonance  in  the  MM  solution,  computed  via  the 
LU  decomposition,  of  a  PEC  circular  cylinder  of  infinite 
length  excited  by  an  incident  TM  plane  wave.  The  curve 
“MM/LU”  is  with  no  correction,  the  curve  “MM/LUx” 
is  with  equation  (19)  applied  for  all  koa  and  the  curves 
“MM/LUxl”  and  “MM/LUx4”  are  with  equation  (19) 
applied  where  <  1  ^ind  snmm  ^  4  respectively. 

The  number  of  unknowns  Nmm  satisfied  equation  (12). 
(Maximum  in  the  curve  “MM/LU”  is  approximately  36, 
off  the  scale  of  this  figure.) 

to  expect  the  interior  resonances  to  occur  as  analytical 
formulas  exist  for  the  circular  cylinder.  However,  for  a 
more  general  problem  for  which  analytical  solutions  do 
not  exist,  it  may  be  extremely  difficult  or  impossible  to 
determine  where  interior  resonances  may  occur  before 
carrying  out  the  MM  solution.  Also,  if  the  solution  is 
only  desired  at  a  specific  frequency  and  it  is  computa¬ 
tionally  expensive  to  compute  a  frequency  sweep,  how 
does  one  know  what  the  threshold  in  smallest  singular 
value  should  be?  How  dependent  is  this  threshold  on 
the  geometry  of  the  problem  being  solved? 

Three  possibilities  were  investigated  and  their  effect 
on  the  current  error  is  compared  in  Figure  7  and  on  the 
backscatter  RCS  in  Figure  8. 

The  first  was  to  discard  V;vmm  frequencies.  This 
seems  feasible  since  away  from  resonance  this  vector  cor¬ 
responds  to  a  higher  order  term  in  the  series  expansion, 
equation  (3) ,  of  the  exact  solution  which  does  not  make 
a  significant  contribution.  The  anomaly  in  Ac  has  been 
suppressed  but  the  error  is  now  increased  over  the  whole 
range  of  koa  where  corresponds  to  Aq.  The  lat¬ 

ter  situation  is  because  the  mode  represented  by  Vjvmm 
has  been  completely  removed  while  part  of  it  should  be 
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Figure  8;  Backscatter  RCS,  without  and  with  current 
correction,  versus  koa  in  the  region  of  the  lowest  reso¬ 
nance  for  a  PEC  circular  cylinder  of  infinite  length  ex¬ 
cited  by  an  incident  TM  plane  wave.  The  curve  “exact” 
was  computed  by  the  Fourier  series  of  equation  (3)  with 
equation  (6).  The  remaining  curves  correspond  with 
those  of  Figure  7. 

contributing  to  the  desired  solution  for  the  current  even 
at  the  precise  resonance  point  and  for  the  scattered  field 
except  at  the  precise  resonance  point.  The  current  error 
Ac  remains  constant  over  the  whole  range  of  koa  where 
corresponds  to  Aq.  It  is  constant  here  because 
the  exact  current  contains  a  constant  amount  of 
There  is  also  a  large  improvement  in  the  backscatter 
RCS  where  the  anomaly  occurred.  However,  the  devi¬ 
ation  becomes  larger  with  decreasing  or  increasing  koa 
away  from  this  point,  empheisizing  that  it  is  inappro¬ 
priate  to  carry  out  the  orthogonalization  away  from  the 
resonance  point  and  that  it  is  thus  important  that  the 
resonances  be  detected. 

It  is  evident  from  Figures  7  and  8  that  one  cannot 
expect  to  completely  solve  the  problem  by  suppressing 
'Vnmm’  however,  the  anomalies  can  be  drastically  re¬ 
duced.  Ideally,  away  from  the  anomalies  one  would  like 
to  retain  the  solution  without  Vnmm  discarded.  This 
was  attempted  by  setting  a  threshold  in  and  only 

discarding  Vnmm  when  snmm  beneath  it.  The  effect 
on  Ac  for  two  thresholds,  1  ^Nmm  <  4,  is 

also  plotted  in  Figure  7.  These  values  were  arrived  at  by 
observing  in  the  vicinity  of  the  anomalies  using 

Figures  3  to  4.  A  threshold  of  4  brings  the  error  down 
to  almost  the  best  that  can  be  achieved  while  a  thresh¬ 
old  of  1  is  a  bit  low,  although  the  anomaly  is  drastically 
suppressed. 

The  backscatter  RCS  for  Snmm  with  these  thresholds 
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Figure  9:  A  PEC  sphere  with  a  rotationally  symmetric 
equatorial  aperture. 

is  plotted  in  Figure  8.  With  the  threshold  of  1  the  max¬ 
imum  deviation  in  the  RCS  from  the  exact  solution  is 
about  10%  while  with  a  threshold  of  4  it  is  about  4%. 

5  Protecting  the  MM/BOR  for¬ 
mulation  from  interior  reso¬ 
nances 


0.2  0.6  1  1.4  1.8  2.2  2.6  3  3.4 

_ frequency  [GHz] _ 

—  Ac  — far  field  (SWFE) 

—  far  field  (MM/BOR) _ 

Figure  10:  Electric  current  error  Ac  and  the  far  field, 
at  ^  =  90®,  in  the  MM  solution  of  radiation  from  a  rota¬ 
tionally  symmetric  equatorial  aperture  in  a  PEC  sphere 
of  radius  100  mm.  The  number  of  unknowns  provided 
ten  basis  functions  per  wavelength  at  3.4  GHz. 


In  this  section  the  application  of  Canning’s  method,  pre¬ 
sented  in  [7],  to  the  MM/BOR  formulation  for  the  so-  modified  to  solve  problems  involving  an  aperture  sub- 
lution  of  scattering  [8]  and  radiation  [9]  from  composite  tending  an  arbitrary  angle  in  0  [9,  Appendix  D]. 
bodies  of  revolution  is  discussed.  For  penetrable  regions  For  the  radiation  problems  presented  here,  the  current 
the  MM/BOR  formulation  uses  the  CFIE.  However,  for  error  is  defined  as 


conducting  regions  the  EFIE  is  used  which  results  in  a 
complex  symmetric  impedance  matrix  (this  would  not 
be  the  case  if  the  CFIE  was  used  for  conducting  regions 
as  well).  Thus,  for  problems  involving  conducting  re¬ 
gions,  the  MM/BOR  formulation  can  suffer  from  the 
interior  resonance  problem. 


*  I II.qlJMM  -  JswfbI^  ds 

=  V ' 


where  Jmm  is  the  current  computed  by  the  MM,  S  is 
the  outer  surface  of  the  PEC  sphere  and  JswFB  is  the 


The  method’s  application  is  demonstrated  here  for  current  computed  by  the  SWFE  using  the  relationship 
two  problems  that  can  also  be  solved  analytically:  firstly,  Jswfb  =  r  x  H  where  f  is  the  unit  vector  in  the  r- 
radiation  from  a  rotationally  symmetric  aperture  in  a  direction  and  H  is  the  exterior  magnetic  field. 


PEC  sphere,  and  secondly,  the  same  problem  with  the  in  Figure  10  the  current  error  in  the  MM/BOR  solu- 
PEC  sphere  covered  by  a  spherical  dielectric  shell.  tion  and  the  radiated  far  field  are  plotted  from  0.2  to 


3.4  GHz.  Anomalies  occur  in  the  vicinity  of  resonance 


5.1  Radiation  from  a  rotationally  sym¬ 
metric  equatorial  aperture  in  a  PEC 
sphere 

The  problem  is  illustrated  in  Figure  9.  The  PEC  sphere 
has  a  of  radius  100  mm  and  has  a  rotationally  symmetric 
aperture  at  its  equator.  The  aperture  subtends  an  angle 
of  5®  in  9  and  it  is  assumed  that  only  a  0-directed  electric 
field  exists  in  the  aperture.  This  excitation  will  produce 
fields  TM  to  the  radial  direction.  The  electric  field  is 
constant  across  the  aperture,  i.e.  a  pulse  distribution  in 
9. 

An  analytical  solution  for  this  problem,  in  terms  of  a 
spherical  wave  function  expansion  (SWFE),  is  presented 
by  Harrington  in  [13,  pages  301-303]  for  the  caise  where 
the  aperture  has  a  small  width  so  that  the  aperture  field 
is  an  impulse  function  in  9.  This  solution  can  easily  be 


frequencies  of  a  spherical  cavity  [13,  pages  269-273]. 

The  smallest  singular  value  approximated  using  the 
PM  is  compared  with  that  computed  directly  by  the 
SVD  in  Figure  11.  The  behaviour  of  the  approximated 
smallest  singular  value  is  similar  to  that  in  the  prob¬ 
lem  involving  the  PEC  cylinder  (see  Figure  6)  in  that 
it  also  converges  to  the  singular  value  corresponding  to 
the  resonant  mode  away  from  the  resonance  as  well  as 
at  the  resonance.  As  was  the  ceise  in  the  PEC  cylinder 
problem,  the  PM  converges  to  the  singular  value  corre¬ 
sponding  to  the  resonant  mode  prematurely,  i.e.  before 
it  is  actually  the  smallest  singular  value,  which  results 
in  a  sudden  increase  in  the  approximated  value. 

A  further  observation  is  that  the  smallest  singular 
value  computed  directly  by  the  SVD  increases  gradu¬ 
ally  with  frequency  outside  of  the  resonance  region  and 
does  not  remain  approximately  constant  as  was  the  case 
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—  MM/BOR/SVD  --  MM/BOR 


Figure  11:  Smallest  singular  value  of  the  MM 

impedance  matrix  for  a  PEC  sphere  of  radius  100  mm. 
The  curve  “MM/BOR/SVD”  is  computed  by  the 

SVD  while  the  curve  “MM/BOR”  is  approxi¬ 

mated  via  the  power  method.  The  number  of  unknowns 
provided  ten  basis  functions  per  wavelength  at  3.4  GHz. 


in  the  results  for  the  problem  involving  a  PEC  circular 
cylinder  (see  Figure  4  or  6) .  The  difference  here  is  that 
the  number  of  unknowns  is  kept  constant,  providing  ten 
basis  functions  per  wavelength  at  3.4  GHz,  whereas  in 
the  PEC  cylinder  computations  the  number  of  unknowns 
was  varied  with  frequency. 

It  is  difficult  to  determine  a  suitable  smallest  singu¬ 
lar  value  threshold  from  Figure  11  for  carrying  out  the 
current  correction.  If  one  is  to  carry  out  the  correc¬ 
tion  across  the  entire  frequency  range  displayed  then  the 
threshold  must  always  be  beneath  the  smallest  singular 
value  away  from  resonance.  However,  if  this  is  satisfied 
at  the  lower  frequencies,  the  resonances  at  the  higher  fre¬ 
quencies  will  not  be  detected.  This  problem  can  possibly 
be  avoided  by  varying  the  discretization  with  frequency, 
so  that  there  are  just  ten  unknowns  per  wavelength  at 
each  frequency,  as  was  done  in  Figure  6.  Then,  away 
from  resonances,  the  smallest  singular  value  should  be 
larger  in  magnitude  and  remain  more  constant  with  fre¬ 
quency.  Unfortunately,  the  computer  implementation  of 
the  MM/BOR  method  was  not  at  a  point  where  this 
could  readily  be  done  at  the  time  of  writing  this  paper. 

In  Figure  12  the  smallest  singular  value  is  plotted  in 
the  vicinity  of  the  first  interior  resonance  using  two  dis¬ 
cretizations.  The  first  is  as  above,  which  provided  ten 
unknowns  per  wavelength  at  3.4  GHz,  and  the  second 
provided  ten  unknowns  per  wavelength  at  1.35  GHz.  In¬ 
deed,  for  the  coarser  discretization,  which  is  sufficient  at 
the  resonance,  both  the  exact  and  approximated  singu¬ 
lar  values  are  larger.  The  resonance  frequency  is  also 
shifted  up  in  frequency  due  to  the  increased  truncation 
error. 


- MM/BOR/SVD3.4  ^  MM/BOR3.4 

-©-  MM/BOR/SVD1.35  MM/BOR1.35 


Figure  12:  Smallest  singular  value  of  the 

MM  impedance  matrix  for  a  PEC  sphere  of  ra¬ 
dius  100  mm  in  the  vicinity  of  the  lowest  inte¬ 
rior  resonance.  The  curves  “MM/BOR/SVD3.4”  and 
“MM/BOR/SVD1.35”  are  computed  by  the  SVD 
while  the  curves  “MM/BOR3.4”  and  “MM/BOR1.35” 
are  approximated  via  the  power  method.  The 

numbers  in  the  labels,  i.e.  3.4  and  1.35,  refer  to  the  fre¬ 
quency  in  GHz  at  which  the  discretization  used  to  com¬ 
pute  the  curves  provided  ten  basis  functions  per  wave¬ 
length. 


Using  the  curves  of  the  coarser  discretization  a  thresh¬ 
old  of  4  in  the  approximated  smallest  singular  value 
was  chosen  to  carry  out  the  correction  on  the  current. 
The  current  error  obtained  using  equation  (19)  with 
the  PM  at  all  frequencies  as  well  as  with  the  threshold 
of  Snmm  =  4  are  plotted  in  Figure  13,  as  the  curves 
“MM/BORx”  and  “MM/BORx4”  respectively,  along 
with  the  original  current  error,  the  curve  “MM/BOR”, 
in  the  vicinity  of  the  lowest  resonance.  The  anomaly  is 
completely  suppressed  for  the  correction  at  all  frequen¬ 
cies  (“MM/BORx”)  and  in  contrast  to  the  results  for 
scattering  by  the  PEC  circular  cylinder,  see  Figure  7, 
the  error  is  now  small  at  all  frequencies.  The  result  is 
also  good  with  the  threshold  of  4  (“MM/BORx4”). 

Far  field  results  at  6  =  90°  achieved  with  the  cor¬ 
rection  at  all  frequencies,  the  curve  “MM/BORx”,  with 
the  threshold  of  4,  the  curve  “MM/BOlix4”,  and  with 
a  threshold  of  15,  the  curve  “MM/BORxl5”,  are  com¬ 
pared  in  Figure  14  to  the  far  field  computed  by  the 
MM/BOR  method  without  correction  as  well  as  the 
SWFE  solution.  The  result  obtained  with  the  correction 
at  all  frequencies  (MM/BORx)  is  excellent  at  frequen¬ 
cies  below  resonance  and  at  the  resonance  the  anomaly 
is  completely  suppressed.  However,  above  the  resonance 
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MM/BOR  MM/BORx  -©-  MM/BORx4 


Figure  13:  Electric  current  error  Ac  in  the  region  of 
the  lowest  resonance  in  the  MM  solution  of  radiation 
from  a  rotationally  symmetric  equatorial  aperture  in  a 
PEC  sphere  of  radius  100  mm.  The  curve  “MM/BOR” 
is  with  no  correction  and  the  curves  “MM/BORx”  and 
“MM/BORx4”are  with  equation  (19)  applied  at  all  fre¬ 
quencies  and  at  frequencies  where  sjvmm  ^  ^  respec¬ 
tively.  The  number  of  unknowns  provided  ten  basis 
functions  per  wavelength  at  1.35  GHz. 


SWFE  -A-  MM/BOR 

-©-  MM/BORx 

MM/BORx4  -a- 

MM/BORxl5 

Figure  14:  Far  field,  at  0  =  90°,  in  the  region  of  the 
lowest  resonance  of  the  rotationally  symmetric  equa¬ 
torial  aperture  in  a  PEC  sphere  of  radius  100  mm 
computed  by  the  SWFE  and  the  MM.  The  curve 
“SWFE”  is  the  SWFE  solution,  curves  “MM/BORx” 
and  “MM/BORx4”  correspond  to  those  of  Figure  13 
and  “MM/BORxl5”  is  with  a  threshold  of  15. 


this  result  increasingly  deviates  with  frequency  until 
1.475  GHz  where  it  jumps  to  the  correct  solution.  This 
is  the  frequency  at  which  the  approximated  smallest  sin¬ 
gular  value  converges  to  the  exact  smallest  singular  value 
(see  Figure  12).  With  a  threshold  of  4  the  anomaly  is 
reduced  drastically  in  close  proximity  to  the  resonance 
but  slightly  away  the  deviation  is  still  relatively  large.  A 
far  better  result  is  achieved  with  a  threshold  of  15  which 
also  does  not  alter  the  solution  above  1.475  GHz. 

From  the  above  results  it  appears  that  the  current 
correction  procedure  using  the  PM  can  safely  be  used  at 
all  frequencies  where  the  approximated  smallest  singu¬ 
lar  value  has  converged  to  the  actual  smallest  singular 
value  -  this  can  be  at  and  in  close  proximity  to  the  res¬ 
onant  frequency  as  well  as  away  from  resonances.  The 
reason  for  this  is  that  at  a  resonance  the  smallest  singu¬ 
lar  value  corresponds  to  the  undesired  mode  that  must 
be  thrown  away  and  away  from  resonance  the  smallest 
singular  value  corresponds  to  a  mode  whose  contribu¬ 
tion  is  small  if  the  discretization  is  sufficiently  fine.  It 
is  not  safe,  however,  to  carry  out  the  current  correction 
at  those  frequencies  at  which  the  approximated  smallest 
singular  value  is  not  the  actual  smallest  singular  value 
as  the  approximated  value  then  corresponds  to  a  mode 
that  makes  a  desired  and  necessary  contribution. 

The  problem  remains  as  to  how  to  determine  at  a  dis¬ 
crete  frequency,  without  having  done  a  frequency  sweep, 
whether  a  resonance  occurs  especially  for  a  complex  ge¬ 
ometry.  It  is  evident  from  the  above  results  that  the 
problem  is  made  a  bit  easier  if  the  number  of  unknowns 
in  the  solution  is  just  sufficient  at  that  frequency.  How¬ 
ever,  a  knowledge  of  the  magnitude  of  the  smallest  sin¬ 
gular  value  away  from  resonance  still  appears  to  be  nec¬ 
essary. 

5.2  Radiation  from  a  rotationally  sym¬ 
metric  equatorial  aperture  in  a  PEC 
sphere  with  a  spherical  dielectric 
shell. 

This  problem  is  illustrated  in  Figure  15.  An  analytical 
solution,  in  terms  of  a  spherical  wave  function  expan¬ 
sion  (SWFE)  [9,  Appendix  D],  can  be  derived  using  the 
methods  presented  in  [13,  Chapter  6]. 

The  radius  of  the  PEC  sphere  is  100  mm  and  the  outer 
radius  of  the  dielectric  shell  is  150  mm.  The  dielectric 
shell  has  a  relative  permittivity  Cr  =  3  and  relative  per¬ 
meability  /ir  =  1-  As  for  the  problem  without  the  shell, 
the  aperture  subtends  an  angle  of  5°  in  6  and  it  is  as¬ 
sumed  that  only  a  6  directed  electric  field  exists  in  the 
aperture. 

The  current  error  in  the  MM  solution  for  this  problem 
and  the  radiated  far  field  are  plotted  in  Figure  16.  The 
interior  resonances  of  the  sphere  have  shifted  down  in 
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Figure  15:  A  PEC  sphere,  coated  by  a  spherical  dielec¬ 
tric  shell,  containing  a  rotationally  symmetric  equatorial 
aperture. 


Figure  17:  Smallest  singular  value  sjvmmi 
quency  range  0.6  to  1  GHz,  of  the  MM  impedance  ma¬ 
trix  for  a  PEC  sphere  of  radius  100  mm  with  a  spherical 
dielectric  shell  of  radius  150  mm  and  relative  permittiv¬ 
ity  £r  =  3.  The  curve  “MM/BOR/SVD”  is  sn^m  com¬ 
puted  by  the  SVD  while  the  curve  “MM/BOR”  is  sn^m 
approximated  via  the  power  method.  The  number  of  un¬ 
knowns  provided  ten  basis  functions  per  wavelength  at 
0.9  GHz. 


0.2  0.6  1  1.4  1.8  2.2  2.6  3  3.4 

frequency  [GHz] 


-A,  —  far  field  (SWFE) 

. far  field  (MM/BOR) _ 

Figure  16:  Electric  current  error  Ac  and  the  far  field,  at 
0=90°,  in  the  MM  solution  of  radiation  from  a  rotation- 
ally  symmetric  equatorial  aperture  in  a  PEC  sphere  of 
radius  100  mm  with  a  spherical  dielectric  shell  of  radius 
150  mm  and  relative  permittivity  Cr  =  3.  The  number  of 
unknowns  provided  ten  basis  functions  per  wavelength 
at  3.4  GHz. 


frequency,  as  is  evident  in  the  positions  of  the  anoma¬ 
lies  in  the  current  error,  due  to  the  presence  of  the  shell. 
This  is  a  result  of  the  application  of  the  equivalence  prin¬ 
ciple  in  the  formulation  of  the  EFIE  which  replaces  the 
interior  region  with  the  same  material  as  the  surround¬ 
ings.  This  also  means  that  there  are  now  more  interior 
resonances  in  the  frequency  range  shown  as  some  of  the 
higher  resonances  have  shifted  down. 

It  is  clear  that  not  all  the  apparent  anomalies  in 
the  far  field  are  due  to  interior  resonances  as  they 
are  also  present  in  the  result  computed  by  the  SWFE. 
Some  of  the  anomalies  due  to  interior  resonances  have 
merged  with  actual  anomalies  in  the  result  computed 
via  the  MM/BOR  formulation.  Thus,  the  presence  of 
an  anomaly  in  the  frequency  sweep  of  a  quantity  such 
as  the  far  field  is  not  necessarily  an  indication  of  an  in¬ 
terior  resonance. 

The  smallest  singular  value  for  this  problem  in  fre¬ 
quency  subrange  0.6  to  1  GHz  is  plotted  in  Figure  17. 

Inspection  of  Figure  17  led  to  a  threshold  of  8  being 
applied  to  the  current  orthogonalization  procedure  in 
the  frequency  range  0.6  to  1  GHz.  The  resultant  change 
in  current  error  is  shown  in  Figure  18  and  the  change  in 
the  field  in  Figure  19.  From  these  figures  it  is  seen  that 
the  method  does  work;  however  the  problems  regarding 
the  detection  of  interior  resonances  remain. 
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6  Conclusions 


MM/BOR  -A-  MM/B0Rx8 


Figure  18:  Electric  current  error  Ac  in  the  frequency 
range  0.6  to  0.9  GHz  in  the  MM  solution  of  radiation 
from  a  rotationally  symmetric  equatorial  aperture  in  a 
PEC  sphere  of  radius  100  mm  with  a  spherical  dielectric 
shell  of  radius  150  mm  and  relative  permittivity  =  3. 
The  curve  “MM/BOR”  is  with  no  correction  and  the 
curve  “MM/BORx8”  is  with  equation  (19)  applied  at 
frequencies  where  ^  The  number  of  unknowns 

provided  ten  basis  functions  per  wavelength  at  0.9  GHz. 


frequency  [GHz] 


—  SWFE  —MM/BOR  . MM/BORx8 


Figure  19;  Far  field  in  the  frequency  range  0.6  to 
0.9  GHz,  at  0  =  90°,  of  the  rotationally  symmetric  equa¬ 
torial  aperture  in  a  PEC  sphere  of  radius  100  mm  with 
a  spherical  dielectric  shell  of  radius  150  mm  and  rel¬ 
ative  permittivity  Cr  =  3  computed  by  the  SWFE  and 
the  MM.  The  curve  “SWFE”  is  computed  via  the  SWFE 
while  the  remaining  curves  correspond  with  those  of  Fig¬ 
ure  18. 


The  electric  field  integral  equation,  which  is  a  surface  in¬ 
tegral  equation,  is  valid  for  both  the  exterior  and  interior 
problems  as  defined  in  section  1.  Although  the  interior 
solution  should  not  couple  to  the  exterior  solution  and 
vice  versa  in  theory,  when  solving  numerically,  anomalies 
are  observed  at  discrete  frequencies  that  coincide  with 
the  eigenfrequencies  of  the  interior  solution.  This  is  a 
well-known  result  in  the  literature  and  is  demonstrated 
here. 

A  comparison  between  an  analytical  solution  and  a 
moment  method  solution  for  a  canonical  problem  shows 
how  the  interior  resonance  problem  arises.  In  the  ana¬ 
lytical  solution  for  the  electric  current,  the  eigenvector 
corresponding  to  the  zero  eigenvalue  is  generally  present 
but  does  not  radiate  any  external  field.  However,  with 
the  aid  of  the  singular  value  decomposition  (SVD) ,  it  is 
seen  that  in  the  approximate  moment  method  solution 
the  zero  in  the  eigenvalue,  or  smallest  singular  value, 
shifts  in  frequency  with  respect  to  the  zero  in  the  exci¬ 
tation  thus  the  quotient  in  equation  (16),  which  is  the 
coefficient  of  the  eigenvector  corresponding  to  the  zero 
eigenvalue,  is  inaccurate.  Canning  has  demonstrated 
that  the  problem  may  be  more  due  to  approximations 
made  in  calculating  the  matrix  elements  in  terms  of  the 
basis  and  testing  functions,  than  due  to  introducing  a 
finite  number  of  basis  and  testing  functions. 

The  anomalies  in  the  computed  results  for  the  ex¬ 
terior  field  can  be  suppressed  by  discarding  the  eigen¬ 
vector  corresponding  to  the  smallest  singular  value  in 
the  vicinity  of  an  interior  resonance.  This  was  demon¬ 
strated  using  the  singular  value  decomposition  to  solve 
the  moment  method  matrix  equation  directly  as  well  as 
by  using  the  power  method  to  approximate  the  smallest 
singular  value  and  the  corresponding  eigenvector.  It  was 
found  that  the  eigenvector  corresponding  to  the  smallest 
singular  value  can  safely  be  discarded  at  all  frequencies, 
provided  a  sufficient  number  of  unknowns  is  used,  as  at 
an  interior  resonance  it  makes  an  undesired  contribution 
and  away  from  resonance  its  contribution  is  small.  How¬ 
ever,  the  power  method  does  not  always  converge  to  the 
smallest  singular  value  but  converges  to  the  eigenvector 
responsible  for  a  resonance  prematurely. 

The  question  still  remains  on  how  to  detect  the  oc¬ 
currence  of  such  resonances  in  a  foolproof  manner.  The 
detection  is  easy  for  canonical  problems  as  analytical 
formulas  exist  for  the  eigenvalues.  However,  for  gen¬ 
eral  problems  the  size  of  the  smallest  singular  value  de¬ 
pends  on  the  geometry  of  the  problem.  A  possible  way 
around  this  is  to  do  a  frequency  sweep  if  it  is  suspected 
that  an  interior  resonance  is  present.  However,  this 
could  prove  computationally  very  expensive  and,  it  was 
demonstrated  that  anomalies  in  the  computed  results  do 
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not  necessarily  indicate  interior  resonances.  More  work 
needs  to  be  done  to  find  a  reliable  method,  if  possible, 
of  detecting  interior  resonances  that  takes  the  geometry 
of  the  problem  into  account. 

The  major  contribution  of  the  work  presented  in  this 
paper  is  the  demonstration  that  whilst  the  method  used 
to  avoid  the  interior  resonances  can  work,  applying  it 
automatically  in  a  MM  code  is  not  as  straightforward 
as  was  implied  by  Canning  [7].  The  major  obstacle  is 
that  the  power  method  only  converges  to  the  smallest 
singular  value  in  the  region  of  resonance.  This  has  been 
illustrated  in  this  paper  using  a  number  of  examples,  in¬ 
cluding  rotationally  symmetric  radiators.  The  full  SVD 
is  unfortunately  very  expensive  computationally,  mak¬ 
ing  the  direct  use  thereof  most  unattractive.  A  further 
contribution  is  the  specific  investigation  of  the  method 
with  regard  to  the  MM/BOR  solution  of  radiation  prob¬ 
lems. 
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Abstract 

This  paper  considers  the  computation  of  the  multipole 
moments  of  small  chiral  wire  structures.  The  multipole 
moments  are  reviewed  and  it  is  shown  that  the  charge 
induced  on  the  wire  must  be  accurately  computed.  A 
quasistatic  thin-wire  Galerkin  Method  of  Moments  for¬ 
mulation  has  been  developed  to  numerically  compute  the 
charge  distribution. 

The  chiral  structures  under  consideration  are  on  the 
borderline  of  “thin”  and  a  Body  of  Revolution  Method  of 
Moments  formulation  has  also  been  developed  for  use  as 
a  check  on  the  accuracy  of  the  thin-wire  approximations. 
It  is  shown  that  the  “standard”  thin-wire  formulation  is 
not  sufficiently  accurate,  but  the  relatively  simple  addi¬ 
tion  of  an  end-cap  greatly  improves  the  convergence  and 
accuracy  of  the  formulation  with  acceptable  computation 
cost. 

Finally,  the  formulation  is  extended  to  include  bent 
wires,  permitting  the  electric  and  magnetic  dipole  mo¬ 
ments  as  well  as  the  electric  quadrupole  moment  to  be 
calculated  for  a  small  chiral  structure. 

1  Introduction 

In  1979,  Jaggard  et  al.  [1]  initiated  the  current  interest  of 
the  electromagnetic  engineering  community  in  artificial 
chiral  media  at  microwave  frequencies.  They  used  ap¬ 
proximate  electric  and  magnetic  dipole  moments  to  anal¬ 
yse  a  material  composed  of  single  turn  helixes  randomly 
distributed  and  oriented  in  vacuum.  Since  this  work  was 
published,  and  in  particular  over  the  last  several  years, 
there  has  been  a  substantial  amount  of  research  in  this 
field. 

In  addition  to  questions  regarding  the  physical  realiz¬ 
ability  of  microwave  chiral  absorbing  materials,  there  are 
also  questions  relating  to  the  theoretical  basis  of  the  con¬ 
stitutive  relations  used  to  date.  In  [2]  Graham,  Pierrus 
and  Raab  show  that  when  using  magnetic  dipoles,  one 


Figure  1:  Chiral  hook 


needs  to  include  the  electric  quadrupole  term  to  maintain 
the  origin-independence  of  the  Maxwell  equations.  In  [3] 
Raab  and  Cloete  show  that,  for  chiral  elements  much 
smaller  than  a  wavelength,  the  optical  activity  of  a  chi¬ 
ral  medium  can  be  described  by  the  electric  quadrupole  - 
magnetic  dipole  approximation.  The  theory  requires  the 
structures  to  be  much  smaller  than  a  wavelength  as  the 
scattering  from  the  structures  is  approximated  in  terms 
of  only  the  first  three  multipole  moments.  It  is  also  re¬ 
quired  that  the  spacing  between  structures  is  much  less 
than  a  wavelength  —  otherwise  the  composition  will  be 
more  of  a  diffraction  grating  than  a  continuum. 

Construction  of  a  practical  medium  to  validate  this 
theory  thus  requires  chiral  structures  much  smaller  than 
a  wavelength.  To  measure  at  practical  microwave  fre¬ 
quencies  (eg.  3  GHz)  this  limits  the  wire  length  to  a 
few  millimetres,  while  physical  restrictions  limit  the  wire 
thickness  to  no  less  than  a  few  tenths  of  a  millimetre,  re¬ 
sulting  in  “thick”  thin  wires. 

In  order  to  determine  the  accuracy  of  the  current 
theoretical  models,  the  contribution  of  the  electric 
quadrupole  term  relative  to  the  dipole  terms  needs  to  be 
calculated.  This  necessitates  the  calculation  of  the  differ¬ 
ent  multipole  moments  for  a  chiral  structure.  The  sim¬ 
plest  possible  chiral  structure,  a  three  dimensional  hook 
as  shown  in  Fig.  1,  was  chosen  such  that  the  calculations 
—  using  thin  wire  approximations  —  would  be  as  simple 
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as  possible.  This  structure,  at  resonance,  was  also  used 
by  Morin  for  a  polarization  selective  surface  [4].  The 
main  advantage  of  this  structure  is  the  ease  with  which 
it  can  be  arranged  to  simulate  crystals  in  the  various 
point  groups  [5].  This  will,  however,  not  be  considered 
in  this  paper. 

To  compute  the  multipole  moments,  the  charges  and 
currents  induced  on  the  chiral  element  are  required. 
Only  the  simplest  structures  admit  analytical  electrody¬ 
namic  solutions  (even  the  simple  half-wave  dipole  anal¬ 
ysis  found  in  most  undergraduate  electromagnetic  text¬ 
books  uses  an  approximation  to  the  current);  for  an  ac¬ 
curate  solution  of  a  bent  structure  such  as  the  chiral  hook 
shown  in  Fig.  1,  numerical  methods  must  be  used.  The 
well  known  method  of  moments  (MoM)  will  be  used  in 
this  paper  for  this  purpose.  We  will  show  in  the  next 
section  that  a  quasi-static  formulation  suffices  for  the 
structures  of  interest,  and  that  only  the  induced  charge 
needs  to  be  solved. 

Solving  for  the  charge  on  a  quasi-static  thin- wire  struc¬ 
ture  appears  to  be  a  rather  simple  problem  (it  is  ad¬ 
dressed  in  many  post-graduate  texts,  for  example  [6]), 
but  we  will  show  that  computing  multipole  moments  re¬ 
quires  that  the  induced  charge  be  very  accurately  com¬ 
puted.  It  will  be  demonstrated  that  the  widely  used  thin 
wire  approximation  must  be  used  with  circumspection  in 
this  case.  Following  a  brief  discussion  of  the  computa¬ 
tion  of  the  polarizability  tensors,  this  paper  first  presents 
an  analysis  of  a  very  simple  (non-chiral)  structure  —  an 
electrically  short  dipole  —  to  test  the  validity  of  the  tech¬ 
niques.  A  moderately  simple  extension  to  the  thin-wire 
formulation  is  then  used  to  compute  the  multipole  mo¬ 
ments  of  a  chiral  structure. 

2  The  polarizability  tensors 

In  [3]  it  is  shown  that  the  macroscopic  electric  dipole  and 
quadrupole  moments  and  the  magnetic  dipole  moment 
are  related  to  the  excitation  fields  and  their  derivatives 
via  the  polarizability  tensors 

Pa  =  OCapEp  4-  -Oap-y’^-fEp  -| - G'apBp  -| - 

QocP  ~  ^7a/?'^7  4"  '  •  • 

Ma  =  ——G'paE0  +  --- 

from  which  follow  the  general  form  of  the  constitutive 
relations  for  chiral  media  [3] .  In  these  equations  a  Greek 
subscript  denotes  any  of  the  three  Cartesian  directions 
{x,  y  or  z).  Repeated  subscript  notation  implies  summa¬ 
tion  over  the  three  components  (the  Einstein  notation) 
and  Vj}  implies  the  derivative  with  respect  to  j3.  These 
multipole  densities  can  also  be  found  by  spatial  averaging 


of  the  multipole  moments  due  to  the  discrete  elements. 
Thus  the  polarizability  tensors  describing  a  composite 
medium  can  be  calculated  from  the  multipole  moments 
of  the  inclusions.  From  [2]  the  first  three  multipole  mo¬ 
ments  for  a  given  charge  distribution  are  given  by: 


where  p,  J  and  r  have  their  normal  definitions. 

As  discussed  in  the  introduction,  the  underlying  the¬ 
ory  requires  the  structures  to  be  much  smaller  than  a 
wavelength.  The  problem  can  thus  be  approached  using 
electroquasistatic  approximations  [7,  Chapter  3]  and  is 
formulated  as  a  boundary  value  problem  in  terms  of  the 
scalar  potential,  from  which  the  unknown  charges  can 
be  solved.  (Note  that  the  structure  is  quasi-static  and 
not  static,  thus  the  current  is  non-zero  and  can  be  calcu¬ 
lated  from  the  spatial  integral  of  the  time  derivative  of 
the  charge.)  Since  calculating  the  charges  from  the  cur¬ 
rent  implies  a  numeric  differentiation  process,  directly 
solving  for  the  charges  will  have  a  distinct  advantage. 
This  is  the  approach  adopted  here. 

Consider  the  calculation  of  the  dipole  moment.  It 
is  tempting  to  view  this  “observable”  as  fundamentally 
similar  to  the  computation  of  a  radiation  pattern  or  a 
scattering  cross-section,  typically  the  type  of  output  re¬ 
quired  from  a  full  electrodynamic  code,  since  all  involve 
an  integration  over  the  current  (or  charge  in  the  present 
case).  It  is  widely  accepted  that  the  integration  process 
smoothes  the  effect  of  errors  in  the  computed  current. 
However,  this  is  not  so  with  the  dipole  moment  calcu¬ 
lations.  The  reason  is  that  the  integrand  in  this  case 
involves  the  moment  of  the  charge,  that  is  the  charge 
weighted  by  the  distance  from  the  centre.  Hence,  er¬ 
rors  at  the  ends  of  the  wire,  which  are  normally  insignif¬ 
icant  for  the  typical  electrodynamic  observables  men¬ 
tioned  above,  are  magnified  in  this  case;  furthermore, 
the  charge  is  singular  at  the  end  of  a  wire,  whereas  the 
current  is  zero.^ 

From  this  discussion  it  is  obvious  that  an  accurate 
charge  distribution  is  needed.  Before  using  the  thin  wire 
formulation  with  its  desirable  properties,  the  approach 
must  first  be  carefully  validated  for  this  application.  This 
will  done  using  as  a  test  case  a  single  straight  wire  in  a 

^The  electric  dipole  moment  can  also  be  formulated  in  terms  of 
the  integral  of  the  current  on  the  wire,  which  can  be  solved  dyneim- 
icaUy.  However,  due  to  the  short  nattne  of  the  wires,  significant 
currents  can  exist  on  the  end-caps  and  the  axial  current  cannot  be 
considered  to  go  to  zero  at  the  ends  of  the  straight  section  of  wire. 
The  dynamic  formulation  is  thus  not  a  very  attractive  alternative. 
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uniform  electric  field  directed  along  its  length,  where,  as 
can  be  seen  from  Eqs.  (1)  to  (3),  only  the  dipole  mo¬ 
ment,  p,  is  non-zero  when  referred  to  the  centre  of  the 
dipole.  There  are  no  exact  analytical  solutions  available 
for  the  charge  distribution  on  a  thin  wire,  and  an  ac¬ 
curate  numerical  scheme  was  thus  required  to  provide 
reference  data.  Hence  a  body  of  revolution  method  of 
moments  (BOR  MoM)  formulation  was  developed,  us¬ 
ing  the  Galerkin  approach. 

3  Body  of  revolution  method  of 
moments  solution 

The  BOR  formulation  uses  entire  domain  Fourier  modes 
for  the  circumferential  expansion,  and  conventional  sub- 
domain  basis  functions  along  the  generating  curve  (also 
known  as  the  generatrix).  Mautz  and  Harrington’s  work, 
along  with  later  extensions,  has  become  one  of  the  stan¬ 
dard  references  for  the  full  electrodynamic  BOR  MoM 
formulation  [8].  The  present  quasi-static  formulation  is 
similar  in  concept,  although  the  implementation  is  of 
course  greatly  simplified  by  the  quasi-static  nature  of 
the  problem. 

The  subdomain  basis  functions  used  were  triangular 
functions  along  the  generatrix  (generally  referred  to  as 
the  t  direction  [8]).  This  provides  a  first-order  basis  func¬ 
tion  in  finite  element  terminology.  Since  the  electric  field 
is  purely  ^-directed,  the  charge  is  independent  of  <j>,  and 
hence  only  the  zero-order  Fourier  mode  is  needed.  The 
charge  may  be  visualised  as  being  expanded  in  terms  of 
short  cylindrical  rings  around  the  z-axis.  Reflectional 
symmetry  was  also  exploited  and  only  one  half  of  the 
wire  was  discretised. 

Due  to  the  singularity  of  the  charge  at  the  end  of  the 
wire,  the  distribution  varies  more  rapidly  towards  the 
end  of  the  wire.  Thus  it  is  advisable  to  use  a  non-uniform 
discretisation  along  the  vertical  part  of  the  generatrix 
(the  side  of  the  dipole).  On  the  end-cap  the  discretisation 
is  uniform.  The  basis  functions  are  shown  in  Fig.  2.  The 
length  of  the  last  segment  on  the  dipole  side,  bz^,  is  set 
as  close  as  possible  to  that  of  the  segments  on  the  end- 
cap,  and  the  segments  increase  linearly  in  length  towards 
the  centre  of  the  dipole. 

The  quasistatic  MoM  formulation  is  given  in  Ap¬ 
pendix  A  while  Appendix  B  shows  some  detail  on  the 
evaluation  of  the  integrable  singularities  which  are  un¬ 
avoidable  in  the  BOR  MoM  formulation. 

The  resulting  charge  distribution,  for  a  3  mm  long  wire 
of  diameter  0.3  mm  in  a  uniform  electric  field  of  1  V/m 
directed  along  its  axis,  on  one  half  of  the  wire  length, 
is  given  in  Fig.  3.  The  dipole  moment  for  this  wire  was 
calculated  using  the  charges  from  the  BOR  MoM  code. 
Doubling  the  number  of  segments  resulted  in  less  than 


0.01%  change  in  the  dipole  moment.  This  result  was 
thus  taken  to  be  a  good  reference  value  and  is  used  to 
normalise  the  dipole  moments  in  Fig.  4. 


Figure  2:  The  basis  functions  on  the  wire.  Note  that 
the  whole  figure  is  rotated  around  the  z-axis  and  is  sym¬ 
metric  about  the  z  =  0  plane.  At  the  corner,  bzN  and 
bftN  are  joined  to  form  a  single  basis  function  such  that 
continuity  of  the  charge  is  ensured. 


Distance  along  surface  (mm) 


Figure  3:  Comparison  of  the  surface  charges  for  the 
different  techniques.  The  horizontal  axis  is  the  t-axis,  a 
length  parameter  that  follows  the  generatrix.  (First  it 
follows  the  z-axis  along  the  surface  of  the  dipole,  then 
goes  inwards  along  the  -r  direction  on  the  end-cap.)  The 
3  mm  long  wire  of  diameter  0.3  mm  was  excited  by  a 
uniform  field  of  1  V/m  along  its  axis. 
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Figure  4:  The  dipole  moments,  for  a  3  mm  long 
wire  with  diameter  0.3  mm  in  a  uniform  electric  field 
of  1  V/m  in  the  axial  direction,  plotted  against  the 
number  of  segments.  The  moments  are  normalised  by 
p  =  9.305x10“^°  as  calculated  by  the  BOR  MoM  code. 

4  The  thin  wire  technique 

The  electrodynamic  solution  of  thin  wires  has  been  ex¬ 
tensively  studied,  initially  using  analytical  techniques 
(work  which  reached  its  peak  with  the  King-Middleton 
approximate  formulas  of  the  1950’s  [9])  and  more  re¬ 
cently  using  numerical  methods,  in  particular  the  MoM. 
The  widely  used  Pocklington  formulation  is  almost  100 
years  old.  Despite  the  very  simple  physical  structure,  so¬ 
phisticated  treatments  are  required  for  highly  accurate 
and  stable  computations.  In  particular,  the  following  re¬ 
quire  attention:  the  end-cap  treatment,  the  source  region 
modelling,  and  a  method  for  handling  thicker  wires.  All 
can  and  have  been  handled  using  a  BOR  MoM  formula¬ 
tion,  but  this  a  computationally  expensive  solution,  and 
the  BOR  MoM  formulation  is  obviously  not  applicable 
to  bent  wires.  Janse  van  Rensburg’s  doctoral  thesis  ad¬ 
dresses  the  first  two  points  (end-caps  and  source  region 
modelling)  [10].  Burke  and  Poggio  incorporated  an  ex¬ 
tended  thin  wire  formulation  and  a  simple  treatment  of 
wire  ends  in  NEC-2  (this  is  not  a  full  end-cap  treatment) 
[11,  pp.  10-30];  Burke  extended  this  in  [12,  pp.  28-31]. 
Popovic  et  al.  describe  a  careful  treatment  of  end-caps 
of  flat  or  hemispherical  shape  [13,  pp.  79-89].  Peterson 
[14]  presents  results  showing  how  the  careful  treatment 
of  end-caps  is  necessary  for  a  properly  converged  solu¬ 
tion.  Fortunately,  the  source  region  modelling  problem 
is  not  a  concern  with  the  present  scattering  formulation. 

However,  the  electroquasistatic  solution  has  received 
very  little  attention  (certainly  in  the  high-frequency  lit¬ 
erature).  We  will  now  consider  the  standard  thin  wire 
formulation  as  given  by  [6,  Chapter  12].  A  crucial  part 


of  the  formulation  is  the  reduction  of  the  problem  from  a 
two-dimensional  surface  charge  to  a  one-dimensional  line 
charge.  This  is  known  as  the  thin-wire  approximation 
and  has  been  widely  used  in  powerful  numerical  electro¬ 
magnetic  codes  such  as  NEC-2.  The  thin-wire  approxi¬ 
mation  is  very  attractive,  since  it  removes  a  dimension 
from  the  problem  and  also  avoids  the  singularity  inherent 
in  the  formulation.  However,  the  formulation  has  some 
restrictions,  not  least  the  obvious  requirement  that  the 
wire  indeed  be  thin! 

It  is  intuitively  obvious  that  for  a  “thick”  wire,  the  thin 
wire  approximations  are  invalid;  Collin  has  presented  a 
very  elegant  discussion  of  the  theoretical  reasons  for  the 
failure  of  the  approximation  [15,  p.  67-72].  He  showed 
that  the  high  spatial  frequency  component  of  the  equiv¬ 
alent  line  current  (which  the  thin-wire  MoM  codes  com¬ 
pute)  grows  exponentially  if  the  number  of  harmonics  is 
such  that  the  spatial  period  becomes  less  than  about  wa, 
where  a  is  the  wire  radius.  Collin’s  analysis  used  entire 
domain  basis  functions,  but  similar  caveats  apply  when 
using  subsectional  basis  functions;  it  is  important  to  en¬ 
sure  that  the  discretisation  is  coarse  enough  to  ensure 
that  these  harmonics  are  kept  to  a  minimum.  Of  course, 
the  discretisation  must  also  be  fine  enough  to  adequately 
sample  the  actual  spatial  variation  of  the  current  (or 
charge);  for  suflSciently  thin  wires,  there  is  a  large  sta¬ 
ble  (converged)  region  between  these  two  requirements, 
but  for  thick  wires  it  is  possible  to  move  directly  from  the 
under-discretised  to  the  over-discretised  regimes  without 
the  solution  evidencing  any  form  of  convergence. 

Using  too  fine  a  discretisation  often  results  in  errors 
around  the  end  points  of  the  wire;  the  undesirability  of 
this  for  polarizability  calculations  is  evident  from  the 
discussion  in  section  2.  Generally  it  is  accepted  that,  for 
the  full  electrodynamic  formulation,  the  segment  length 
to  wire  diameter  ratio  must  be  greater  than  two. 

The  present  formulation  was  implemented  with  pulse 
basis  and  testing  functions  (i.e.  a  Galerkin  approach) 
in  a  similar  fashion  to  that  described  in  [6] .  The  charge 
distribution  Wcis  approximated  as  a  line  charge  and  the 
potential  matched  at  the  outer  radius  of  the  wire.  (This 
is  the  thin-wire  approximation  already  discussed.)  The 
result  for  the  3  mm  wire,  shown  in  Fig.  3,  was  done 
with  10  segments  on  the  wire  —  hence  a  segment  length 
equal  to  the  wire  diameter.  It  can  be  seen  that  there 
is  a  considerable  error  near  the  end  of  the  wire  due  to 
the  over  discretisation.  This  error  is  clearly  unaccept¬ 
able  when  computing  the  multipole  moments.  However, 
using  fewer  segments  also  resulted  in  large  errors,  as  long 
segments  cannot  follow  the  charge  singularity  at  the  end 
of  the  wire.  The  ratio  used  here  seems  to  be  the  opti¬ 
mum:  half  of  the  normal  dynamic  requirement  that  the 
minimum  segment  length  must  be  larger  than  twice  the 
wire  diameter. 


132 


The  dipole  moment  for  the  3  mm  wire  was  calcu¬ 
lated  using  the  charges  resulting  from  this  formulation. 
The  charges  were  also  calculated  using  a  formulation  im¬ 
plementing  triangular  basis  and  testing  functions.  The 
dipole  moments  for  these  two  cases  are  plotted  against 
the  number  of  segments  used  in  Fig.  4.  It  is  clear  that  al¬ 
though  the  results  throughout  the  graph  are  within  15% 
of  the  values  computed  with  the  BOR  MoM  formulation 
the  convergence  is  poor  and,  without  the  reference  data, 
one  would  be  hard  pressed  to  decide  which  discretisation 
gave  the  correct  result. 

Using  the  charge  calculated  by  the  body  of  revolution 
code  it  is  found  that  the  end-cap  contributes  almost  20% 
towards  the  dipole  moment  for  the  test  case.  Thus  it  can 
be  expected  that  the  thin  wire  technique  will  give  erro¬ 
neous  results,  since  the  end-cap  is  explicitly  excluded 
from  this  formulation.  An  attractive  solution  to  this 
problem  is  the  inclusion  of  an  end-cap  term,  and  this 
will  be  considered  in  the  next  section. 


5  Thin  wire  formulation  with  an 
added  end-cap 

The  thin-wire  technique  was  expanded  by  adding  one 
more  basis  function  —  a  flat  disc  of  constant  charge  den¬ 
sity  to  model  the  end-cap.^  With  the  axis  of  the  wire  in 
the  2-direction  and  the  end-cap  located  at  2',  the  poten¬ 
tial  of  the  end-cap  at  any  position  (r,  (j>,  2),  given  by  the 
inner  integral  in  Eq.  (7)  of  Appendix  A,  is 


n<3 
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increasing  the  complexity  of  the  formulation.  One  more 
weighted  sample  of  the  field  is  thus  needed.  This  is  ob¬ 
tained  by  an  integral  over  the  end-cap  area. 

It  is  important  to  note  that  this  introduces  an  asym¬ 
metry  into  the  impedance  matrix  of  the  moment  method 
formulation.^  Changing  from  placing  the  charge  on  the 
axis  (and  sampling  on  the  surface  at  the  radius)  to  plac¬ 
ing  charge  at  the  surface  (and  sampling  on  the  axis)  now 
results  in  the  transposition  of  the  impedance  matrix  — 
with  a  quite  significant  effect  on  the  charge  distribu¬ 
tion.  (For  the  standard  straight  thin-wire  formulation 
the  problem  is  symmetrical  and  it  is  irrelevant  whether 
the  charge  is  viewed  as  on  the  surface  of  the  wire  and 
the  sampling  on  the  axis  or  vice  versa).  In  accordance 

^This  is  only  an  approximation  as  the  actual  charge  distribution 
on  the  end-cap  is  much  more  complicated. 

®This  is  due  to  the  fact  that  the  testing  eind  basis  functions  for 
the  end-cap  are  the  same,  whilst  for  the  axial  segments,  the  b2isis 
functions  lie  on  the  wire  surface  ctnd  the  testing  functions  on  the 
axis.  For  the  end-cap,  the  equivcJent  of  a  line  charge  would  be  a 
point  charge  at  its  centre. 


with  physical  principles,  the  charge  is  placed  on  the  wire 
radius  and  the  potential  sampled  on  the  axis  —  thus 
the  outer  integral  in  Eq.  (7)  of  Appendix  A  reduces  to  a 
line  integral.  Sampling  on  the  axis  greatly  simplifies  the 
potential  of  the  end-cap  to 


$  =  2Tr{y 
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where  \z  —  z'\  is  the  distance  from  the  end-cap.  Compu¬ 
tation  of  the  “self-term”  of  the  end-cap  results  in  similar 
singularities  to  those  experienced  with  the  “self-term” 
calculations  discussed  in  Appendix  B. 

The  potential  caused  by  the  basis  functions  on  the 
sides  of  the  wire  is  reasonably  constant  on  the  end-cap, 
and  their  contributions  are  computed  by  using  the  value 
at  the  centre  of  the  end-cap  weighted  by  its  area.  (The 
“self  term”  is,  however,  integrated  over  the  full  area.) 
The  charge  distribution  calculated  with  this  technique  is 
also  shown  in  Fig.  3. 

The  graphs  of  the  dipole  moments  (Fig.  4)  show  that 
incorporating  the  end-cap  does  indeed  have  the  desired 
result  of  stabilising  the  convergence  —  which  is  now  not 
only  stable  but  also  accurate  within  about  2%  of  the 
BOR  MoM  result.  It  is  interesting  to  note  how  neglect¬ 
ing  a  significant  physical  feature  in  the  numerical  model 
(the  end-cap  in  the  standard  thin  wire  formulation)  can 
impact  in  unexpected  ways,  such  as  in  poor  convergence. 
As  one  would  expect,  the  formulation  using  pulses  con¬ 
verges  more  slowly  than  when  using  triangles. 

The  most  important  feature  of  this  graph,  however, 
is  that  the  pulse  formulation  remains  stable  for  signifi¬ 
cantly  larger  number  of  segments  compared  to  triangular 
basis  functions  (up  to  a  segment  length  equal  to  wire  di¬ 
ameter).  The  reason  for  this  is  presently  not  clear.  Both 
formulations  converge  to  the  same  value.  Using  pulses 
leads  to  a  much  simpler  formulation  and,  even  with  dou¬ 
ble  the  number  of  segments,  shorter  computing  times 
than  when  using  triangles.  Hence  this  last  formulation 
—  viz.  a  Galerkin  pulse  beisis  function  thin  wire  (with 
end-cap)  MoM  approach  —  was  the  one  finally  adopted. 
The  runtime  of  this  technique  on  a  486  PC  was  a  few 
minutes  compared  with  a  few  seconds  for  the  standard 
thin  wire  technique  (and  two  hours  for  the  BOR  MoM 
formulation!)  For  these  time  scales  the  added  expense 
of  the  end-cap  is  certainly  worthwhile,  considering  the 
increase  in  stability,  and  the  computational  cost  is  still 
much  less  than  that  of  a  full  two-dimensional  treatment 
(even  one  exploiting  symmetry). 


6  A  chiral  element 

The  chiral  element  is  the  bent  wire  shown  in  Fig.  1.  As 
for  the  straight  wire,  sampling  for  all  the  wire  segments 
is  done  on  the  axis,  with  the  charge  placed  on  the  wire 
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Figure  5:  Structure  of  bend  segment. 


radius.  When  sampling  on  field  segments  that  are  not 
on  the  same  straight  section  of  wire,  and  are  far  enough 
away  from  the  source  segments  (at  least  two  segments  in 
between  them),  the  source  charge  was  approximated  by 
a  line  charge  on  the  axis. 

The  bend  requires  some  special  treatment.  It  is  con¬ 
structed  by  sweeping  the  wire  cross  section  along  the 
angle  6'  through  90  degrees  as  shown  in  Fig.  5,  thus 
joining  the  two  straight  wires.  The  bend  is  modelled  by 
a  single  curved  segment  with  the  charge  placed  on  the 
wire  surface;  this  is  consistent  with  the  straight  segment 
treatment.  When  sampling  the  potential  caused  by  this 
segment,  the  integral  over  the  field  segment  (the  outer 
integral  in  Eq.  (7))  is  done  analytically,^  but  the  source 
integrand  has  to  be  evaluated  numerically.  Sampling  of 
the  field  on  the  bend  is  done  on  the  axis  by  numerical 
integration  over  6  (measured  in  the  same  way  as  6'). 

This  treatment  of  the  bend  is  much  more  rigorous  (and 
more  complex)  than  merely  having  a  sharp  corner.  It  was 
implemented  to  check  the  effect  of  the  bend  and  avoid  the 
uncertainty  regarding  the  position  of  the  surface  charge 
in  its  immediate  vicinity.  Increasing  the  radius,  r„,  of 
the  curved  segment  from  =  a,  which  is  as  small  as 
the  code  will  allow,  to  =  2a  decreased  qz^  for  a  z- 
directed  field^  by  about  3%.  Hence  it  does  not  appear  to 
have  a  significant  contribution  to  the  calculation  of  the 
moments. 

The  end-cap  is  treated  as  a  disk  for  the  straight  wire 
section  that  it  terminates;  for  the  other  wire  sections,  it  is 
handled  as  a  point  charge  on  the  axis.  Treating  the  end- 
cap  as  a  point  charge  removes  the  expensive  calculations 

^Except  in  the  case  of  the  “self-term”  or  the  interaction  with 
the  other  bend  where  the  field  integral  is  also  done  numerically  — 
thus  requiring  three  numeric  integrations. 

^This  is  the  moment  most  sensitive  to  the  radius  of  the  bends. 


necessary  when  integrating  over  the  endcap  without  sig¬ 
nificantly  affecting  its  potential  at  these  wire  sections. 

As  an  example,  the  charge  is  calculated  for  the  struc¬ 
ture  in  Fig.  1  with  3.12  mm  long  x-  and  y-axis  legs, 
3.14  mm  2:-axis  leg  and  wire  diameter  0.3  mm.  The  ra¬ 
dius  of  curvature  at  the  two  bends  in  the  wire  is  1.5 
times  the  wire  diameter.®  The  charge  distribution  for 
the  structure  excited  by  uniform  1  V /m  x-  and  ^-directed 
fields  is  shown  in  Fig.  6.  Consideration  of  Fig.  4  led  to 
the  conclusion  that  the  optimal  segment  length  is  equal 
to  the  wire  diameter.  This  required  10  segments  on  a 
3  mm  leg.  Fig.  6  shows  the  respective  charge  distri¬ 
butions  calculated  with  8  segments  on  the  front  leg  (27 
basis  functions  including  the  two  bends  and  the  two  end- 
caps^)  and  with  12  segments  on  the  front  leg  (39  basis 
functions).  It  is  clear  that  the  charge  distribution  con- 


Figure  6:  Surface  charge  in  nCm“^  for  a  chiral  hook 
with  Ij.  =  ly  =  3.12  mm,  4  =  3.14  mm,  wire  radius 
a  =  0.15  mm,  and  =  1.5  a;  in  an  excitation  field  of 
1  V/m  using  respectively  27  and  39  basis  functions.  Ex 
and  Ez  in  the  graph  indicate  direction  of  the  applied 
electric  field. 

verged  very  well.  The  graphs  lie  almost  on  top  of  each 
other,  with  only  a  small  difference  near  the  ends  and 
bends.  This  is  due  to  the  fact  that  the  field  is  sampled 
at  different  points  for  different  segmentations.  As  one 
would  expect,  the  £'2-excited  charge  is  anti-symmetrical 
around  the  centre  of  the  z-axis.  Note  also  the  small  peaks 
at  the  bends  —  which  is  to  be  expected  as  a  sharp  corner 
would  have  caused  a  singularity. 

As  the  charge  distribution  is  convergent  around  this 
point,  it  was  finally  calculated  using  10  segments  on  the 
front  leg  (33  basis  functions  in  total).  This  charge  dis¬ 
tribution  was  used  in  Eqs.  (1)  to  (3)  to  calculate  the 

®  These  dimensions  arose  from  practical  considerations  in  man¬ 
ufacturing  an  cirtificial  crystalline  medixim. 

^The  straight  part  of  the  z-leg  is  shorter  due  to  the  two  bends 
subtracting  from  it,  cmd  requires  one  less  segment. 
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F/jj-excitation 

-excitation 

2.12x10-“ 

-1.81x10-“ 

Py 

-6.79x10-2® 

1.81x10-“ 

Pz 

-1.81x10-“ 

3.88x10-“ 

rrix 

jw 

5.29x10-23 

-1.41x10-22 

rriy 

-1.66x10-22 

1.41x10-22 

([xx 

5.56x10-22 

-4.03x10-22 

Qxz 

-3.33x10-22 

2.84x10-22 

%y 

-1.54x10-22 

4.03x10-22 

9yz 

-1.07x10-22 

2.84x10-22 

Qzz 

6.95x10-23 

0 

Table  1:  Multipole  moments  for  a  chiral  hook  with  lx  = 
ly  =  3.12  mm,  4  =  3.14  mm,  wire  radius  a  =  0.15  mm, 
and  To  =  1.5a  ;  in  a  unity  uniform  field. 

multipole  moments  shown  in  Table  1.  The  current  den¬ 
sity  was  found  by  integrating  the  charge  along  the  wire 
and  differentiating  with  respect  to  time.  Note  that  the 
time  derivative  of  the  electric  quadrupole  moments  are 
of  the  same  order  as  the  magnetic  dipole  moments. 

Formulating  the  problem  without  the  end-caps  and 
calculating  the  moments  for  the  same  number  of  seg¬ 
ments  as  used  for  Table  1  yielded  moments  within  1%  of 
the  values  in  the  table.  However  decreasing  or  increasing 
the  number  of  segments  led  to  poor  convergence  similar 
to  that  shown  in  Fig.  4.  Note  that  the  dipole  moments  in 
Fig.  4  are  also  almost  equal  at  10  segments  which  is  the 
number  used  here.  Hence,  the  advantage  of  the  end-cap 
is  in  stabilising  the  convergence. 

With  the  multipole  moments  known,  the  multipole 
moment  densities  and  medium  parameters  can  be  calcu¬ 
lated.  An  artificial  crystalline  medium  was  designed  with 
the  lattice  and  orientation  of  the  structures  as  shown  in 
Fig.  7.  The  spacings  in  the  plane  of  the  paper  are  6.5 
and  8  mm  respectively  and  the  disks  are  repeated  in  the 
z-direction  at  intervals  of  9.3  mm. 

With  a  host  dielectric  constant  of  1.09  this  resulted  in 
dyadic  medium  parameters  [5] 

€xr  =  1.01x10-“  =  1.14eo 
=  1.06x10-“  =  1.20e<, 

=  -w  2.54x10-1® 

=  w  2.55x10-1® 

for  the  anisotropic  constitutive  relations 

D  =  e-E  +  jl-B 
H  =  jV-E  +  ti-y^B. 

These  have  been  rigorously  derived  [5]  and  are  in  the 
so-called  Post-Jaggard  form  [16]. 


Figure  7:  Disklike  building  element  of  the  crystal.  The 
thick  lines  are  situated  in  front  of  the  plane  of  the  paper 
and  the  thin  ones  at  the  back. 

At  3  GHz  this  medium  would  yield  a  rotation  of  6.5 
degrees  per  metre  of  the  polarization  plane  of  the  electric 
field.  The  rotation  is  counter  clockwise  when  viewed  in 
the  direction  of  propagation.  The  parameters  given  here 
were  used  to  predict  the  rotation  inside  a  waveguide. 
Agreement  of  the  order  of  13%  was  obtained  between 
predictions  and  measurements,  which  is  good  when  con¬ 
sidered  in  the  light  of  probable  sources  of  error  [17]. 

7  Conclusion 

This  paper  has  discussed  the  computation  of  the  mul¬ 
tipole  moments  of  an  electrically  short  chiral  hook.  To 
obtain  the  desired  result,  the  charge  distribution  induced 
by  a  uniform  electric  field  was  required.  It  has  been  ob¬ 
tained  via  a  quasi-static  boundary  value  problem,  which 
was  solved  using  a  variety  of  moment  method  formula¬ 
tions.  A  rigorous  body  of  revolution  MoM  formulation 
has  been  presented.  Results  computed  using  this  BOR 
MoM  code  converge  rapidly  and  these  computations  have 
been  used  as  a  base-line  for  numerical  investigations  on 
thin  wire  MoM  formulations. 

The  problems  arising  with  the  thin-wire  formulation 
for  a  structure  that  is  on  the  borderline  of  “thin”  have 
been  discussed.  It  has  been  shown  that  because  the  ob¬ 
servable  required  from  the  code  is  the  moment  of  the 
charge,  the  charge  must  be  computed  accurately  at  the 
ends  —  precisely  where  the  thin-wire  MoM  formulations 
are  expected  to  be  least  accurate.  Results  have  been 
presented  that  show  that  the  conventional  thin-wire  for¬ 
mulation  does  not  properly  converge  for  these  structures. 
It  has  been  demonstrated  that  a  moderately  straightfor¬ 
ward  extension  to  the  thin-wire  approach,  viz.  adding  an 
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additional  basis  function  to  represent  the  end-cap,  gives 
sufficiently  accurate  and  converged  results  (within  3%  of 
the  BOR  MoM  result).  The  code  used  the  same  basis 
and  testing  functions,  i.e.  a  Galerkin  MoM  formulation. 

The  emphasis  of  this  paper  has  been  the  accurate  com¬ 
putation  of  multipole  moments.  These  moments  can  be 
used  to  predict  medium  parameters  in  the  low-frequency 
regime  as  briefly  described  in  section  6.  The  multipole 
moment  calculations  are  not  valid  for  higher  frequencies, 
but  at  these  frequencies  the  medium  constructed  with 
the  chiral  elements  described  here  may  start  behaving 
more  like  a  diffraction  grating  than  a  continuum.  The 
predicted  parameters  have  been  experimentally  verified. 
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A  Quasistatic  MoM  formulation 

In  this  appendix  we  formulate  the  quasistatic  MoM.  In 
the  quasistatic  formulation  the  static  free-space  Green’s 
function  is  used.  Thus  the  charge  is  the  solution  of  the 
integral  equation 

$(r)  =  Mr)  +  [  ,  dV'  (4) 

Jv  47re<,|r  -  r'\ 

where  $i(r)  is  the  applied  potential  in  the  absence  of  the 
scatterer  and  $(r)  is  the  boundary  value  for  the  potential 
over  a  given  boundary  area.  In  this  paper  the  applied 
field  is  uniform;  for  example  $i(r)  =  — .sr  for  a  ^-directed 
field. 

In  the  method  of  moments  the  surface  charge  distribu¬ 
tion,  p{r),  is  modelled  as  the  sum  of  a  given  set  of  basis 
functions,  bn{r),  defined  on  the  surface,  S, 

P{r)  ='^o.nb„{r)  (5) 

n 

with  the  unknown  coefficients,  a„,  determining  the  dis¬ 
tribution.  The  unknown  coefficients  can  be  found  by 
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solving  Eq.  (4)  to  yield  an  approximate  charge  distribu¬ 
tion.  This  is  done  by  multiplying  the  equation  with  a 
number  of  testing  functions  ti{r)  and  integrating  over 
the  area  S.  Using  N  basis  and  N  testing  functions  this 
results  in  a  matrix  equation 


where 


Vi  =  dTTCo  J  ti{r)  ($(r)  -  $j(r))  da  (6) 


such  that  the  calculation  of  min  involves  four  integra¬ 
tions  in  total.  The  inner  integral  yields  the  potential  due 
to  6„(r'),  while  the  outer  integral  samples  the  potential 
over  a  given  region. 

For  a  conducting  body  the  boundary  potential, 
is  a  constant.  For  a  thin  wire,  symmetrical  about  the 
origin,  ^(r)  =  0  by  inspection.  In  the  case  of  the  chiral 
structure  this  constant  is,  however,  unknown.  As  this 
introduces  another  variable  in  the  MoM  formulation  an¬ 
other  equation  is  necessary.  This  condition  is  provided 
for  by  requiring  that  the  total  charge  on  the  wire  be  zero. 


B  The  BOR  MoM  formulation 

The  BOR  MoM  formulation  requires  careful  attention  to 
certain  details  and  this  appendix  addresses  the  compu¬ 
tation  of  the  potential  and  the  associated  singularity  for 
the  self  terms  of  the  BOR  MoM  matrix. 

Here  these  functions  are  independent  of  <f>  and  can  be 
written  as  bn{z)  along  the  dipole  side  and  bn{r)  on  the 
endcap.  Because  of  the  non-uniform  segmentation,  the 
potential  of  each  basis  function  must  be  computed  — 
translational  symmetry  cannot  be  used  —  so  it  is  impor¬ 
tant  to  do  this  efficiently. 

The  applied  potential  is  required  to  produce  a  uniform 
z-directed  field  in  the  absence  of  the  wire  thus  $i(r)  = 
— z.  As  the  boundary  condition  the  wire  surface  must 
be  an  equipotential  surface.  With  the  structure  placed 
symmetrically  about  the  z-axis  the  boundary  potential 
is  zero.  Thus  the  excitation  vector  is 


where  I  is  a  parameter  that  can  be  either  z  or  r  depending 
on  where  the  testing  function  is  located.  As  discussed 
earlier,  the  testing  functions  are  the  same  as  the  basis 
functions  and  thus  denoted  bi{l). 

The  matrix  entry  for  basis  functions  along  the 
dipole  side  was  determined  from  the  integral 


_ bi{l)bniz')ar _ 

/(z  —  z'y  +  r^  +  —  2ra  cos  <j>' 


dz'  d<l>'  dl  d<f) 


where  I  is  as  defined  before.  The  inner  z'  integral  was 
done  analytically  and  the  c/i'-integral  numerically.  The 
result  is  proportional  to  the  potential  caused  by  6„(z) 
and  is  independent  oi  <j>  —  thus  the  outer  (j>  integra¬ 
tion  merely  results  in  multiplication  by  2w.  The  outer 
/-integration  was  also  done  numerically. 

The  min  entry  for  the  basis  functions  on  the  cap  was 
calculated  from  the  integral 


_ biil)bn{r')  r'r _ 

/(z  —  z'y  -b  -f  r'2  —  2rr'  cos  <j>' 


dr'  d4)'  dld<f> 


where  the  inner  r'-integral  was  again  algebraically  eval¬ 
uated  and  the  d)-integral  numerically.  Here  again  the 
outer  <j)  integral  resulted  in  multiplication  by  27r  and  the 
outer  /-integration  was  also  done  numerically.  Note  that 
z'  =  ±L/2  on  the  two  caps  respectively. 

In  both  cases  there  is  a  singularity  a.t  (/>'  =  0,  when 
the  testing  and  basis  functions  coincide  (the  self-term 
in  MoM  parlance).  Consider,  for  example,  the  inner  in¬ 
tegral  when  calculating  the  self-term  for  the  innermost 
basis  function  on  the  cap  —  bjio  in  Fig.  2.  If  the  length 
of  this  basis  function  in  the  r-direction  is  d,  the  basis 
function  can  be  written  eis 

bRo(r)  = 


and  the  inner  integral  in  Eq.  (8)  becomes 


_ (d 

d'^y/r 

- 

Jo  Jo 


{d  —  r){d  —  r')  r'  r 
d'^Wr^  +  r'^  —  2rr'  cos  <j)‘ 


dr'  d(j)' 


{d  —  r)(d  —  r')  r'  r 


:  dr'  d<t>' 


r  cos  d>'  —  2d) 


Jo  Jo  d'^^/r^  +  r'^  —  2rr'  cos  <f>' 

+  [d  —  3r  cos  <j)')\/d^  +  r^  —  2</r  cos<ji' 

+  r{2r  —  2d  cos  —  Zr  sin^  (f>')  "x 
r  —  r  cos  ())' 

log - .  = 

d  —  r  cos  W d?  r"^  —  2dr  cos  4>' 


where  the  symmetry  of  the  d)'  dependence  is  utilised  — 
the  integral  between  0  and  27r  can  be  written  as  two  times 
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the  integral  between  0  and  tt.  It  is  clear  that  the  third 
term  in  the  ^i'-integrand  will  be  singular  at  =  0.  This 
singularity,  present  at  any  value  of  r,  can  be  removed  by 
subtracting  a  term 

r(2r  —  2d  cos  <j)'  —  3r  sin^  (f>')  log(l  —  cos  <j>') 
which  can  be  integrated  algebraically  using® 


/  log(l  —  cos(?i>)d(^ 
Jo 

I  cos  <l>  log(l  —  cos  <i))  d4> 
Jo 

/  sin^  (f)  log(l  —  cos  d>)  d(j) 
Jo 


=  — 7rlog2 


-  iwi 


2x(i-log2) 


after  expanding  the  factors.  The  remaining  integrand® 
contains  a  logarithm  that  is  singular  at  r  =  d.  At  this 
value  of  r  it  is  simplified  to 


log - .  - 

d  —  r  cos  ({>'  +  +  r*®  —  2dr  cos  J>' 

=  log - ; 

1  —  cos  d>'  +  v^2(l  —  cos  <f)') 

,  1  +  cos  4>' 

sin  </>'(sin  (f)'  +  y^2(l  +  cos  <)>')) 


from  which  the  singular  log  sin  <f)'  can  be  extracted  and 
integrated  analytically  between  0  <  4>'  <  .  The  remain¬ 

ing  term  is  then  integrated  numerically  (also  between 
0  <  <  f )  and  the  original  integrand  integrated  nu¬ 

merically  between  ^  <  <f)'  <  it.  The  analytic  integration 


requires  the  further  integrals 

/  log(sin  (^)dd>  = 
Jo 

-|log2 

/  cos  <j)  log(sin  (fjdcf)  — 

Jo 

-1 

jr 

/  sin®  (/>  log(sin  <^)  dd>  — 
Jo 

1(1 -log  4). 

This  process  unfortunately  leads  to  the  subtraction  of 
a  large  component  due  to  the  analytic  integration  of  the 
singularity  from  an  almost  equally  large  component  due 
to  the  remaining  numeric  integral.  Thus  a  few  signifi¬ 
cant  digits  are  lost  and  the  numeric  integration  has  to 
be  done  to  a  very  high  degree  of  accuracy.  This  prob¬ 
lem  weis  overcome  by  dividing  the  singular  component 
by  7T,  the  integration  interval,  and  subtracting  it  as  a 
constant  from  the  integrand.  Thus  the  two  numbers  are 
subtracted  before  the  approximation  caused  by  the  nu¬ 
merical  integration,  requiring  much  less  severe  restric¬ 
tions  on  the  accuracy  of  the  numerical  integration  to 

® Calculated  with  iWai/iemaiica  2.0. 

®  Note  that  log  a  +  log  b  =  log  ab. 


achieve  the  same  final  accuracy.  The  self-terms  for  the 
other  segments  result  in  similar  singularities,  which  can 
be  subtracted  in  a  similar  fashion. 

Numeric  integration  was  done  with  Simpson’s  rule  and 
halving  the  interval  each  time  until  the  results  had  con¬ 
verged  to  within  10~®  of  the  last  result.  The  convergence 
requirements  for  the  inner  integral  had  to  be  stricter  than 
for  the  outer  integral  to  converge  properly,  and  10“^  was 
chosen.  The  charge  on  the  test  case  wire  was  calcu¬ 
lated  by  this  technique  using  40  segments  on  the  cap 
and  44  along  the  axis.  About  four  decimals  of  accuracy 
were  used  in  the  numerical  integrations  and  the  condi¬ 
tion  number  of  the  MoM  matrix  was  sufficient  to  preserve 
this  accuracy  when  inverting  the  matrix. 
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ABSTRACT.  The  paper  describes  an  iterative  approach  to  the 
computation  of  the  electromagnetic  scattering  by  isotropic, 
dielectric  objects  partially  made  of  weakly  nonlinear 
materials.  The  approach  is  started  by  using  a  perturbative 
moment-method  solution  based  on  the  Sherman-Morrison- 
Woodbury  formula.  The  nonlinearity  is  assumed  to  be  of  the 
Kerr  type,  i.e.,  the  dielectric  permittivity  depends  on  the 
square  amplitude  of  the  electric  field.  The  bistatic  scattering 
width  and  the  field  distribution  are  computed  for  some  test 
cases,  in  particular,  for  infinite  cylinders  coated  and  filled 
with  nonlinear  materials.  The  convergence  of  the  medium  is 
numerically  evaluated  and  the  results  are  compared  with 
those  obtained  by  the  iterative  distorted-wave  Born 
approximation. 

1  INTRODUCTION 

An  interesting  perturbational  version  of  the  moment 
method  [1]  was  recently  proposed  by  Yip  and  Tomas  [2],  The 
approach  is  aimed  at  determining  the  electromagnetic 
scattering  by  a  slightly  perturbed  scatterer,  after  a  moment- 
method  solution  for  the  original  imperturbed  scatterer  has 
already  been  obtained.  The  method  applies  the  Sherman- 
Morrison-Woodbury  (SMW)  updating  formula  and  allows  one 
to  consider  changes  in  both  the  geometry  and  the  dielectric 
properties  of  the  scatterer.  The  above  method,  called  by  the 
authors  the  UMoM,  is  one  of  the  various  perturbational 
methods  that  make  it  possible  to  avoid  repeating  a  complete 
computation  when  several  scatterers,  only  partially  different, 
have  to  be  considered  in  the  scattering  evaluation.  An 
overview  of  these  methods  was  presented  by  Newman  [3], 
who  also  described  an  efficient  combination  of  the  moment 
method  with  Green's  function. 

In  this  paper,  the  application  of  the  UMoM,  as 
proposed  in  [2],  is  the  starting  point  for  the  development  of  an 
iterative  approach  to  the  computation  of  the  electromagnetic 
scattering  by  nonlinear  dielectric  objects.  The  interest  in 
evaluating  the  scattering  by  nonlinear  dielectrics  is  generally 
related  to  the  possibility  of  using  them  as  coating  materials, 
for  example,  in  order  to  obtain  apparatus  for  minimizing  and 


maximizing  scattering  cross-sections  in  camouflage 
applications. 

Here  the  nonlinearity  is  assumed  to  be  of  the  Kerr 
type,  i.e.,  the  relative  dielectric  permittivity  depends  on  the 
square  amplitude  of  the  internal  electric  field.  As  long  as  the 
nonlinearity  is  weak,  as  for  most  of  nonlinear  materials  [4], 
the  main  effect  of  the  nonlinearity  is  a  modification  to  the 
field  distribution  at  the  fi-equency  of  the  incident  field, 
whereas  the  process  of  higher-harmonics  generation  may  be 
neglected.  Moreover,  if  the  nonlinearity  is  weak,  fi-om  a 
perturbation  point  of  view,  one  can  assume  the  effective 
dielectric  permittivity  to  be  approximated  by  writing  it  in 
terms  of  the  linear  field.  This  was  done  by  the  authors  in  a 
previous  work  in  which  they  computed  the  bistatic  scattering 
width  for  a  circular  nonlinear  cylinder  by  using  an  iterative 
approach  based  on  the  distorted-wave  Bom  approximation 
[5].  The  main  limitation  of  this  approach  is  related  to  the  fact 
that  the  effective  dielectric  permittivity  must  be  weak  in  order 
that  the  process  may  converge.  This  is  a  severe  limitation,  in 
that  a  nonlinearity  can  usually  be  considered  weak  but  the 
resulting  effective  dielectric  permittivity  is  not  at  all  weak. 
The  authors  showed  that,  although  the  nonlinearity  was  very 
weak,  it  affected  the  bistatic  scattering  width  in  a  significant 
way. 

If  a  nonlinear  material  is  assumed  to  be  only  a 
portion  of  the  scatterer  considered,  the  UMoM  can  be 
successfully  applied,  as  the  weak  nonlinearity  can  be  viewed 
as  a  perturbation  of  the  original  scattering  configuration.  At 
this  point,  an  iterative  process  is  started  by  applying  the  SMW 
formula,  or,  in  a  simpler  way,  by  using  the  approach  described 
in  [5],  but,  at  the  0-th  step,  the  linear  field  (distorted-wave 
Bom  approximation)  is  replaced  by  the  field  obtained  by  the 
UMoM  without  iterations. 

In  the  following,  the  mathematical  formulation  of  the 
approach  is  provided.  Some  test  cases  are  described  that 
involve  coated  cylinders  of  circular  and  irregular  cross- 
sections.  We  consider  infinite  cylinders  illuminated  by 
transverse-magnetic  waves.  As  V-E  =  0,  E  being  the  electric 
field  vector,  the  problem  reduces  to  a  two-dimensional  scalar 
one,  for  which  the  notation  is  simplified. 
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2 


MATHEMATICAL  FORMULATION 


Let  us  consider  an  infinite  dielectric  cylinder  of 
arbitrary  cross-section,  with  the  cylindrical  axis  parallel  to  the 
z  axis  (Figure  1).  The  cylinder  is  illuminated  by  a  time- 
periodic  transverse-magnetic  electromagnetic  field,  for  which 
"EP^%x,y,z,X)  =  and  W^%x,y,z,t)  =  -l- 

Hy^‘^(x,y,t)y.  The  propagation  medium  is  assumed  to  be 
lossless,  homogeneous,  and  characterized  by  and  s^. 
Suppose  the  region  S2  to  be  made  of  a  weakly  nonlinear 
material  (isotropic  and  nonmagnetic)  whose  dielectric 
permittivity  is  of  the  Kerr  type  [6]: 

Snl(^>T)  =  £o[s2(^>T)  +  4l-£z(^’Td)P]  (1) 

where  S2(x:,>’)  is  the  linear  part  and  ^  is  a  nonlinear  parameter. 
The  medium  of  the  region  S2  is  assumed  to  be  inhomogeneous 
both  due  to  the  nonlinearity  and  in  the  limit  0  [7]- 

To  simplify  the  notation,  let  us  assume  that  also  the  dielectric 
permittivity  of  the  region  is  expressed  by  (1),  with  ^  =  0 
and  E2(x,y)  replaced  by  Siix,y). 

In  order  to  devise  an  iterative  approach  to  the 
computation  of  the  electromagnetic  field  distribution,  let  us 
compute  the  scattering  by  an  inhomogeneous  linear  scatterer 
of  section  S  =  Si  'u  S2,  obtained  by  setting  ^  =  0.0 
everywhere.  The  electric  field  integral  equation  (EFIE)  for  this 
problem  can  be  expressed  as  [8]: 

<i>\x.y)  =  <S>\x,y)  -  j(ko2/4)js[sii„(x,y)  -\]0\x'.y') 

xH^C^Xk^pWdy'  (2) 

where  0*(x,y)  and  <I>^(x,y)  are  the  space-dependent  parts  of  the 
incident  and  the  total  electric  fields  (the  time-dependence 
exp  {jot}  is  assumed  and  suppressed);  uJ-^Xk^p)  is  the 
Hankel  function  of  the  second  kind  and  the  zero-th  order,  p  is 
given  by:  p  =  [(x  -  x^^  -h  (y  ->;')2]1''2^  and  £iin(^.T)  =  Si(x,y)  if 
(x,y)  e  Si,  Eiin(^,y)  =  if  (x,y)  e  ^2,  By  applying  the 

Richmond  formulation  [9]  to  (2),  the  problem  solution  is 
reduced  to  solving  the  following  algebraic  system  of  linear 
equations: 

[G]^t  =  ^  (3) 

where: 

oh  unknown  array  of  dimensions  P  x  1 ,  P  being  the  number 
of  subdomains.  The  pth  element  of  is  given  by:  (t)p= 

0^(xp,yp),  where  (xp,yp)  is  the  center  of  the  pth 
subdumain; 

O':  excitation  array  of  dimensions  P  x  1  whose  elements  are 
given  by:  (j)p=  <I)i(i)(Xp,yp),  p  =  1,...,P; 

[G]:  Green's  matrix  of  dimensions  P  x  P  whose  generic 
elements  are: 


Cylinder  Cross-Section,  S 


--52 

(Nonlinear) 


Si  (Linear) 


Fig.  1  Problem  geometry. 

^pq  =  (i/2)[£iin(^q,Tq)  -  l][7tkoaqFfi(2)(k^^^)  .  2j] 

if  p  =  q 

^pq  ~  (j^2)[E]jjj(itiq.Tq)-l]^kQrrqT2(kQ<3q)FfQ^2)(j^^Pp^) 

ifp^q 

where  |^q  =  [(Xp  -  Xq)2  -b  Op  -  yq)2]l/2  and  = 
(5q/Tc)^^0  Sq  being  the  area  of  the  q-Xh  subdomain. 

Let  us  now  apply  the  UMoM,  considering  the 
perturbed  configuration  obtained  by  computing  the  dielectric 
permittivity  in  (1)  in  terms  of  the  linear  field  distribution.  If 
we  use  the  same  scheme  as  for  the  Richmond  formulation,  the 
problem  turns  out  to  be  expressed  by: 

[G']Onl  =  ^  (4) 

where: 

unknown  array  of  dimensions  P  x  1 ; 

[G']:  Green's  matrix  whose  generic  elements  are: 

gpq  =  (j/2)[Snl(^q.Tq) '  l][7tkoaqi7i(2)(koaq)  -  2j]  if 

p  =  q 

&pq  ~  Ci'^2)[£jjj(Xq,yq)  -  l]7rkQ<2qy2(ko<2q)FfQ(2)OQPpq) 

if  p^q, 

As  the  geometrical  properties  are  kept  unperturbed  and  only 
the  electric  properties  are  made  to  change,  the  matrix 

[AG]  =  [G]-[G']  (5) 

has  only  P2  non-zero  columns,  corresponding  to  the 
subdomains  with  perturbed  characteristics.  For  the  solution  of 
(4),  the  UMoM  uses  the  SMW  updating  formula  [10]: 

[G']-l  =  [G]-l  +  [G]-1[U]([I]  -  [V]T[G]-1[U])-1[V]T[G]-1(6) 


where  [U]  and  [V]  are  matrices  defined  in  the  following  and 
[I]  is  a  P2  X  P2  identity  matrix.  The  problem  is  the  same  as  for 
case  (a)  in  [2],  so  the  identification  of  matrices  [U]  and  [V]  is 
quite  immediate.  In  particular,  U  is  a  P  x  P2  matrix  whose 
columns  are  the  P2  non-zero  columns  of  [AG],  and  [V]  is  a  P2 
X  P  matrix  whose  elements  are  given  by:  vy  =  by,  where  5y 
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denotes  the  PCronecker  symbol.  It  follows  that: 

[AG]  =  [U][V]T  (7) 

where  [V]^  is  the  transposed  matrix  of  [V].  The  use  of  the 
SMW  is  discussed  in  several  papers  and  books  (see  the 
exhaustive  list  given  in  [2];  in  the  Appendix  of  that  paper,  the 
formula  is  derived  for  completeness).  A  discussion  of  the 
convergence  of  the  series  on  which  the  SMW  formula  is 
based,  in  terms  of  the  matrix  eigenvalues,  can  be  foimd,  for 
example,  in  [10]. 

At  this  point,  the  nonlinear  problem  can  be  solved  in 
two  ways.  Once  the  first-order  approximation  has  been 
obtained,  one  can  start  the  iterative  process  by  applying  the 
UMoM  recursively,  according  to  the  following  scheme: 


be  satisfied  for  a  weak  "excess"  of  permittivity.  Analogously, 
in  the  case  of  nonlinear  scatterers,  we  can  expect  the  process 
to  converge  for  weak  nonlinearities  only.  Unfortunately,  in  the 
present  case,  convergence  depends  on  various  factors:  the 
linear  part  of  the  dielectric  permittivity,  the  nonlinear 
coefficient,  and  the  incident  electric  field.  Unlike  linear 
scattering,  for  a  monochromatic  plane-wave  TM  illumination, 
the  amplitude,  phase  and  fi'equency  values  contribute  to  the 
process  convergence  or  divergence.  At  present,  this  makes  it 
impossible  for  the  authors  to  define  a  criterion  that  establishes 
whether  convergence  can  be  reached  or  not,  for  given 
perturbed  and  unperturbed  configurations.  In  the  Results 
section,  however,  this  aspect  will  be  discussed  by  way  of 
several  numerical  examples. 

To  this  end,  let  us  define  the  following  residual  error: 


•  At  step  ^  =  0,  set: 

0^=0  =  ot.  =  Eo[£lin(V>’p) 

[G^O]  =  [G] 


91{A:+l}[dB]  =  10/ogio(S-l  Is  {  + 

+  j(ko2/4)  Is  [8„i(«,v)-1]4)^^^j(«,v)  d«  dv  })  (10) 


•  At  step  k,  assume: 

#=  [G^'^O*  =  {[G^-1]-^  + 

+  [G^-1]-1[U]([I]-[V]T[G^-1]-1  [U])-l  [V]T[G^-1]-1  } ; 

Snl(k)(Wp)  =  So[£iin(v>'p)  +  F] 

In  a  simplified  version  of  the  approach,  the  nonlinear  solution 
obtained  by  approximating  the  solution  for  in  (4)  by  the 
SMW  foimula  is  used  to  start  an  iterative  process  expressed 
by(jt>l): 

{x.y)  =  «l>*(x,y)  -  j(ko2/4)js[(£ii„(x',y>l)  + 

+  ^|<l)'^_j(x',y')F]®'^_l(^'T')^o^2)(k^p)dx'd;;'  (8) 


The  approach  is  assumed  to  be  convergent  if  SR  {A:}  0,  as 


3  NUMERICAL  RESULTS 


Some  test  cases  are  now  described.  In  the  first 
example,  a  homogeneous  dielectric  cylinder  (sj  =  1.8),  coated 
with  a  nonlinear  layer  (S2  =  1.1),  was  illuminated  by  a  unit 
uniform  plane  TM-wave  propagating  along  the  x  axis  (Figure 
2(a)).  The  radii  of  the  two  cylinders  were  such  that  k^aj  = 
0.497t  and  ^^02  =  O.btt.  Figure  2  gives  the  values  of  the 
bistatic  scattering  width  (BSW),  defined  as  [11]: 


1T((|))  [dB]  =  10/og  [lim27rp 

10  p->co 


W(x.y)?  ^  ^  ’ 


where  ®^_Q(x,y)  is  computed,  in  an  approximate  way,  by  (4) 

and  (6).  This  simplified  version  constitutes  an  improvement 
over  the  distorted-wave  Bom-approximation  iterative 
approach  proposed  in  [5].  In  a  discretized  form,  the  above 
iterative  process  can  be  written  as: 

«<t)J  -j(ko2/4)E  [£ii^(Xp,yp)  +  ^i(l.^F]<t'^ 

xTro(2)(kj,pp)A5p  (9) 

where  Pp  =  [(x  - Xp)2  -I-  0 -yp)2]l''2  and  q  =  1, ..,  P. 

In  a  linear  case,  the  possibility  of  applying  the 
UMoM  is  related  to  the  convergence  of  the  series  for  the 
SMW  formula,  which  in  turn  is  related  to  the  matrix 
eigenvalues.  This  sets  rigid  limits  on  the  validity  of  the 
approach  for  slightly  perturbed  geometries.  When  the 
scatterer's  geometry  is  imperturbed,  the  above  condition  can 


The  values  of  the  nonlinear  parameter  were  assumed  to  be  (a) 
^  =  0.01,  (b)  ^  =  0.1,  and  (c)  ^  =  0.8.  The  linear  values  (^  = 
0.0)  are  also  provided.  They  were  analytically  computed  by 
using  the  recursive  Richmond  formula  [12]  (slightly  corrected 
in  [13]).  For  comparison,  the  figure  also  gives  the  values 
obtained  by  applying  the  iterative  distorted-wave  Bom- 
approximation  (DWBA)  approach  [5].  It  can  be  noticed  that 
the  behaviours  for  ^  =  0.01,  corresponding  to  a  very  weak 
nonlinearity,  and  for  ^  =  0.1  are  similar.  For  ^  =  0.8,  the 
iterative  DWBA  solution  did  not  converge,  so  only  the  first 
two  iterations  are  shown.  As  expected,  the  iterative  UMoM 
always  converged  very  fast  (it  should  be  stressed  that  the 
relative  high  permittivity  of  the  internal  cylinder  made  the 
convergence  of  the  DWBA  problematic,  even  for  very  weak 
nonlinearities).  It  is  worth  noting  that,  for  the  considered 
values  of  the  field  intensity  and  of  the  scatterers'  dimensions 
most  of  the  chosen  values  for  ^  correspond  to  weak 
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Fig.  2  Bistatic  scattering  width  of  a  circular  cylinder  (8j  =  1.8)  coated  with  a  nonlinear  layer  (S2  =  1.1,  =  0.497i;  1:^02  =  0.6Tt,  P 

=  121,  P2  =  40).  Comparison  between  the  iterative  approaches  using  the  distorted-wave  Bom  approximation  (DWBA)  and  the 
UMoM.  (a)  I  =  0.01;  (b)  ^  =  0.1;  (c)  ^  =  0.8;  (d)  b,  =  0.8,  simplified  iterative  version  (relation  (8)). 


nonlinearities,  in  the  sense  the  resulting  scatterers  are  such  that 
the  obtained  scattering  distributions  (predicted  by  the  assumed 
nonlinear  electromagnetic  model)  can  be  regarded  as  slight 
perturbations  of  those  of  the  corresponding  linear  cases. 

The  simplified  version  of  the  proposed  approach 
(relation  (8))  was  also  applied.  As  an  example,  Figure  2(d) 
gives  the  BSW  value  for  ^  =  0.8.  The  solution  converged, 
even  though  rather  slowly,  whereas,  for  the  other  two  values 
of  the  behaviours  were  similar  to  that  of  the  iterative 
DWBA  approach. 

Figure  3  gives,  for  the  same  values  of  the  nonlinear 
parameter,  the  amplitude  of  the  total  electric  field  along  the  x 
axis  [y  =  0].  Finally,  Figure  4  shows  the  plots  of  the  residual 
errors  (relation  (10))  for  different  numbers  of  iterations.  As 
long  as  the  nonlinearity  was  weak  (and  hence  the 


configuration  was  slightly  perturbed),  the  iterative  UMoM 
approach  converged  independently  of  the  linear  permittivity. 
This  is  confirmed  by  Figure  5,  which  gives  the  BSW  values 
for  a  multilayer  cylinder  equal  to  that  in  the  previous  example, 
but  with  an  internal  dielectric  permittivity  equal  to  5.0.  In  this 
example,  the  nonlinearity  was  partially  blinded  by  the  high 
value  of  the  nonlinear  permittivity.  The  simplified  version  of 
the  approach  (which  exhibited  obvious  limitations  similar  to 
those  of  the  DWBA  approach)  did  not  converge 
(91(1)  =  -36.2,  91(2)  =  -31.3,  91(3)  =  -24.7,  91(5)  =  -2.0,  91 
(8)  =  40.5). 

In  another  example,  we  considered  the  effects  of  the 
ratio  between  the  wavelength  and  the  scatterer's  dimensions  by 
considering  a  multilayer  cylinder  with  the  cross-section  shown 
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Fig.  3  Scattering  by  a  circular  cylinder  (ej  =  1.8)  coated  with  a 
nonlinear  layer  (£2  =  1.1,  =  0.497t;  kQa2  “  O.brt,  P  = 

121,  P2  =  40).  Amplitude  of  0\Ar,y).  Comparison  between 
the  iterative  approaches  using  the  distorted-wave  Bom 
approximation  (DWBA)  and  the  UMoM.  (a)  ^  =  0.01;  {b)  ^ 
=  0.1;(c)^  =  0.8. 


Iteration  number,  k 

Fig.  4  Residual  errors  5R{A:}  (dB)  for  different  numbers  of 
iterations.  Simulations  in  Figs.  2  and  3. 


Fig.  5  Bistatic  scattering  width  of  a  circular  cylinder  (S]  =  5.0) 
coated  with  a  nonlinear  layer  (£2  =  1.1,  4  ~  0.1,  k^oij  = 
0.4971;  kp02  =  0.671,  P  =  121,  P2  =  40).  Iterative  UMoM. 

in  Figure  6(a).  The  internal  layer  was  linear  (£|  =  1.5), 
whereas  the  external  was  nonlinear  (£2  =  1-5,  ^  =  0.2).  The 
illumination  conditions  were  the  same  as  in  the  previous 
examples.  The  BSW  was  computed  by  using  the  iterative 
UMoM  for  (a)  k^Z  =  0.487t,  {b)  k^Z  =  O.Sti,  and  (c)  k^Z  =  1 .27t. 
The  linear  values  =  0.)  are  also  given  in  Figure  6,  and  the 
residual  errors  are  given  in  Table  I. 

A  linear  circular  cylinder  (£j  =  3.0)  with  a  nonlinear 
nucleus  (£2  =  3.0,  ^  =  0.2)  was  then  considered.  The  radii  of 
the  two  cylinders  were  such  that  kQa]  =  1.2771  and  = 
1.6371. 
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Fig.  6  Bistatic  scattering  width  of  a  cylinder  of  irregular  cross 
section  (sj  -  ^2  =  1.5,  ^  =  0.2,  P  =  132,  P2  =  52).  (a)  kj  = 
0.487i;  (b)  y  =  0.87r;(a)  y  =  1.2?:. 
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-13.3 

-28.6 

-45,1 

-58.9 

-75.6 

-88.5 

-101.0 

-111.9 

Table  I.  Residual  errors  iR{A;}  (dB)  for  different  numbers  of 


iterations.  Simulations  in  Fig.  6. 

Figure  7  gives  the  BSW  values  computed  at  various  iteration 
steps,  and  Table  II  provides  the  values  of  the  residual  errors. 


Fig.  7  Bistatic  scattering  width  of  a  circular  cylinder  (sj  =  3.0) 
with  a  nonlinear  nucleus  (S2  =  3.0,  ^  =  0.2,  y  j  =  1.277t; 
kpa2  =  1.6371,  P  =  81,  P2  =  49).  Iterative  UMoM. 


Fig.  8  Bistatic  scattering  width  of  two  separate  circular  cylinders 
(E]  ~  ^2  ~  ^  “  ^0*^2  "^  0-827:;  P  =  162, 

P2  =  81).  Iterative  UMoM. 
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Table  n.  Residual  errors  31  {i}  (dB)  for  different  numbers  of 


iterations.  Simulations  in  Fig.  7. 

Finally,  the  plane-wave  scattering  by  two  equal, 
separate,  homogeneous,  circular  cylinders  was  considered  (sj 
=  £2  =  4.0).  The  cylinders’  radii  were  such  that  =  kf^a2  = 
0.82tt,  and  the  distance  between  the  two  centers  was  such  that 
kgJ  =  1.271.  As  a  perturbed  configuration,  one  of  the  two 
cylinders  was  assumed  to  be  nonlinear,  with  ^  =  0.2.  Figure  8 
gives  the  BSW  values  computed  for  this  configuration  at 
various  steps.  The  linear  values  (numerically  computed)  are 
also  given  for  comparison. 

4  DISCUSSION  AND  CONCLUSIONS 

In  this  paper,  the  perturbational  UMoM  has  been 
applied  to  develop  an  iterative  approach  to  the  numerical 
computation  of  the  electromagnetic  scattering  by  dielectric 
cylinders  of  arbitrary  shapes,  coated  with  layers  made  of 
weakly  nonlinear  materials  (of  the  Kerr  type).  Some  test  cases 
have  been  described,  including  multilayer  circular  cylinders 
coated  or  filled  with  nonlinear  dielectrics,  under  TM 
illumination  conditions.  A  comparison  with  data  obtained  by 
the  iterative  DWBA  has  been  made. 

The  approach  converged  very  fast  as  long  as  the 
nonlinearity  was  weak,  corresponding  to  a  slightly  perturbed 
configuration.  For  example,  in  the  example  shown  in  Figure  7, 
the  approach  did  not  converge  for  ^  =  2.0.  But  this 
nonlinearity  seems  too  high  for  the  considered  simplified 
electromagnetic  model  of  the  nonlinear  process  (neglecting 
the  harmonics  generation)  to  be  realistic  [14]. 

Future  work  will  be  devoted  to  applying  the 
proposed  iterative  approach  to  perturbed  geometries  for  which 
the  nonlinearities,  although  weak,  are  such  that  the  harmonics 
generation  cannot  be  neglected.  As  shown  in  [14],  each  field 
component  can  then  be  expressed  in  integral  form  by  coupling 
coefficients  that  take  into  account  the  harmonics  mixing. 
From  a  perturbation  point  of  view,  the  nonlinear  field 
provided  by  the  UMoM  could  be  used  to  start  an  iterative 
process  by  which  the  higher-order  harmonics  (initially,  the 
third-order  harmonic,  if  a  Kerr-like  nonlinearity  is  assumed  to 
be  imder  monochromatic  illumination)  are  first  computed  in 
terms  of  the  field  of  the  fundamental  frequency,  and  the 
effects  of  the  higher-order  harmonics  on  the  effective 
dielectric  permittivity  are  then  recursively  evaluated. 
Convergence  will  of  course  remain  an  issue. 

The  approach  has  so  far  been  applied  only  to 
dielectric  infinite  cylinders  under  TM  illumination.  For  these 
configurations,  the  Richmond  formulation  is  quite  effective. 
Extensions  to  the  TE-wave  case  and  to  the  three-dimensional 


case  are  conceptually  feasible,  even  though  more  accurate 
testing  and  weighting  functions  should  be  used  for  the  MoM 
implementation. 

The  UMoM  considered  here  is  not  restricted  to 
dielectric  configurations  (the  test  case  described  in  [2] 
actually  concerns  perfectly  conducting  scatterers).  Therefore, 
the  approach  could  in  principle  be  applied  to  conductive 
objects  coated  with  nonlinear  materials.  To  this  end,  MoM 
solutions  suitable  for  heterogeneous  structures  made  of 
dielectric  and  conductive  materials  should  be  used. 
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ABSTRACT.  A  moment  method  solution  is  presented 
for  the  full-wave  electromagnetics  analysis  of  multi¬ 
layered  planar  structures  of  arbitrary  shape.  The 
mathematical  formulation  is  based  on  the  spectral 
domain  integral  equation  and  the  Galerkin’s  testing 
procedure.  The  method  is  applied  to  shielded  MMIC 
as  well  as  radiating  systems  in  the  open  environment. 
The  inclusion  of  vertical  current  elements  in  the 
solution  enables  the  method  to  analyze  structures 
with  vias  and  air  bridges  in  both  packaged  and  open 
environments.  Since  a  periodic  structure  approach  is 
used  in  the  formulation,  extension  to  the  analysis  of 
infinite  and  finite  antenna  arrays  becomes  rather 
straightforward.  Simulated  results,  obtained  from  our 
electromagnetic  simulator  “Microwave  Explorer,” 
are  presented  and  compared  with  the  available  data 
to  demonstrate  the  versatility  and  the  accuracy  of  the 
method.  The  numerical  results  presented  include  S- 
parameters  and  far  field  data. 

I  Introduction 

The  integral  equation  formulation  in  spectral 
domain  has  become  the  preferred  technique  for  the 
analysis  and  simulation  of  components  and 
discontinuities  in  microwave  and  millimeter-wave 
circuits  and  radiating  systems  [1].  This  method  is  the 
most  rigorous  and  efficient  to  perform  a  full-wave 
analysis  of  3-D  planar  circuits.  A  typical  3-D  planar 
structure  is  shown  in  Fig.  1. 

We  have  developed  an  efficient  and  accurate 
numerical  implementation  for  the  analysis  of  passive 
microwave  circuits  and  antennas  based  on  an 
extension  of  the  previous  work  reported  in  [2].  The 
periodic  structure  approach  is  utilized  to  perform 
efficient  analysis  of  packaged  MMIC’s  and 
interconnects.  This  approach  has  been  modified  and 
applied  to  structures  in  open  environment.  The 
modifications  are  such  that  the  numerical  efficiency  in 
open  environment  analysis  is  retained,  while  the 
solution  represents  the  results  of  an  isolated  unit  cell 


analysis  in  the  absence  of  the  side  walls  and  the  top 
cover  plate.  Linear  phased  arrays  can  be  easily 
analyzed  by  making  use  of  a  transformation  on 
spectral  variables. 

Top  Cover 


Fig.  1 :  A  typical  multi-layered  3-D  structure  backed  by  a 
ground  plane. 

The  article  consists  of  an  overview  of  the 
formulation  in  the  next  section  and  then  the  simulated 
results.  Presented  simulations  are  intended  to 
demonstrate  sample  practical  problems  which  can  be 
analyzed  in  Microwave  Explorer. 

II  Theory 

In  this  section,  an  overview  of  the  formulation 
and  the  numerical  solution  which  is  used  in 
Microwave  Explorer  is  presented.  Figure  1  shows  a 
multi-layer  structure  in  a  package.  The  structure  can 
consist  of  an  arbitrary  number  of  homogeneous 
dielectric  layers  with  different  parameters.  Metalized 
traces  can  run  in  between  layers  or  from  one  layer  to 
another  through  vias  or  vertical  strips.  Depending  on 
whether  the  circuit  to  be  analyzed  is  a  packaged 
MMIC  or  a  radiating  system  such  as  a  patch  antenna, 
there  could  be  conducting  walls  on  the  top,  bottom, 
and  the  sides. 

The  dyadic  spectral  Green’s  function  for  a 
stratified  medium  of  infinite  extent  is  derived  by  using 
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a  versatile  approach  in  which  a  transmission  line 
analogy  is  employed  for  each  layer  [3]-[4].  In  this 
method,  fields  are  decomposed  into  TE  and  TM 
components  and  the  parameters  of  the  transmission 
line  model  for  each  layer  take  on  different  values  for 
each  mode.  This  method  offers  versatility  in 
computation  of  the  Green’s  function  of  structures  with 
arbitrary  number  of  layers.  The  dielectric  and 
magnetic  losses  of  each  layer  are  also  included  in  the 
Green’s  function.  This  is  done  automatically  through 
the  lossy  characteristic  impedances  for  the 
transmission  lines  corresponding  to  each  layer  and  for 
each  TE  and  TM  component. 

The  expressions  for  a  multi-layered  structure 
Green’s  function  are  too  lengthy  to  include  in  this 
article.  However,  as  an  example,  we  assume  a 
dielectric  layer  backed  by  a  ground  plane  and  present 
some  of  the  details  regarding  the  spectral  Green’s 
function.  Assuming  that  there  are  only  transverse 
currents  present  in  the  problem,  the  dyadic  Green’s 
function  can  be  written  as 


( h-  h  h\  ^  Gxx(.k.x->  kyj  ^Gxy 

yX  Gyx(.kx^k.y9  yy  Gyy 

(kx’ky^h) 

(kx^ky,h)_ 

where 

(1) 

Kp  Kp 

(2) 

G„  =  G„  =  -^(.Qr„-Qr,) 

fCp 

(3) 

Kp  Kp 

(4) 

Here  k\  =  k\-^  k^y  and  kx  and  are  the  spectral 

variables,  Qte  equivalent  TM  and 

TE  impedances  seen  at  the  dielectric  junction  looking 
into  the  two  transmission  lines  representing  the  free 
space  and  the  dielectric  layer.  The  characteristic 
(wave)  impedances  for  each  region  is  given  by 


o 

II 

(5) 

Erko 

^  _P‘r\ko 

Lte  — 

(6) 

k^ 

where  ]co  and  TIq  are  the  free  space  wave  number  and 
impedance,  respectively,  e^and  represent  the 
relative  permittivity  and  the  permeability  of  the  free 


space  or  the  material  layer.  While  complex  Zr  and 
jX^  account  for  material  losses,  an  imperfect 

conducting  ground  plane  affects  the  input  impedance 
looking  into  the  transmission  line  which  represents 
the  dielectric  layer. 

The  electric  field  integral  equation  (EFIE) 
formulation  of  the  problem  is  given  by 


hxyE\x,y,z)-ZJ{x,y,z)\  =  -nxE\x,y,z) 

(7) 

where  n  is  the  normal  vector  to  the  metalized 
surfaces,  E'  is  the  incident  field  ,  is  the  surface 
impedance,  and  J  is  the  surface  current  density 
which  can  have  transverse  7,  and  vertical  7^ 
components.  The  electric  field  due  to  the  surface 
current  E  *  is  given  by  the  integral 

E^=\\\G{x,y,z,x',y',z')- 

J(x',  y',z')dx'dy'dz' 

where  G  is  the  dyadic  Green’s  function  for  a  general 
multi-layer  structure. 

Note  that  metalization  losses  are  accounted  for  in 
Eq.  (7).  If  a  perfect  or  lossy  conductor  top  or  bottom 
plate  or  both  are  present,  the  Green’s  function  will 
satisfy  those  boundary  conditions.  For  packaged 
microwave  circuits,  where  the  circuit  is  enclosed  in  a 
rectangular  box,  the  boundary  conditions  on  the  side 
walls  are  satisfied  by  employing  a  periodic  structure 
approach. 

The  method  of  moments  is  utilized  to  solve  Eq. 

(7)  for  the  unknown  surface  electric  current  7  .  The 
electric  current  in  transverse  direction  is 
approximated  by  rooftop  basis  functions  in  the  X  and 
y  directions  [5].  For  vertical  current  elements  of 
vias  and  air  bridges,  attachment  mode  basis  functions 
are  employed  to  guarantee  the  continuity  of  the 
current  at  the  junctions  [2].  Applying  the  Galerkin’s 
method  and  testing  the  sides  of  Eq.  (7)  results  in  a 
linear  system  of  equations  which  in  matrix  notation  is 
given  by 
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(9) 


III  Simulation  Results 
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In  this  equation  the  right  hand  side  is  the 
excitation  vector  defined  by  port  voltages  and  the 
vector  on  the  left  is  the  unknown  current  coefficients. 
The  moment  impedance  matrix  Z  contains  the 
interaction  of  the  basis  functions  and  is  symmetric.  A 
fast  Fourier  transform  (FFT)  algorithm  is  used  in 
computing  the  elements  of  the  moment  matrix.  This 
has  resulted  in  a  significant  improvement  in  matrix  fill 
time. 

After  solving  Eq.  (9)  and  obtaining  the  current 
distribution,  S-parameter  data  is  extracted  by  utilizing 
an  accurate  deembedding  procedure  which  is  detailed 
in  [2].  In  open  environment  analyses,  the  radiated 
power  and  far  field  data  are  computed  through  the 
use  of  equivalent  magnetic  currents  on  a  fictitious 
surface  above  the  structure  [7].  Assuming  that  this 
fictitious  surface  in  located  at  Z  =  ho,  one  can  show 
that  the  far  fields  are  related  to  the  Fourier  transform 
of  the  transverse  components  of  the  electric  field  by 

Ee  =  cos  (^Ex(kx,ky,ho)  +  sin  ^  Ey(kx,ky,ho) 

(10) 

£<,,  =  -COS  0  X 

[sin  ^Ex(kx,ky,ho)-cos  Ey(kx,ky,ho)] 

(11) 

where  represents  the  two-dimensional  Fourier 
transform. 

An  issue  of  prime  importance  in  computing  the 
moment  matrix  elements  is  the  proper  treatment  of  the 
poles  of  the  spectral  Green’s  function  [6].  In  the 
implementation  of  Microwave  Explorer,  these  poles 
are  extracted  and  accounted  for  through  analytical 
integration  in  two-dimensional  spectral  space.  The 
numerical  results  have  remarkable  accuracy  and 
stability  due  to  proper  treatment  of  the  Green’s 
function  poles. 


In  this  section  we  will  present  simulated  results 
for  structures  in  packaged  (MMIC)  and  open 
environments  (antennas).  These  examples  are 
intended  to  portray  versatility  and  accuracy  of 
Microwave  Explorer.  The  first  two  circuits  are 
analyzed  using  the  packaged  environment  Green’s 
function,  i.e.  inside  a  metallic  enclosure. 


Coplanar  Waveguide  Filter 

The  first  circuit  we  shall  consider  is  a  coplanar 
waveguide  (CPW)  band  reject  filter  as  shown  in  Fig. 
2.  This  filter  was  designed  to  have  no  transmission  at 
18  GHz  and  good  transmission  at  36  GHz.  Air¬ 
bridges  are  used  to  equalize  the  potential  of  the  two 
ground  planes  in  order  to  eliminate  the  coupled 
slotline  mode.  At  f  =  18  GHz  the  stubs  present  short 
circuits,  thereby  allowing  no  transmission  at  this 
frequency.  The  stubs  present  open  circuits  at  36 
GHz,  thereby  allowing  good  transmission. 
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Fig.  2;  The  coplanar  waveguide  band  reject  filter. 


Fig.  3  shows  the  comparison  between  the 
modeled  and  measured  Sn  of  the  CPW  filter  from  10- 
40  GHz.  The  results  show  an  excellent  agreement 
with  the  measured  results  [8].  This  circuit  validates 
the  approach  used  to  model  coplanar  waveguide 
circuits  in  a  packaged  environment.  In  addition,  it 
also  shows  the  ability  of  Microwave  Explorer  to 
deembed  coplanar  port  discontinuities. 
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Fig.  3:  Magnitude  of  Sn  of  the  filter  shown  in  Fig.  2. 
Bandpass  Filter 

Figure  4  shows  the  layout  of  a  bandpass  filter, 
which  is  taken  from  the  MIC  Simulation  Column  [9], 
The  circuit  is  built  on  a  GaAs  substrate  of  thickness 
125 11  m  and  dielectric  constant  of  12.9.  The 
dielectric  loss  tangent  of  the  substrate  is  0.0005.  The 
metal  has  a  thickness  of  4 11  m  and  conductivity  of 

7 

4.9x10  Sm.  The  circuit  has  via  pads  of  dimension 
175  X  175  |1  m  with  the  via  holes  extending  to  the 
ground  plane.  All  the  physical  dimensions  of  the 
filter  are  shown  in  the  figure.  The  circuit  has  two 
ports  which  are  terminated  with  50  Ohm  loads. 


dimensions  are  in  microns 
substrate  hei^.  h  =  IlS/tm 
dielectric  constant,  =  12^ 
conductor  thickness.  /  =4^ 
bulk  conductivity,  ff=4.9xlO^Sm 
loss  tangent,  tg^’^O.OOOS 


Fig.  4:  The  bandpass  filter  and  its  dimensions 

The  reflection  coefficient  and  the  transmission  of 
the  filter  are  plotted  in  Fig.  5  from  10  to  20  GHz.  The 
response  of  the  filter  agrees  well  with  the  results  of 
other  electromagnetic  simulators  as  reported  in  [10]. 
This  circuit  demonstrates  the  capability  of  Microwave 
Explorer  to  model  the  metal  and  dielectric  losses 
accurately. 


Fig.  5:  Magnitude  of  Sn  and  S21  of  filter  shown  in  Fig.  4. 
Patch  Antenna 

The  rectangular  microstrip  patch  antennas  are 
among  the  most  popular  printed  circuit  antennas.  In 
this  example  we  consider  an  edge  fed  patch  antenna 
whose  dimensions  are  shown  in  Fig.  6.  The  substrate 
is  a  dielectric  withE,.  =2.213  and  thickness  of 
0.794mm.  Fig.  7  shows  the  reflection  coefficient 
(iSjj )  of  this  antenna  between  5  and  20  GHz.  It  is 
observed  that  a  good  match  is  obtained  at  about  7.6 
GHz  due  to  the  shorter  edge  being  resonant.  Also 
shown  in  Fig.  7  is  the  measured  results  as  reported  in 
[7].  The  two  results  agree  very  well. 


Fig.  6:  Dimensions  of  edge-fed  rectangular  patch 
antenna 


Fig.  7:  Magnitude  of  the  reflection  coefficient  (Sn)  of  the 
rectangular  patch  antenna  of  Figure  6. 


The  far  field  generated  by  this  antenna  is 
demonstrated  in  Figs.  8-a  and  8-b.  Note  that  the 
ripple  in  cross  polarization  in  Fig.  8-a  is  due  to  the 
long  feed  line  (115.6mm)  used  in  the  simulation.  In 
fact  Microwave  Explorer  does  not  need  long  feed 
lines  to  excite  circuits.  The  accurate  deembedding 
algorithm  which  is  used  in  Microwave  Explorer 
obviates  the  need  for  long  feed  lines.  Marks 
( X  and  -I- )  in  Fig.  8  represent  the  measured  data 
obtained  from  Fig.  4  of  [7].  The  agreement  is  very 
good.  Note  that  in  [7]  the  elements  of  the  moment 
matrix  are  evaluated  through  direct  integration. 
Microwave  Explorer  uses  FFT  to  obtain  these 
interactions  which  leads  to  a  superior  speed 
performance. 
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Figure  9.  The  four  element  linear  patch  antenna  array 


Antenna  arrays  are  among  problems  that  are 
considered  very  large  and  the  computational  cost  of 
their  simulation  is  usually  very  high.  For  this  reason 
usually  only  one  element  of  an  array  is  analyzed  and 
interactions  between  elements  are  either  neglected  or 
approximated  for,  e.g.  [11].  In  this  example  we 
analyze  the  entire  circuit  and  therefore  all  the  element 
interaction  are  automatically  included  in  the  solution. 


Figs.  8-a,  8-b:  Radiation  pattern  of  the  antenna  of  Fig.  6 
at  7.6GHz  on  a  dB  scale.  Marks  ( X  and  -f- )  represent 
the  measured  data  [7] 


Four-Element  Linear  Array 

The  second  example  of  open  environment 
simulation  is  a  four-element  linear  patch  antenna 
array.  It  is  made  up  of  square  patches  all  fed  at  their 
edges  as  shown  in  Fig.  9.  The  substrate  which  is 
backed  by  a  ground  plane  has  a  thickness  of  60  mils 
and  is  made  of  CuClad  250,  with  £  ^  =2.45  ±  0.04. 


The  center  frequency  of  the  array  is  found  to  be 
at  3.915GHz  as  shown  in  Fig.  10.  The  computed  far 
field  data  in  E-plane  ( (])  =0°)  at  the  frequency  of 
resonance  is  shown  in  Fig.  11.  Note  that  there  is  a 
large  difference  between  the  relative  amplitudes  of 
jEq  (solid  line)  and  (broken  line).  During  the 

simulation  it  was  found  that  around  the  resonance 
frequency  the  radiation  pattern  was  fairly  insensitive 
to  the  changes  in  frequency.  Microwave  Explorer 
predicted  a  gain  of  almost  13dB  for  the  array.  The 
data  presented  in  Figs.  10  and  11  agree  very  well  with 
the  measured  and  simulated  results  of  Figs.  8  and  7  of 
[11]. 


Fig.  10:  Magnitude  of  the  reflection  coefficient  (Sn)  of 
the  antenna  array  of  Fig.  9. 
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Fig.  11:  Far  field  pattern  in  the  £-plane  ((j)  =0°)  of  the 
antenna  array  of  Fig.  9  at  3.915  GHz .  Solid  line 
represents  the  data  and  broken  line  the  . 


Two-Port  Asymmetric  Antenna 

The  structure  for  this  two-layer  problem  is  shown 
in  Fig.  12.  It  consists  of  two  orthogonal  crossed 
dipoles  which  are  electromagnetically  coupled  to  two 
orthogonal  microstrip  lines.  The  length  of  the  two 
dipoles  are  different  and  as  a  result  a  dual  frequency 
operating  mode  is  obtained.  The  feed  lines  are 
connected  to  50  Ohm  terminations. 


Figure  12.  Dimensions  of  the  2-port  asymmetric  antenna 


Fig.  13  shows  the  reflection  coefficient  of  the 
ports  (5i]and  S22)  the  transmission  between 
them  (*S'j2)  on  a  logarithmic  scale.  This  data  is  in 
excellent  agreement  with  the  results  shown  in  [12]. 
The  resonant  frequencies  of  the  long  dipole  at  8.45 
GHz  and  the  short  dipole  at  9.55  GHz  are  within 
0.5%  of  the  values  observed  in  [12].  As  it  is  observed 
in  the  Figure,  the  incident  power  is  largely  radiated  at 
the  resonance  frequencies  of  the  dipoles  and 
transmitted  from  one  port  to  the  other  at  1 1.35  GHz. 


Fig.  13:  Magnitude  of  the  S-parameters  of  the  antenna 
shown  in  Fig.  12. 


The  radiation  pattern  graphs  for  this  structure  at 
8.45  GHz  are  presented  in  Figure  14.  Here  the  first 
port  is  excited  while  the  second  one  is  terminated  to  a 
50  Ohm  load.  Note  that  due  to  a  good  isolation 
between  the  ports  at  this  frequency,  the  cross 
polarization  level  is  low.  This  data  also  agrees 
favorably  with  the  measured  and  calculated  results  in 
[12]. 


Fig.  14-a,  14-b:  Radiation  patterns  at  8.45GHzfor  co- 
(solid  line)  and  cross-polarization  (broken  line). 


14-a)  H^plane  (([)  =90°) 


14-b)  E-plane  (({)  =0°) 
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IV  Conclusions 

The  article  briefly  addressed  the  underlying 
theory  used  in  the  development  of  Compact 
Software’s  full- wave  EM  simulator  “Microwave 
Explorer.”  The  use  of  EFT  and  other  numerical 
techniques  has  resulted  in  a  significant  speed 
enhancement  in  the  package.  Simulated  results  for 
sample  microwave  and  antenna  structures  were 
presented  which  demonstrate  the  versatility  of  the 
numerical  techniques  utilized  in  Microwave  Explorer. 
The  accuracy  of  the  open  structure  analysis  and  the 
far  field  calculations,  which  have  been  recently  added 
to  the  simulator,  were  verified  against  the  measured  or 
other  available  data. 

Microwave  Explorer  belongs  to  a  class  of 
simulators  which  are  referred  to  as  3-D  planar.  It  is 
thus  optimized  to  only  handle  structures  which  are 
planar  in  nature  with  homogenous  dielectric  layers. 

References 

[1]  T.  Itoh,  “Numerical  Techniques  for  Microwave 
and  Millimeter  Wave  Passive  Structures,”  New  York: 
Wiley,  1989. 

[  2]  A.  Hill,  J.  Burke,  and  K.  Kottapalli,  “Three 
Dimensional  Electromagnetic  Analysis  of  Shielded 
Microstrip  Circuits,”  International  Journal  of 
Microwave  and  Millimeter-Wave  Computer-Aided 
Engineering,  Vol.  2,  No.  4,  1992,  pp.  286-296. 

[  3]  T.  Itoh,  “Spectral  Domain  Immitance  Approach 
for  Dispersion  Characteristics  of  Generalized  Printed 
Transmission  Lines,”  IEEE  Transactions  on 
Microwave  Theory  and  Techniques,  Vol.  MTT-28, 
No.  7,  July  1980,  pp.  733-736. 

[  4]  S.G.  Pan,  and  I.  Wolff,  “Scalarization  of  Dyadic 
Spectral  Green’s  Functions  and  Network  Formalism 
for  Three-Dimensional  Full-Wave  Analysis  of  Planar 
Lines  and  Antennas,”  IEEE  Transactions  on 
Microwave  Theory  and  Techniques,  Vol.  42,  No.  11, 
Nov.  1994,  pp.  2118-2127. 

[  5]  R.W.  Jackson,  “Full-Wave,  Finite  Element 
Analysis  of  Irregular  Microstrip  Discontinuities,” 
IEEE  Transactions  on  Microwave  Theory  and 
Techniques,  Vol.  37,  No.  1,  pp.  81-89. 

[  6]  F.J.  Demuynck,  G.A.E.  Vanderbosch,  and  A.R. 
Van  de  Capelle,  “Analytical  Treatment  of  the  Green’s 


Function  Singularities  in  a  Stratified  Dielectric 
Medium,”  Proceedings  of  the  European  Microwave 
Conference  1993,  Madrid,  Spain,  September  1993, 

pp.  1000-1001. 

[  7]  S.C.  Wu,  N.G.  Alexopoulos,  and  O.  Fordham, 
“Feeding  Structure  Contribution  to  Radiation  by 
Patch  Antennas  with  Rectangular  Boundaries,”  IEEE 
Transactions  on  Antennas  and  Propagation,  Vol.  40, 
No.  10,  October  1992,  pp.  1245-1249. 

[  8]  Amjad.  A.  Omar,  Y.  Leonard  Chow,  “A  solution 
of  Coplanar  Waveguide  with  Air-Bridges  using 
Complex  Images”,  IEEE  Transactions  on  Microwave 
Theory  and  Techniques,  Vol.  40,  No.  11,  Nov.  1992, 
pp.  2070-2077. 

[  9]  MIC  Simulation  Column,  International  Journal 
of  Microwave  and  Millimeter-Wave  Computer-Aided 
Engineering,  Vol.  4,  No.  2,  April  1994,  pp.  203-212. 

[10]  MIC  Simulation  Column,  International  Journal 
of  Microwave  and  Millimeter-Wave  Computer-Aided 
Engineering,  Vol.  4,  No.  4,  October  1994,  pp.  411- 
431. 

[11]  H.Y.D.  Yang,  C.H.  Chen,  J. A.  Castaneda,  and 
W.C.  Wong,  “Design  of  Microstrip  Line-Fed  Patch 
Arrays  Including  Mutual  Coupling,”  International 
Journal  of  Microwave  and  Millimeter-Wave 
Computer-Aided  Engineering,  Vol.  4,  No.  1,  1994, 
pp.  31-42. 

[12]  R.  Gillard,  J.H.  Corre,  M.  Drissi,  and  J.  Citerne, 
“A  General  Treatment  of  Matched  Terminations 
Using  Integral  Equation  Modeling  and  Applications,” 
IEEE  Transactions  on  Microwave  Theory  and 
Techniques,  Vol.  42,  No.  12,  Dec.  1994,  pp.  2545- 
2553. 


152 


1995  INSTITUTIONAL  MEMBERS 


THE  AEROSPACE  CORPORATION 

PO  Box  92957 

Los  Angeles,  CA  90009-2957 

ANDREW  CANADA  INC. 

606  Beach  Street 

Whitby,  ONT,  CANADA  LIN  5S2 

ANDREW  CORPORATION 

10500  W  153rd  Street 

Orland  Park,  IL  60462 

ARC,  INC 

8201  Corporate  Dr.  Ste  3550 

Landover,  MD  20785 

ASELSAN  INC. 

PO  Box  101  Yenimahalle 

Ankara,  TURKEY,  06172 

ATEA 

Raleigh  Rd,  Private  Bag  12 

Ascot  Vale,  VIC,  AUSTRALIA  3032 

ATOMIC  WEAPONS  ESTAB  UK 

Building  E3,  Awe  Aldermaston 

Reading,  BERKSHIRE,  UK  RG7  4PR 

BNR 

London  Rd. 

Harlow,  ESSEX,  UK  CM  17  9NA 

BRITISH  AEROSPACE 

Wharton  Aerodrome 

Preston,  LANC.  UK  PR4  lAX 

BRITISH  AEROSPACE 

FPC  267  PO  Box  5 

Filton,  BRISTOL,  UK  BS12  7QW 

BRITISH  BROADCASTING  CO. 

Kingswood  Warren 

Taddworth,  SURREY.  UK  KT20  6NP 

BRITISH  LIBRARY 

Boston  SPA 

Wetherby,  W  YORKS,  UK  LS23  7B9 

CAMBRIDGE  CONSULTANTS  LTD 
MiltonRoad/Science  Park 

Cambridge,  CAMBS,  UK  CBS  4DW 

CHALMERS  UNIV  OF  TECHNOLOGY 

Dept,  of  Microwave  Technology 

Gothenburg,  SWEDEN  S  412  96 

CSC  PROFESSIONAL  SERVICES 

8201  Corporate  Dr.  #350 

Landover,  MD  20785 

CSELT-RADIO 

Via  Guglielmo  Reiss  Romoli  274 

Turin,  ITALY  10148 

CSIRO,  CENTER  FOR  ADV  TECH 

PO  Box  883 

Kenmore,  QLD,  AUSTRALIA  4069 

CULHAM  LAB 

UK  Atomic  Energy  Auth. 

Abingdon,  OXFORD.  UK  0X14  3D8 

D  L  R  OBERPFAFFENHOFEN 
Zentralbibliothek 

Wessling,  OBB,  GERMANY  8031 

D  S  T  O  SALISBURY  LIBRARY 

Box  1500 

Salisbury,  SA,  AUSTRALIA  5108 

DEFENCE  TECH  &  PROCUREMNT 
Nemp  Lab  -  AC  Zentrum 

Spiez.  SWITZERLAND  CH  3700 

DEFENSE  RESEARCH  ESTAB. 

3701  Carling  Ave. 

Ottowa,  ON,  CANADA  KIA  OZ2 

DYNETICS,  INCORPORATED 

PO  Drawer  B 

Huntsville,  AL  35814-5050 

ERICSSON  RADAR  ELEC/ANT  SYS. 
Bergfotsgatan  2 

Molndal,  SWEDEN  S-43184 

FANFIELD  LTD. 

Braxted  Park 

Witham,  ESSEX,  UK  CMS  3XB 

FELDBERG  LIBRARY 

Dartmouth  College 

Hanover,  NH  03755 

FGAN/FHP 

Neuenahrer  Strasse  20 

Wachtberg  GERMANY  53343 

FOKKER  AIRCRAFT  B.V. 

PO  Box  7600 

Schiphol,  NETHERLANDS  1 1 17  ZJ 

GEC  MARCONI  RESEARCH  CENTER 

W.  Hanningfield  Road 

Gt.  Baddow,  CHehnsford,  UK 

GRINAKER  AVITRONICS 

PO  Box  8492 

Hennopsmeer,  S.  AFRICA  0046 

HARFtlS  CORPORATION 

1680  University  Avenue 

Rochester,  NY  14610-9983 

HKUST  LIBRARY 

Clear  Water  Bay  Road 

Kowloon,  HONG  KONG 

HOKKAIDO  DAIGAKU 

Nishi8,  Kita  13 

Sapporo,  JAPAN  060 

HUGHES  RESEARCH  LIBRARY 

3011  Malibu  Canyon  Road 

Malibu,  CA  90255-4797 

HUNTING  ENGINEERING  LTD 

Redding  Wood,  Amphill. 

Bedford,  UK  MK45  2HD 

lABG 

Einsteinstrasse  20 

Ottobrunn,  GERMANY  D-85521 

IMAGINEERING  LIMITED 

95  Barber  Greene  Rd,  Suite  112 

Toronto,  ON,  CANADA 

IMPERIAL  COLLEGE 

Exhibition  Road 

London,  UK  SW7  2BX 

IPS  RADIO  &  SPACE  LIBRARY 

PO  Box  5606 

W.  Chatswood,  AUSTRALIA  2057 

KATHREIN-WERKE  KG 

Postbox  100  444 

Rosenheim  2,  GERMANY  D-8200 

KERSHNER.  WRIGHT  &  HAGAMAN 

5730  Gen.  Washington  Dr. 

Alexandria,  VA  22312 

LINDA  HALL  LIBRARY 

5109  Cherry  Street 

Kansas  City,  MO  64110 

MATRA  DEFENSE 

37  Av.  Louis  Breguet  BPl 

Velizy,  Cedex,  FRANCE  78146 

MISSISSIPPI  STATE  UNTV  LIBRARY 

PO  Box  5408 

Mississippi  State,  MS  39762 

MITRE  CORPORATION  LIBRARY 

202  Burlington  Road 

Bedford,  MA  01730 

153 


1995  INSTITUTIONAL  MEMBERS  (Continued) 


MONASH  UNIVERSITY 

900  Dandenong  Road,  Caulfield  East 
Melbourne,  VIC,  AUSTRALIA  3145 

MOTOROLA  INCORPORATED 

1301  E  Algonquin  Road 

Schamburg,  IL  60196 

MPB  TECHNOLOGIES  INC. 

151  Hymus  Blvd. 

Pointe-Claire,  CANADA  H9R  1E9 

NIKSAR 

34/35  Gilbey  Road 

Mt.  Waverly,  VIC,  AUSTRALIA  3149 

PARAGON  TECHNOLOGY,  INC. 

200  Innovation  Blvd.  Suite  240 

State  College.  PA  16803 

PENNSYLVANIA  STATE  UNIV. 

Pattee  Library 

University  Park,  PA  16802 

QUEEN  MARY  &  WESTFLD  COLLEGE 
Mile  End  Road 

London,  UK  El  4NS 

RADIO  FREQUENCY  SYSTEMS 

1 2  Waddikee  Road 

Lonsdale,  SA,  AUSTRALIA  5 1 60 

RADIO  FREQUENCY  SYSTEMS 

36  Garden  Street 

KUsyth,  Vic,  AUSTRALIA  3137 

RAND  AFRIKAANS  UNIV/ENERGY  LAB 

PO  Box  524  Aucklandpark 

Johannesburg,  S.  AFRICA  2006 

RESEARCH  INSTITUTE  OF  IND.  SCI. 
HANYANG  UNrV/17  Haengdang-Dong 
Sungdong-ku,  Seoul,  S,  KOREA  133-791 

ROCKWELL/COLLINS  AVIONICS 

350  Collins  Road,  NE 

Cedar  Rapids,  lA  52498 

SAAB-SCANIA  AB 

Saab  Military  Aircraft 

Linkoping,  SWEDEN  S-58188 

SERCO  SERVICES 

Cheeseman's  Lane 

Hambrook,  W.  SUSSEX,  UK 

SOUTHWEST  RES.  INSTITUTE 

PO  Drawer  28510 

San  Antonio,  TX  78228-0510 

SPEARS  ASSOCIATES  INC. 

249  Vanderbilt  Avenue 

Norwood,  MA  02062-5033 

STG  NATIONAL  LUCHT-EM 

Ruimtewart  Lab.  A  Fokkerweg  2 

Amsterdam,  NETHERLANDS  1059 

SYMBIONICS  NETWORK  LTD. 

St.  John's  Innovation  Pk.  Cowle  Rd. 
Cambridge,  UK  CB4  4WS 

SYRACUSE  RESEARCH  CORP. 

Merrill  Lane 

Syracuse,  NY  13210-4080 

TASC  LIBRARY 

55  Walkers  Brook  Drive 

Reading,  MA  01887 

TECHNICAL  RESEARCH  CENTRE 
ViVInfo  Tech/PO  Box  1202 

Espoo,  FINLAND  02044 

TECHNION 

PO  Box  830701 

Birmingham,  AL  35283 

TECHNISCHE  UNIV  DELFT 

Elektrotech  200  BibVMekelweg  4 

Delft,  HOLLAND,  NETHERLANDS  2628  CD 

TELEBRAS - CPQD 

Caixa  Postal  1579  Predio  32 

Campinas.  SP,  BRASIL  13088-061 

TELECOM  AUSTRALIA 

Private  Bag  37/770  Blackburn  Road 
Clayton,  VIC,  AUSTRALIA  3168 

TELENOR  MOBILE 

PO  Box  6746  St.  Olaus  Plass 

Oslo,  NORWAY  N-0130 

UNIV.  OF  CENTRAL  FLORIDA  LIB. 

PO  Box  162440 

Orlando,  FL  32816-2440 

UNIV  OF  MISSOURI-ROLLA 

Library  Periodicals 

RoUa,  MO  65401 

UNIVERSITY  OF  SURREY 

Centre  for  Satellite  Research 

Guildford.  SURREY.  UK  GU2  5XH 

UNfV.  AUTONOMA  DE  CHIHUAHUA 
Ciudad  Universitaria 

Chihuahua-Chih,  MEXICO  31170 

UNIVERSITAT  DER  BUNDESWEHR 
Werner  Heisenberg  Weg  39 

Neubiberg,  GERMANY  W-80 14 

US  COAST  GUARD  AC/UOEMY 

15  Mohegan  Avenue 

New  London.  CT  06320-4195 

VISTA  RESEARCH  INC. 

100  View  St,  #202,  Box  998 

Mountain  View,  CA  94042 

WATKINS- JOHNSON  CO.  LIBRARY 

700  Quince  Orchard  Road 

Gaithersbmg,  MD 

YORK  ELECTRONICS  CENTRE 

University  of  York 

Heslington,  YORK.  UKYOl  5DD 

154 


ACES  COPYRIGHT  FORM 


This  form  is  intended  for  original,  previously  unpublished  manuscripts  submitted  to  ACES  periodicals  and  conference  publications. 
The  signed  form,  appropriately  completed.  MUST  ACCOMPANY  any  paper  in  order  to  be  published  by  ACES.  PLEASE  READ 
REVERSE  SIDE  OF  THIS  FORM  FOR  FURTHER  DETAILS. 


TITLE  OF  PAPER: 


AUTHORS(S) 

PUBLICATION  TITLE/DATE: 


RETURN  FORM  TO: 

Dr.  Richard  W.  Adler 
Naval  Postgraduate  School 
Code  EC/AB 
Monterey,  CA  93943 


PART  A  -  COPYRIGHT  TRANSFER  FORM 

(NOTE:  Company  or  other  forms  may  not  be  substituted  for  this  form.  U.S.  Government  employees  whose  work  is  not  subject  to 
copyright  may  so  certify  by  signing  Part  B  below.  Authors  whose  work  is  subject  to  Crown  Copyright  may  sign  Part  C  overleaf). 

The  undersigned,  desiring  to  publish  the  above  paper  in  a  publication  of  ACES,  hereby  transfer  their  copyrights  in  the 
above  paper  to  The  Applied  Computational  Electromagnetics  Society  (ACES).  The  undersigned  hereby  represents  and 
warrants  that  the  paper  is  original  and  that  he/she  is  the  author  of  the  paper  or  otherwise  has  the  power  and  authority  to 
make  and  execute  this  assignment. 

Returned  Rights:  In  return  for  these  rights,  ACES  hereby  grants  to  the  above  authors,  and  the  employers  for  whom  the 
work  was  performed,  royalty-free  permission  to: 

1 .  Retain  all  proprietary  rights  other  than  copyright,  such  as  patent  rights. 

2.  Reuse  all  or  portions  of  the  above  paper  in  other  works. 

3.  Reproduce,  or  have  reproduced,  the  above  paper  for  the  author’s  personal  use  or  for  internal  company  use 
provided  that  (a)  the  source  and  ACES  copyright  are  indicated,  (b)  the  copies  are  not  used  in  a  way  that  implies  ACES 
endorsement  of  a  product  or  service  of  an  employer,  and  (c)  the  copies  per  se  are  not  offered  for  sale. 

4.  Make  limited  distribution  of  all  or  portions  of  the  above  paper  prior  to  publication. 

5.  In  the  case  of  work  performed  under  U.S.  Government  contract,  ACES  grants  the  U.S.  Government  royalty- 
free  permission  to  reproduce  all  or  portions  of  the  above  paper,  and  to  authorize  others  to  do  so,  for  U.S.  Government 
purposes  only. 

ACES  Obligations:  In  exercising  its  rights  under  copyright,  ACES  will  make  all  reasonable  efforts  to  act  in  the  interests 
of  the  authors  and  employers  as  well  as  in  its  own  interest.  In  particular,  ACES  REQUIRES  that: 

1 .  The  consent  of  the  first-named  author  be  sought  as  a  condition  in  granting  re-publication  permission  to  others. 

2.  The  consent  of  the  undersigned  employer  be  obtained  as  a  condition  in  granting  permission  to  others  to  reuse  all 
or  portions  of  the  paper  for  promotion  or  marketing  purposes. 

In  the  event  the  above  paper  is  not  accepted  and  published  by  ACES  or  is  withdrawn  by  the  author(s)  before  acceptance 
by  ACES,  this  agreement  becomes  null  and  void. 


AUTHORIZED  SIGNATURE  TITLE  (IF  NOT  AUTHOR) 

EMPLOYER  FOR  WHOM  WORK  WAS  PERFORMED  DATE  FORM  SIGNED 

PART  B  -  U.S.  GOVERNMENT  EMPLOYEE  CERTIFICATION 

(NOTE:  If  your  work  was  performed  under  Government  contract  but  you  are  not  a  Government  employee,  sign 
transfer  form  above  and  see  item  5  under  Returned  Rights). 

This  certifies  that  all  authors  of  the  above  paper  are  employees  of  the  U.S.  Government  and  performed  this  work  as 
part  of  their  employment  and  that  the  paper  is  therefore  not  subject  to  U.S.  copyright  protection. 

AUTHORIZED  SIGNATURE  TITLE  (IF  NOT  AUTHOR) 


NAME  OF  GOVERNMENT  ORGANIZATION 


DATE  FORM  SIGNED 


155 


PART  C  -  CROWN  COPYRIGHT 

(Note:  ACES  recognizes  and  will  honor  Crown  Copyright  as  it  does  U.S.  Copyright.  It  is  understood  that,  in  asserting  Crown  Copyright, 
ACES  in  no  way  diminishes  its  rights  as  publisher.  Sign  only  if  ALL  authors  are  subject  to  Crown  Copyright. 

This  certifies  that  all  authors  of  the  above  Paper  are  subject  to  Crown  Copyright.  (Appropriate  documentation  and  instruc¬ 
tions  regarding  form  of  Crown  Copyright  notice  may  be  attached). 


AUTHORIZED  SIGNATURE 


TITLE  OF  SIGNEE 


NAME  OF  GOVERNMENT  BRANCH 


DATE  FORM  SIGNED 


Information  to  Authors 


ACES  POLICY 

ACES  distributes  its  technical  publications  throughout  the  world,  and  it  may  be  necessary  to  translate  and  abstract  its  publications,  and  articles 
contained  therein,  for  inclusion  in  various  compendiums  and  similar  publications,  etc.  When  an  article  is  submitted  for  publication  by  ACES, 
acceptance  of  the  article  implies  that  ACES  has  the  rights  to  do  all  of  the  things  it  normally  does  with  such  an  article. 

In  connection  with  its  publishing  activities,  it  is  the  policy  of  ACES  to  own  the  copyrights  in  its  technical  publications,  and  to  the  contributions 
contained  therein,  in  order  to  protect  the  interests  of  ACES,  its  authors  and  their  employers,  and  at  the  same  time  to  facilitate  the  appropriate 
re-use  of  this  material  by  others. 

The  new  United  States  copyright  law  requires  that  the  transfer  of  copyrights  in  each  contribution  from  the  author  to  ACES  be  confirmed  in  writing. 
It  is  therefore  necessary  that  you  execute  either  Part  A-Copyright  Transfer  Form  or  Part  B-U.S.  Government  Employee  Certification  or  Part  C- 
Crown  Copyright  on  this  sheet  and  return  it  to  the  Managing  Editor  (or  person  who  supplied  this  sheet)  as  promptly  as  possible. 

CLEARANCE  OF  PAPERS 

ACES  must  of  necessity  assume  that  materials  presented  at  its  meetings  or  submitted  to  its  publications  is  properly  available  for  general 
dissemination  to  the  audiences  these  activities  are  organized  to  serve.  It  is  the  responsibility  of  the  authors,  not  ACES,  to  determine  whether 
disclosure  of  their  material  requires  the  priorconsent  of  other  parties  and  if  so,  to  obtain  it.  Furthermore,  ACES  must  assume  that,  if  an  author 
uses  within  his/her  article  previously  published  and/or  copyrighted  material  that  permission  has  been  obtained  for  such  use  and  that  any  required 
credit  lines,  copyright  notices,  etc.  are  duly  noted. 

AUTHOR/COMPANY  RIGHTS 

If  you  are  employed  and  you  prepared  your  paper  as  a  part  of  your  job,  the  rights  to  your  paper  initially  rest  with  your  employer.  In  that  case, 
when  you  sign  the  copyright  form,  we  assume  you  are  authorized  to  do  so  by  your  employer  and  that  your  employer  has  consented  to  all  of  the 
terms  and  conditions  of  this  form.  If  not,  it  should  be  signed  by  someone  so  authorized. 

NOTE  RE  RETURNED  RIGHTS;  Just  as  ACES  now  requires  a  signed  copyright  transfer  form  in  order  to  do  “business  as  usual", 
it  is  the  intent  of  this  form  to  return  rights  to  the  author  and  employerso  that  they  too  may  do  “business  as  usual".  If  further  clarification  is  required, 
please  contact:  The  Managing  Editor,  R.W.  Adler,  Naval  Postgraduate  School,  Code  EC/AB,  Monterey,  CA,  93943,  USA  (408)656-2352. 

Please  note  that,  although  authors  are  permitted  to  re-use  all  or  portions  of  their  ACES  copyrighted  material  in  other  works,  this  does  not 
include  granting  third  party  requests  for  reprinting,  republishing,  or  other  types  of  re-use. 

JOINT  AUTHORSHIP 

For  jointly  authored  papers,  only  one  signature  is  required,  but  we  assume  all  authors  have  been  advised  and  have  consented  to  the  terms 
of  this  form. 

U.S.  GOVERNMENT  EMPLOYEES 

Authors  who  are  U.S.  Government  employees  are  not  required  to  sign  the  Copyright  Transfer  Form  (Part  A),  but  any  co-authors  outside  the 
Government  are. 

Part  B  of  the  form  is  to  be  used  instead  of  Part  A  only  if  all  authors  are  U.S.  Government  employees  and  prepared  the  paper  as  part  of  their 
job. 


NOTE  RE  GOVERNMENT  CONTRACT  WORK:  Authors  whose  work  was  performed  under  a  U.S  Government  contract  but  who  are 
not  Government  employees  are  required  to  sign  Part  A-Copyright  Transfer  Form.  However,  item  5  of  the  form  returns  reproduction  rights  to 
the  U.S.  Government  when  required,  even  though  ACES  copyright  policy  is  in  effect  with  respect  to  the  reuse  of  material  by  the  general  public. 


Oct.  1995 


156 


For  information  regarding  ACES  or  to  become  a  member  in  the  Applied  Computational  Electromagnet¬ 
ics  Society,  contact  Dr.  Richard  W.  Adler.  ECE  Department,  Code  EC/AB,  Naval  Postgraduate  School, 
833  Dyer  Rd,  Rm.  437,  Monterey,  CA.  93943-5121,  telephone  (408)  646-1111,  Fax:  (408)  649-0300. 
E-mail:  rwa@mcimail.com.  You  can  subscribe  to  the  Journal  and  become  a  member  of  ACES  by  com¬ 
pleting  and  returning  the  form  below. 

ACES  MEMBERSfflP  FORM 
please  print 


LAST  NAME 


FIRST  NAME 


MIDDLE  INITIAL 


COMPANY/ORGANIZATION/UNIVERSITY  DEPARTMENT/MAIL  STATION 

PLEASE  LIST  THE  ADDRESS  YOU  WANT  USED  FOR  PUBLICATIONS 


MAILING  ADDRESS 


CITY 


PROVINCE/STATE 


COUNTRY 


ZIP/POSTAL  CODE 


TELEPHONE 


FAX 


AMATEUR  RADIO  CALL  SIGN 


E-MAIL  ADDRESS 


E-MAIL  ADDRESS  CAN  BE  INCLUDED  IN  ACES  DATABASE  □  YES 


□ 


NO 


PERMISSION  IS  GRANTED  TO  HAVE  MY  NAME  PLACED  ON  MAILING  LISTS  WHICH  HAY  BE  SOLD  □  YES  □  NO 

CURRENT  SUBSCRIPTION  PRICES 


AREA 

INDIVIDUAL 

SURFACE  MAIL 

INDIVIDUAL 

AIRMAIL 

ORGANIZATIONAL 
(AIRMAIL  ONLY) 

U.S.  &  CANADA 

(  1  $65 

(  )  $65 

(  )  $115 

MEXICO.  CENTRAL 
&  SOUTH  AMERICA 

(  1  $68 

(  )  $70 

(  )  $115 

EUROPE,  FORMER  USSR 
TURKEY.  SCANDINAVIA 

(  )  $68 

(  )  $78 

(  )  $115 

ASIA,  AFRICA  MroDLE 

EAST  &  PACIFIC  RIM 

(  )  $68 

(  )  $85 

(  )  $115 

FULL-TIME  STUDENT  RATE  IS  $25  FOR  ALL  COUNTRIES 


Method  of  payment: 

Card  Exp.  date: 

Mo.  Yr. 


n  A  bank  check  for  the  total  amount  is  enclosed."’  PAYABLE  TO  "ACES" 

□  Traveler’s  checks  for  the  total  amount  are  enclosed.'^' 

□  International  Money  Order  is  enclosed.® 

□  Charge  to:  □  MasterCard  □  Visa.  □  Discover  □  Amex."’ 


Card 

No. 


*if  using  credit  card  &  signature  is  other 
than  name  above,  print  card  holder  name* 


SIGNATURE  REQUIRED 


Non-USA  participants  may  remit  via  (l)Bank  Checks,  if  (a)  drawn  on  a  U.S.  Bank,  (b)  have  bank  address,  (c)  contain 
series  of  (9)  digit  mandatory  routing  numbers:  (2)  Traveler's  Checks  (in  U.S.  $$);  (3)  International  Money  Order 
drawn  in  U.S.  funds,  payable  in  U.S.;  (4)  Credit  Cards:  Visa,  Master  Card,  Discover  Card,  Amex. 

October  1995 

Total  Remittance  (U.S.  Dollars  Only)  $ _ 


157 


ADVERTISING  RATES 


FEE 

PRINTED  SIZE 

$200. 

7.5"  X  10.0” 

$100. 

7.5"  X  4.7"  or 

3.5"  X  10.0” 

$  50 

3.5"  X  4.7" 

Full  page 


1/2  page 


1/4  page 


All  ads  must  be  camera  ready  copy. 

Ad  deadlines  are  same  as  Newsletter  copy  deadlines. 

Place  ads  with  Ray  Perez,  Newsletter  Editor,  Martin  Marietta  Astronautics, 

MS  58700,  PO  Box  179,  Denver,  CO  80201,  USA.  The  editor  reserves  the  right  to 
reject  ads. 


ACES  NEWSLETTER  AND  JOURNAL  COPY  INFORMATION 

Issue 

Copv  Deadline 

March 

January  13 

July 

May  25 

November 

September  25 

APPLIED  COMPUTATIONAL  ELECTROMAGNETICS  SOCIETY  JOURNAL 


INFORMATION  FOR  AUTHORS 


PUBLICATION  CRITERIA 

Each  paper  is  required  to  manifest  some  relation  to  applied 
computational  electromagnetics.  Papers  may  address 
general  issues  in  applied  computational  electromagnet¬ 
ics,  or  they  may  focus  on  specific  applications,  tech¬ 
niques,  codes,  or  computational  issues.  While  the 
following  list  is  not  exhaustive,  each  paper  will  generally 
relate  to  at  least  one  of  these  areas: 

1.  Code  validation.  This  is  done  using  internal  checks  or 
experimental,  analytical  or  other  computational  data. 
Measured  data  of  potential  utility  to  code  validation  efforts 
will  also  be  considered  for  publication. 

2.  Code  performance  analysis.  This  usually  involves 
identification  of  numerical  accuracy  or  other  limitations, 
solution  convergence,  numerical  and  physical  modeling 
error,  and  parameter  tradeoffs.  However,  it  is  also 
permissible  to  address  issues  such  as  ease-of-use,  set-up 
time,  run  time,  special  outputs,  or  other  special  features. 

3.  Computational  studies  of  basic  physics.  This  involves 
using  a  code,  algorithm,  or  computational  technique  to 
simulate  reality  in  such  a  way  that  better  or  new  physical 
insight  or  understanding  is  achieved. 

4.  New  computational  techniques,  or  new  applications 
for  existing  computational  techniques  or  codes. 

5.  "Tricks  of  the  trade"  in  selecting  and  applying  codes 
and  techniques. 

6.  New  codes,  algorithms,  code  enhancement,  and  code 
fixes.  This  category  is  self-explanatory  but  includes 
significant  changes  to  existing  codes,  such  as  applicability 
extensions,  algorithm  optimization,  problem  correction, 
limitation  removal,  or  other  performance  improvement. 
Note:  Code  (or  algorithm)  capability  descriptions  are 
not  acceptable,  unless  they  contain  sufficient  technical 
material  to  justify  consideration. 

7.  Code  input/output  issues.  This  normally  involves 
innovations  in  input  (such  as  input  geometry 
standardization,  automatic  mesh  generation,  or  computer- 
aided  design)  or  in  output  (whether  it  be  tabular,  graphical, 
statistical,  Fourier-transformed,  or  otherwise  signal- 
processed).  Material  dealing  with  input/output  database 
management,  output  interpretation,  or  other  input/output 
issues  will  also  be  considered  for  publication. 

8.  Computer  hardware  issues.  This  is  the  category  for 
analysis  of  hardware  capabilities  and  limitations  in  meeting 


various  types  of  electromagnetics  computational  require¬ 
ments.  Vector  and  parallel  computational  techniques  and 
implementation  are  of  particular  interest. 

Applications  of  interest  include,  but  are  not  limited  to, 
antennas  (and  their  electromagnetic  environments), 
networks,  static  fields,  radar  cross  section,  shielding, 
radiation  hazards,  biological  effects,  electromagnetic  pulse 
(EMP),  electromagnetic  interference  (EMI),  electromagnet¬ 
ic  compatibility  (EMC),  power  transmission,  charge 
transport,  dielectric  and  magnetic  materials,  microwave 
components,  MMIC  technology,  remote  sensing  and  geo¬ 
physics,  communications  systems,  fiber  optics,  plasmas, 
particle  accelerators,  generators  and  motors,  electromagnet¬ 
ic  wave  propagation,  non-destructive  evaluation,  eddy 
currents,  and  inverse  scattering. 

Techniques  of  interest  include  frequency-domain  and 
time-domain  techniques,  integral  equation  and  differential 
equation  techniques,  diffraction  theories,  physical  optics, 
moment  methods,  finite  differences  and  finite  element 
techniques,  modal  expansions,  perturbation  methods,  and 
hybrid  methods.  This  list  is  not  exhaustive. 

A  unique  feature  of  the  Journal  is  the  publication  of 
unsuccessful  efforts  in  applied  computational 
electromagnetics.  Publication  of  such  material  provides  a 
means  to  discuss  problem  areas  in  electromagnetic  model¬ 
ing.  Material  representing  an  unsuccessful  application  or 
negative  results  in  computational  electromagnetics  will  be 
considered  for  publication  only  if  a  reasonable  expectation 
of  success  (and  a  reasonable  effort)  are  reflected. 
Moreover,  such  material  must  represent  a  problem  area  of 
potential  interest  to  the  ACES  membership. 

Where  possible  and  appropriate,  authors  are  required  to 
provide  statements  of  quantitative  accuracy  for  measured 
and/or  computed  data.  This  issue  is  discussed  in  "Accuracy 
&  Publication:  Requiring  quantitative  accuracy  statements 
to  accompany  data",  by  E.K.  Miller,  ACES  Newsletter,  Vol. 
9,  No.  3,  pp.  23-29,  1994,  ISBN  1056-9170. 

EDITORIAL  REVIEW 

In  order  to  ensure  an  appropriate  level  of  quality  control, 
papers  are  refereed.  They  are  reviewed  both  for  technical 
correctness  and  for  adherence  to  the  listed  guidelines 
regarding  information  content.  Authors  should  submit  the 
initial  manuscript  in  draft  form  so  that  any  suggested 
changes  can  be  made  before  the  photo-ready  copy  is 
prepared  for  publication. 


STYLE  FOR  CAMERA-READY  COPY 

The  ACES  Journal  is  flexible,  within  reason,  in  regard  to 
style.  However,  certain  requirements  are  in  effect: 

1.  The  paper  title  should  NOT  be  placed  on  a  separate 
page.  The  title,  author(s),  abstract,  and  (space  permitting) 
beginning  of  the  paper  itself  should  all  be  on  the  first  page. 
The  title,  author(s),  and  author  affiliations  should  be 
centered  (center-justified)  on  the  first  page. 

2.  An  abstract  is  REQUIRED.  The  abstract  should  state 
the  computer  codes,  computational  techniques,  and 
applications  discussed  in  the  paper  (as  applicable)  and 
should  otherwise  be  usable  by  technical  abstracting  and 
indexing  services. 

3.  Either  British  English  or  American  English  spellings 
may  be  used,  provided  that  each  word  is  spelled 
consistently  throughout  the  paper. 

4.  Any  commonly-accepted  format  for  referencing  is 
permitted,  provided  that  internal  consistency  of  format  is 
maintained.  As  a  guideline  for  authors  who  have  no  other 
preference,  we  recommend  that  references  be  given  by 
author(s)  name  and  year  in  the  body  of  the  paper  (with 
alphabetical  listing  of  all  references  at  the  end  of  the  paper). 
Titles  of  Journals,  monographs,  and  similar  publications 
should  be  in  boldface  or  italic  font  or  should  be  underlined. 
Titles  of  papers  or  articles  should  be  in  quotation  marks. 

5.  Internal  consistency  shall  also  be  maintained  for  other 
elements  of  style,  such  as  equation  numbering.  As  a 
guideline  for  authors  who  have  no  other  preference,  we 
suggest  that  equation  numbers  be  placed  in  parentheses  at 
the  right  column  margin. 

6.  The  intent  and  meaning  of  all  text  must  be  clear.  For 
authors  who  are  NOT  masters  of  the  English  language,  the 
ACES  Editorial  Staff  will  provide  assistance  with  grammar 
(subject  to  clarity  of  intent  and  meaning). 

7.  Unused  space  should  be  minimized.  Sections  and 
subsections  should  not  normally  begin  on  a  new  page. 

MATERIAL,  SUBMITTAL  FORMAT  AND 
PROCEDURE 

The  preferred  format  for  submission  and  subsequent 
review,  is  12  point  font  or  12  cpi,  double  line  spacing  and 
single  column  per  page.  Four  copies  of  all  submissions 
should  be  sent  to  the  Editor-in-Chief  Each  submission 
must  be  accompanied  by  a  covering  letter.  The  letter 
should  include  the  name,  address,  and  telephone  and/or  fax 
number  and/or  e-mail  address  of  at  least  one  of  the  authors. 


Only  camera-ready  original  copies  are  accepted  for 
publication.  The  term  "camera-ready"  means  that  the 
material  is  neat,  legible,  and  reproducible.  The  preferred 
font  style  is  Times  Roman  10  point  (or  equivalent)  such  as 
that  used  in  this  text.  A  double  column  format  similar  to 
that  used  here  is  preferred.  No  author's  work  will  be 
turned  down  once  it  has  been  accepted  because  of  an 
inability  to  meet  the  requirements  concerning  fonts  and 
format.  Full  details  are  sent  to  the  author(s)  with  the  letter 
of  acceptance. 

There  is  NO  requirement  for  India  ink  or  for  special  paper; 
any  plain  white  paper  may  be  used.  However,  faded  lines 
on  figures  and  white  streaks  along  fold  lines  should  be 
avoided.  Original  figures  -  even  paste-ups  -  are  preferred 
over  "nth-generation"  photocopies.  These  original  figures 
will  be  returned  if  you  so  request. 

While  ACES  reserves  the  right  to  re-type  any  submitted 
material,  this  is  not  generally  done. 

PUBLICATION  CHARGES 

ACES  members  are  allowed  12  pages  per  paper  without 
charge;  non-members  are  allowed  8  pages  per  paper 
without  charge.  Mandatory  page  charges  of  $75  a  page 
apply  to  all  pages  in  excess  of  12  for  members  or  8  for 
non-members.  Voluntary  page  charges  are  requested  for 
the  free  (12  or  8)  pages,  but  are  NOT  mandatory  or 
required  for  publication.  A  priority  courtesy  guideline, 
which  favors  members,  applies  to  paper  backlogs.  Full 
details  are  available  from  the  Editor-in-Chief. 

COPYRIGHTS  AND  RELEASES 

Each  primary  author  must  sign  a  copyright  form  and  obtain 
a  release  from  his/her  organization  vesting  the  copyright 
with  ACES.  Forms  will  be  provided  by  ACES.  Both  the 
author  and  his/her  organization  are  allowed  to  use  the 
copyrighted  material  freely  for  their  own  private  purposes. 

Permission  is  granted  to  quote  short  passages  and  reproduce 
figures  and  tables  from  an  ACES  Journal  issue  provided  the 
source  is  cited.  Copies  of  ACES  Journal  articles  may  be 
made  in  accordance  with  usage  permitted  by  Sections  107 
or  108  of  the  U.S.  Copyright  Law.  This  consent  does  not 
extend  to  other  kinds  of  copying,  such  as  for  general 
distribution,  for  advertising  or  promotional  purposes,  for 
creating  new  collective  works,  or  for  resale.  The 
reproduction  of  multiple  copies  and  the  use  of  articles  or 
extracts  for  commercial  purposes  require  the  consent  of  the 
author  and  specific  permission  from  ACES.  Institutional 
members  are  allowed  to  copy  any  ACES  Journal  issue  for 
their  internal  distribution  only. 


